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Abstract
We present a class of infinite automata, in which all local computations
are performed by finite state machines. These automata characterize an
abstract family of languages which does not seem to coincide with any
other known class, and which seems to cut across the Chomsky hierarchy.
We show results regarding recognizing power and closure properties, and
sketch the use of machine growth as a refined measure of complexity with
respect to some well-known measures.

1

Introduction

We introduce a new type of infinite state automaton, where all local computations
are performed by finite state automata (FSA): transition relations are computed
by synchronous transducers; accepting states are recognized by a FSA. We
have to distinguish the deterministic and the non-deterministic case: the former
describes an abstract family of languages, but also the latter has some interesting
properties.
We start out by presenting our linguistic motivation, which for reasons of
space might be shorter than necessary. The main body of work in this paper
is the following: we show that our automata compute classes of languages
interesting from a formal point of view as well as from a linguistic point of view,
being situated somewhere near the mildy context-sensitive languages (in the
sense of MCFG-recognizable) and the PTIME languages; then we present their
closure properties, and how they are related to some similar, but non-equivalent
concepts. In the end, we will only briefly touch upon a possible application
as a refined measure of complexity for formal languages, leaving application in
linguistic theory for future work.
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Linguistic Motivation

Our linguistic motivation is the following: generally, in formal language theory
things get interesting only beyond “a certain constant k”; anything which is
constantly bounded can in principle be factored out in some way or other, and
therefore is of no relevance to formal complexity. In natural languages, on the
contrary, most really interesting structures are only observed within a certain
local bound: the applicability of complex rules often seems to be sensitive to the
context of application.
Interestingly, this single phenomenon is traditionally attributed to two entirely different sources: one source is “performance restrictions”, that is, most
prominently, restrictions on working memory. The most (in)famous case in point
is multiple center embedding, as exemplified in the following example:1
(1)

people people people see, see, see.

English syntax gives rise to sentences of the form peoplen seen ; however only
under the assumption, that relative clause embedding is recursive - while as a
matter of fact, speakers do not understand structures of this type for n > 2.
A case of context-sensitivity which is attributed to an entirely different source
is WH-movement. The most famous case in point are the so-called islandconstraints, which form a core aspect for most linguistic theories and rule out
sentences as the following:
(2)

*Who is she sad because died?

The distinction of the two sources is of course not arbitrary: there are two
different kinds of complexity which underly these phenomena. In the first case,
the crucial point seems to be the complexity of a parser configuration, that is,
the amount of information the parser needs to memorize at a certain point, while
analyzing incrementally. In the second case, the crucial point is the complexity
of the rule schema.
Though these two phenomena are generally thougt to be somehow interrelated
(as pointed out by [3]), in formal linguistics restrictions of the first kind are
mostly considered not to be interesting from a theoretical point of view (but see
[6],[11]). This attitude seems to be partly due to the fact that we lack tools to
give theoretically interesting descriptions of such phenomena: once one assumes
abstract invisible structures as trees or feature structures, which are encoded
in our utterances, one loses sensitivity to the “raw” string context, and only
regains it at the price of even more abstract (and unelegant) rules. What we
attempt is to develop an account in which these both kinds of complexity are
1I

owe this particular example to Jens Michaelis
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directly related. Therefore, we try to work without abstract structures beyond
mere strings.
The price we have to pay is: we no longer have a finite set of categories
(somewhat sloppily identifying automaton states with non-terminals of a regular
grammar). What we gain is: we characterize complex structures in terms
of simpler ones; this allows us to remain aware of both complexity in the
(“competence”-)sense of complexity of rule schemata, and in the (“performance”)sense of string context or parser configuration. That way, we might at some
point be able to reduce them to a common source.

