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Intuition (1)

For a language L, there is a TAG G with L = L(G) iff there is an
embedded PDA (EPDA) M with L(G) = L(M).

An EPDA is an extension of PDA:

e An EPDA uses a stack of non-empty push-down stores
(nested stack)

e FEach push-down store contains stack symbols

e An EPDA is a “second-order” push-down automaton
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Intuition (2)
input tape

. ] ]
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Intuition (3)
e Stack pointer always points to top symbol of top stack

e The two stages of a move:

— The top-most push-down store T is treated as in the PDA
case (replace top-most stack symbol by new sequence of
stack symbols)

— The resulting new push-down store Y’ is replaced by a
sequence of k push-down stores, including T’ (k > 0).

e Input accepted if stack empty or automaton in a special final
state (equivalent as for PDA)
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Intuition (4)
Use an EPDA to recognize Ly = {a"b"c"d™ |n > 0}. How?
e Each input symbol corresponds to a different state

e For each a encountered in the input,

— B is pushed on the top-most stack (to ensure that number

of as equal to number of bs and cs)
— Below the top-most stack, an extra stack with a single D is
introduced (ensures that #, = #4)
e For each b encountered in the input,
— If the top-most symbol of the top-most stack is B,

— below the top-most stack, an extra stack with a single C' is
introduced (ensures that #;, = #.)
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Intuition (5)

o After reading all as and bs, we now should have a sequence of
stacks, each one with a single symbol z € {C, D}, #¢ = #p,
with all C-stacks preceding all D-stacks. Now we delete the
stacks:

e For each ¢ encountered in the input,

— If the top-most symbol of the top-most stack is C,

— delete stack and proceed

e For each d encountered in the input,
— If the top-most symbol of the top-most stack is D,

— delete stack and proceed

e Accept if no input symbols left and stack empty.
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Definition of an EPDA (1)

Definition 1 (Embedded Push-Down Automaton) An
Embedded Push-Down Automaton (EPDA) M is a 7-tuple
(@, 2,10, g0, Qr, Zo), where
o () is a finite set of states, qo € Q is the start state and Qp C Q
is the set of final states.

e I' is the finite set of stack symbols and Zy € I' is the initial

stack symbol.
o 3 is the finite set of input symbols.

e 0§ is the transition function
Q% (BU{e}) xT = Ppin(Q x T* x I'™* x T*), where T =T"*
correspond to push-downs of stack symbols.
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Definition of an EPDA (2)

We can give an instantaneous description of an EPDA by a
configuration. A configuration is of type @ x T* x ¥* x ¥* i.e., it
consists of

e the current state ¢ € Q,

e the stack of stacks s € T*,

e the already recognized part of the input w; € ¥* and
o the part wy € ¥* which is yet to be recognized.

Within T*, we mark each start (bottom) of a stack with the
symbol § (assuming without loss of generality that { ¢ I') and, as a
convention, the top is the rightmost element.

The initial configuration of an EPDA is (qo, 1Zo, &, w).
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Definition of an EPDA (3)

Definition 2 (EPDA transition) Let (Q,%,T,6,qo, Qr, Zo) be
an EPDA, T = {{v|~ e I'*}.

o Forall 1,2 € Q,a € (XU {e}),wi,ws € *, o, 1,0 €
T*,Z € F7ﬂ7fy € F*f
a) {q1, atBZ, w1, aws) F (g2, a1 IByan, wia, wa)
Zf <Q2,(117% Ck2> € 5((]17@7 Z) and ﬂ’y 7é €.
b) <q1,aiZ,w1,aw2> F (QQ7aa1027wla,w2>

if (g2, 00,6, ) €6(q1,0a,Z).

X
o t is the reflexive transitive closure of F.
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Definition of an EPDA (4)

Note that empty transitions are allowed (a € (X U {e})), i.e.,
transitions that do not read an input symbol.

The case b) covers the special case where the top-most stack is
emptied. We then assume that this stack gets deleted and therefore

even its bottom-stack symbol I disappears.
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Definition of an EPDA (5)
We now define the two modes of acceptance for EPDA:

Definition 3 (Language of an EPDA) Let
M =(Q,%,T,6,q0,Qr, Zo) be an EPDA.

1. M accepts the languages L(M) in its final states:
L(M) ={w | {(q,1%0,e,w) F (gf,a,w,€) for some qr € Qp,ac € T*}.
2. M accepts the languages N(M) by empty stack:

N(M) ={w|{q,1Z0,,w) }i (g,e,w,e) for some q € Q}.
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Definition of an EPDA (6)

The two modes of acceptance yield the same sets of languages
[Vijay-Shanker, 1987]:

Lemma 1

1. For every EPDA M, there is an EPDA M’ such that
L(M)=N(M").

2. For every EPDA M, there is an EPDA M' such that

N(M) = L(M').
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Definition of an EPDA (7)

e To show the first part, for a given M, we have to add
transitions that move into a new “stack-emptying” state ¢’ once
we have reached a final state and that then empty the stack.

e For the second part, we add to M a new initial state and a new
initial stack symbol. From these we move to the original initial
symbols, perform the run of the automaton M and, once we
reach a configuration where only our new stack symbol remains
on the stack, move into a new final state.
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Sample EPDAs (1)

EPDA for Ly: M = (Q,%,T, 6, q0, Qr, Zo) with N(M) = Ly
Q = {(107111»(12»(13}» QF = ®> Zy = #7 X= {(L, b7 &) d}

= {#7 B,C, D}

Transition function §:
6(qo, a, #) = {(q0, 1D, B,e)}  6(qo,a, B) = {(qo, 1D, BB, )}

