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PDA: Intuition (1)

A push-down automaton (Hopcroft and Ullman, 1979, 1994) is a FSA
with an additional stack.
The moves of the automaton depend on

m the current state

m the next input symbol

m the topmost stack symbol
Each move consists of

m changing state
m popping the topmost symbol from the stack

m pushing a new sequence of symbols on the stack



PDA: Intuition (2)

Automaton that

starts with gy and stack #
in qo: pushes A on the stack for an input symbol a
in qo: pushes B on the stack for an input symbol b

in qo: leaves stack unchanged and switches to g; for an input
symbol ¢

in g;: pops an A from the stack for input symbol a
in q;: pops a B from the stack for input symbol b
in g;: moves to gr if the top of the stack is #

accepts all words that allow to end up in gr

Which (string) language does this automaton accept?



PDA: Intuition (3)

In general, PDAs are non-deterministic, since a given state, input
symbol and topmost stack symbol can allow for more than one move.

In contrast to FSA, the deterministic version of the automaton is not
equivalent to the non-deterministic one: There are languages that are
accepted by a non-deterministic PDA but not by any deterministic
PDA.

CFLs are the languages accepted by (non-deterministic) PDAs.



PDA: Definition (1)

Push-down automaton

A push-down automaton (PDA) M is a tuple (Q, X, T, 0, qo, Zo, F):

m Qs a finite set of states
m Y is a finite set, the input alphabet
m [ is a finite set, the stack alphabet

qo € Qis the initial state
Zy € T is the initial stack symbol
m F C Qis the set of final states

§:0x (BU{e}) xI' = Pga(Q x I') is the transition function
(Pfin(X) is the set of finite subsets of X)

Equivalently, one can even define ¢§ as
6:0x (BU{e}) xT* = Pgp(Q x T*).



PDA: Definition (3)

An instantaneous description of a PDA is a triple (g, w,7):

m g € Qis the current state of the automaton
®m w € X" is the remaining part of the input string

m v € ['* is the current stack

Forallgq,d € Q,ac XU {e}, we X* a,8,y €™

(g, aw,va) + (d,w,Ba)iff (¢, 8) € d(q,a,7)

F* is the reflexive transitive closure of -



PDA: Definition (4)

There are two alternatives for the definition of the language accepted
by aPDA M = (Q,%,T, 6, qo, Zo, F):

Language of an PDA
m The language accepted by M with a final state is
L(M) := {w|(q0, w, %) " (gf,e,7) foragr € Fanda~y € I'"}
m The language accepted by M with an empty stack is

N(M) := {w|(qo, w, Z) " (g,¢,¢) fora g € Q}

The two modes of acceptance are equivalent, i.e., for each language L
there is a PDA M; with L = L(M;) iff there is a PDA M, with
L = N(M,).



PDA: Definition (5)

PDA M; for L(M;) = {wewR | w € {a, b}*}

u Ml = <Q7E7F757 CI07#7F>
L Q:{CIO,C]hCIZ}

m X ={ab,c}
n I'={#,A B}
m F= {qz}.

m Transitions:
6(q07 a, 5) = {<q0’A>} 5(‘]07 b,E) = {<q07B>}
5(‘10’ ) 5) - {<q175>} 5(6]1, aaA) = {<q175>}
0(q1, b, B) = {{q1,€)} (g1, e, #) = {{qz2, )}



PDA: Definition (6)

PDA M, for N(M,) = {wew® | w € {a, b}*}

m M, =(Q,%X,T,6,q,#,F)

= Q= {q q}

m Y ={ab,c}

m ['={#,6A B}

m F=0.

m Transitions:
5(‘]0’ a, 5) - {<q07A>} 5(610, b,s) - {<q0’B>}
5(q07 ¢ 5) = {<q175>} 5((]1, a7A) = {<Q1’5>}
5(qlabaB) :{<q176>} 5(q175?#):{<q175>}
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PDA: Definition (7)

APDAM = (Q,%,T,0, q, Zy, F) is a deterministic PDA (DPDA)
iff

mforallge Q,ZeT,ac ¥U{e}: |0(q,a,2)| <1
and

mforallge Q, ZeT:ifd(q,e,Z) # 0, then 6(q, a, Z) = 0 for all
acXx

Examples for DPDA: M; and M, from the previous slides.

The class of languages accepted by DPDAs is smaller than the class
accepted by (non-deterministic) PDAs.

Example of a language that requires a non-determinstic PDA:

{ww®|w e {a,b}*}



PDA and CFG (1)

For each CFL L, there is a PDA M with L = N(M):

m Assume thate ¢ L
m L=L(G) foraCFG G = (N, T,P,S) in GNF

s M= ({q}, T,N,¥,q,S,0) with (q,v) € 6(q,a,A) iff A — ay €
P

m The automaton simulates leftmost derivations in G



PDA and CFG (2)

Two other possibilities to construct a PDA for a CFG (N, T, P, S):

@ Top-down, LL
(no left-recursion allowed in CFG)
start with stack # and g
5((10, €, #) = {<CI1, S#>}
(q1,0) € 6(q1,¢,A) VA—a€P
(q1,€) € 0(qu, a, a) Yae T
o(qi.e,#) = {(qr. )}
Creates a leftmost derivation
@ Bottom-up, LR

(no loops A = A allowed in CFG)
m start with stack # and g
m (q,aZ) € 6(q,a,Z) YaeT,ZcNUTU{#}
m (q,A) €5(q,c,0f) VA aeP
(aR denotes RHS of production A — o in reverse order)
u <q1> €> € 6(‘107 & S)
u <qF’E> € 6(‘]1757 #)
Creates a rightmost derivation (in reverse order)



PDA and CFG (3)

For each PDA M with L = N(M): L is a context-free language.

Construction of equivalent CFG for given PDA
M={(Q,%,T,6,qo, Z,F):
m Terminals: ¥
m Nonterminals: S and all [q;, Z, ¢o] with q;,qo € O, Z €T
m Start symbol: S
m Productions:

m S — [qo, 2, q] for every g € Q and

" [q, A, gmt1] — a1, B, @][qz, Bz, 3] - - - [qm, Bmy qm1] for
QG- qmi1 € Qoa€ B U{e} A By, ...,By € I' such that
<Q1;Bl .. Bm> € (S(q, a,A)

m [q. A q] — aif (qi,¢) € 6(q, a, A)

It holds: [¢1, A, g2] = wiff (q1, w,A) F* (q2,€,¢)
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