3

Regular Growth Automata: Definitions

A finite state automaton is defined as a tuple hq0 , Q, F, Σ, δi, with a finite state
set Q. We will present an extension of this concept with an infinite state set
Q ⊆ Ω∗ , for Ω a finite set of symbols. In FSA, states are atomic symbols like
letters; we thus extend this concept to strings.2 To preserve computability, we
will require that transition relations on Q be regular. The following definitions
follow [9], for more mathematical background see [2]. We confine ourselves to
binary relations, but the following concepts generalize to arbitrary relations
without complications.
/ Σ. The convolution of a tuple of
Definition 1 Put Σ⊥ := Σ ∪ {⊥}, for ⊥∈
strings h~x1 , ~x2 i ∈ (Σ∗ )2 , written as ⊗h~x1 , ~x2 i of length max({|~xi | : i ∈ {1, 2}})
is defined as follows: the kth component of ⊗h~x1 , ~x2 i is hσ1 , σ2 i, where σi is the
k-th letter of ~xi provided that k ≤ |~xi |, and ⊥ otherwise.
The convolution of a relation R ⊆ (Σ∗ )2 , written ⊗R, is the the set {⊗h~x1 , ~x2 i:
h~x1 , ~x2 i ∈ R}.
Definition 2 A relation R ∈ (Σ∗ )2 is called regular, if there is a finite state
automaton over Σ2⊥ recognizing ⊗R.
Regular relations are computed by finite state transducers which do not have
 transitions in only one projection πi (R), except for when this transition can
be run through only once in a transduction. Recall that h, i-transitions can
be eliminated, whereas transitions with a tuple t, where πi (t) = , πj (t) 6= ,
where i 6= j, in general cannot be eliminated and genuinely increase expresssive
power; however, transducers with an upper bound for the -transition in one
transduction can be synchronized, that is, changed in a way that all  transitions
are final.
We call the class of transducers which compute regular relations synchronous
transducers. As in the sequel we will restrict ourselves to this subclass, we will
omit the adjective, as long as there is no danger of confusion.3
2 Usually, state sets are not regarded as stringsets generated by some mechanism, although
there is some recent work in this direction, see for example [1]
3 This restriction with respect to full expressive power of transducers is mostly motivated
by favorable closure properties; regular relations form a Boolean algebra, transducer definable
relations are not closed under intersection.
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Definition 3 We define a regular growth automaton (RGA) as a tuple
h, Q, F, δ, Σ, OpΣ , Ωi, where Ω is a finite set of symbols, the state alphabet,
Q ⊆ Ω∗ is the state set,  ∈ Q is the initial state, F ⊆ Ω∗ is the set of accepting
states, δ ⊆ Q × Σ × Q the transition relation, Σ a finite input alphabet; OpΣ
is a set of synchronous transducers, with one opx for each x ∈ Σ, where Ω is
the input and output alphabet for all opx ∈ OpΣ . In the sequel, we identify the
opx ∈ Opx with the relations they induce on Ω. In addition, the following hold:
1. F is a regular set;
2. for every transducer opx , ((qi , x), qj ) ∈ δ, exactly if qj ∈ opx (qi ).
3. Q is recursively defined as the smallest set such that (i)  is in Q, (ii) if α
is in Q, then for all x ∈ Σ, opx (α) is also in Q.
We call the transducers in OpΣ letter operators.
We will sometimes say that an automaton is regular or not, and speak of
its regularity, as shorthand for: it is a regular growth automaton etc. An
alternative, more restrictive definition for point 1. would be: 1.’ F is a star-free
set. For everything we do in this paper, it does not make a difference, but under
certain circumstances it will. Star-free languages form a proper subset of the
regular languages; but here we make no use of full expressive power of regular
languages. We use this concept, because it is better known and maybe more
natural in terms of automata (star-free languages are generated by so-called
counter-free automata). The star-free languages are preferable if we adopt
a logical perspective: synchronous regular relations are first order definable,
and so are the star-free languages, whereas regular languages are not (for a
comprehensive reference, see [7]).
A regular growth automaton is deterministic exactly if the letter operators
represent (partial) functions, that is, for any input compute (at most) one output.
The RGA is total exactly if the letter operators represent total functions/relations.
We will consider partial and total automata without paying much attention to
the difference; we can easily totalize RGAs by totalizing the letter operators,
sending all previously undefined inputs to a new absorbing state. But we have to
consider deterministic and non-deterministic automata separately, the classical
determinization algorithm via powerset construction does not preserve the
regularity of the automaton; in addition, in the worst case the state set would
become uncountable. We conjecture that the latter properly include the former
(in the sense of recognized languages, which we define below). We will write
RGA (RGA) or regular growth automaton if we make statements valid for both
cases; we will use DGA (DGA) for deterministic, N GA for non-deterministic
automata.
For the description of regular growth automata, note the importance of the
letter operators: when they are given, Q and δ are fixed, as well as Σ and Ω.
The only additional information we need is the set of accepting states F . Note
the following: we can specify a set F which is not a subset of Q. The accepting
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states effectively reachable are given by the intersection Q ∩ F . For the manner
in which we define acceptance below, this is not a problem, but still noteworthy,
as Q is in general not a regular set, and so neither is Q ∩ F !
We generalize the transition function δ from letters to string in the obvious
fashion. Then we have the following:
Definition 4 A regular growth automaton RGA recognizes a language L, if
L = {~x : δRGA (, ~x) ∈ FRGA }.
We write L(RGA) for the language a given automaton recognizes, and RGAL
for an automaton which recognizes a given language L. Note that regular growth
automata are in general infinite. We can establish a connection
Snto finite state
automata as follows. Let L≤n denote L ∩ Σ≤n , where Σ≤n := i=0 Σi .
Definition 5 We write RGAn for a regular growth automaton whose state set
Qn is the smallest set satisfying the following conditions:
1. For RGA0 , we have Q0 = {}, and
2. for RGAn+1 , we have for all σ ∈ Σ and for all q ∈ Qn , opσ (q) ∈ Qn+1 .
Thus, RGAn computes only words of length ≤ n. We write say RGAn to denote
a given automaton RGA whose state set is restricted to Qn .
Then for any n ∈ N, RGAn is a special case of a finite state automaton.
We say a regular growth automaton is finite (without restriction), if there is
a constant k, such that for the state set Q of RGAn , |Q| ≤ k for n → ∞. For
every regular language R, there is a finite regular growth automaton such that
L(RGA) = R, and if R = L(RGA) for a finite regular growth automaton, then
R is regular.
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Recognizing Power