6(qo b B) {(qlzica & 5)} (5((]1,[), B) = {(Q17ic & 8)}
8(q1,¢,C) = {(g2, 6,6, )} 3(g2,¢,C) = {(g2, 6,6, )}
5(q27d D) {(q;,g & E)} 5((]3,d,D) {(q5,5 & 5)}
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Sample EPDAs (2)
Recognition of aabbcedd with M:

(qo, 1#, €, aabbeedd)

F (q0,1D 1 B, a, abbcedd)

(g0, 1D § Dt BB, aa, bbeedd)
(1.1D £ D 1 C} B, aab, becdd)
(q1,1D§ D § C } C, aabb, cedd)
(¢2,1D 1 Dt C, aabbe, cdd)
(g2,1D t D, aabbee, dd)
(g3, 1D, aabbced, d)
(

F
}_
}_
}_
F
F (g3, &, aabbeedd, €)
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Sample EPDAs (3)

EPDA M =(Q,%,T,0,qo, Qr, #) with L(M) = Ly.

Q = {(1071117(127(137‘14}7 QF = {Q4}7
['={B,C,D,#}.

Transition function d:

5(q0,0/ #) = {(qovi# i D7B7€)}

¥ ={a,b,c,d},

0(qo,a, B) = {(qo0, 1D, BB,¢)}
(

(
(qub B) {(QMin 2B 5)} 6((1 ) { th;C,e,g)}
6(q1,¢,C) ={(q2,¢,5,¢)} 6(q2,¢,C) ={(q2,¢,¢,€)}
0(q2,d, D) = {(g3,¢,¢,¢)} S(qg,d D) ={(g3,¢,¢,¢)}
o(as, &, #) = {(a, 5,6, ¢)}
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Sample EPDAs (4)
Recognize aabbcedd with M:

(qo, 1#, €, aabbeedd)

F (g0, 1# 1 D 1 B, a, abbcedd)

F (g0, i# 1 Dt D § BB, aa, bbeedd)
(q1,1#1 D1 D1 C 1 B,aab,bcedd)
(q1,i# 1 D1 D1C1C,aabb,ccdd)
(¢2,1# 1 D 1 D 1 C, aabbe, cdd)

(g2, 1# 1 D t D, aabbee, dd)

(g3,1# 1 D, aabbeed, d)

(g3, I#, aabbcedd, €)

(qa, €, aabbeedd, €)
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TAG and EPDA (1)

Proposition 1 For every TAG G there is an EPDA M and vice
versa such that L(G) = L(M) [Vijay-Shanker, 1987].

Vijay-Shanker’s proof shows how to construct an equivalent
Modified Head Grammar (MHG) for a given EPDA and vice versa.
Since the equivalence between MHG and TAG has been established
earlier, this proves the equivalence between TAG and EPDA.
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TAG and EPDA (2)
Construction of an equivalent EPDA for a given TAG:
e We assume one stack symbol for each node. The EPDA

simulates a top-down traversal of the derived tree.

e The symbol corresponding to the next node to be expanded is
the top-most stack symbol of the automaton.

e When we adjoin to a node, we add the root node symbol of the
new auxiliary tree to the current top stack.

e When moving down in a tree along the spine of an auxiliary
tree, we place new stacks above and below the current one.
These encode the parts to the left and the right of the spine of
the adjoined auxiliary tree.

e When moving down without being on the spine of some
auxiliary tree, we simply replace the mother node symbol by the
daughters (in reverse order, i.e., the leftmost daughter on top).
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TAG and EPDA (3)

e In order to separate adjunction from moving to the daughters,
we distinguish top and bottom (T and L) node names on the
stack.

e For a node N, the symbol N1 is replaced with N+ if no
adjunction is predicted and with the symbols N LR[; if
adjunction of f is predicted and Rg is the root node of 3.
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TAG and EPDA (4)
Sample TAG:

R Rg
SN

(Ro and Rg allow for adjunction of f3.)
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TAG and EPDA (5)

Equivalent EPDA: M = (Q,%,T, 0, g0, QF, Zo) with

Q=1{90,q1,9,4}, Qr =0, Zo = #, ¥ = {a,b, c},

T ={#,R.,Rg, F,A,B,C}

Transition function d:
(q,e, R} ,€) € 5(q,e,#) start initial tree
(q,e, RE,€) € 8(q,e, R])) no adjunction at R,
{q,¢,C,¢e) € §(q,e, RE) move down
(¢,6,RER} ) € 6(q,¢,R)) adjunction of 3
(¢,¢, Rz R} ) € 6(q,e, R}) adjunction of 3

(

q,¢, Ré‘,e) € 6(q,¢, Rg) no adjunction at Rg
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Kallmeyer, Hommers Sommersemester 2013

TAG and EPDA (6)

(¢,1B, F,1A) € 4(q,¢, Ré‘) move down

(g,e,¢,¢) € §(q,e, F) no adjunction at F, move back
(g,¢,¢,¢) € 6(q,a, A match a with input

(g,¢,¢,¢) € §(q,b, B) match b with input

(g,¢,¢,¢) € 8(q,¢,C) match ¢ with input

Acceptance with the empty stack.
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TAG and EPDA (7)

Sample run for the input aacbb:
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Stacks remaining input

1# aacbb

IRY aacbb | start traversal of o

tRy R} aacbb | predict adjunction of 3

iRﬁ;Ré‘ R; aacbb | predict adjunction of 3

iRiRﬁRé aacbb | predict no adjunction

iBit RiRéF TA aacbb | move down in 3

iBt Rin;F acbb | scan a

iB 1 RiRé acbb | leave 3

IBIBiRIF1 A acbb | move down in j
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TAG and EPDA (8)

{B1Bi{RLF | cbb | scan a
1Bt Bt R: cbb | leave g
iBiBiC cbb | move down in «
iBiB bb | scan ¢
iB b | scan b
€ € | scan b
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