We define the class LRGA as the class of languages L for which there is a regular
growth automaton RGA such that L = L(RGA). We distinguish between the
classes of deterministic regular growth automata and non-deterministic automata,
which induce the classes LDGA and LN GA , respectively. Obviously, the latter
includes the former. We start by showing some examples of languages included
in LDGA , and then turn to LN GA .

4.1

The deterministic case

We now turn to some interesting languages which can be recognized by some
DGA.
Lemma 6 Let L ⊂ Σ∗ , Σ = {a1 , a2 , ..., ak } for arbitrary constant k. If L is of
the form L := {an1 an2 ...ank : n ∈ N}, then there is a DGA which recognizes L.
As a proof, we will treat one case, from which it will be easily seen how this
works for the general case.
5

4.1.1

{an bn cn : n ∈ N}

We show how to characterize L1 := {an bn cn : n ∈ N}, and how to generalize
the procedure to arbitrary crossing dependencies. The letter operators work as
follows:4
(
~x → ~x0,
provided ~x ∈ 0∗
(3)
opa :
undefined otherwise
(
~x0~y → ~x1~y ,
provided that ~x ∈ 0∗ , and ~y ∈ 1∗
(4)
opb :
undefined otherwise


for arbitrary ~x
~x1 → ~x2
(5)
opc : ~x12 → ~x2
for arbitrary ~x


undefined otherwise
We put F := {2}. It is easy to see how to generalize this procedure: we simply
use letter operators of the type of opb for any of the inner letters, restricting their
domain such that they only apply in the desired position. The letter operator
for the initial/final letter works as opa /opc , respectively.
4.1.2

Copy language

We now consider the copy language, that is, L2 := {~x~x : ~x ∈ Σ∗ }. We put
Σ := {a, b}, but treat the language in a manner that can be easily generalized to
arbitrary alphabets. This language is quite difficult to treat, so we will go a bit
more into detail.
For L2 , we cannot map any two different words onto the same state, for
there are no two different equivalent prefixes. In addition, for L2 , any arbitrary
sequence p~ ∈ Σ∗ is a prefix of the language, since p~p~ ∈ L2 . So there is a bijection
between prefixes/words of L2 and Q, and transducers must be total functions in
the domain Ω∗ .
Furthermore, we cannot just mark entire substrings as copied or uncopied,
for the following reason:
Definition 7 (~y , ~z) form a c-decomposition of ~x, if
1. ~y~z = ~x, for ~y , ~z 6=  and
2. ~y = ~z~v , for some ~v 6= .
If there is a c-decomposition of a word, then a prefix of it has already
been copied. For our treatment of the copy language, we must encode all cdecompositions of a word in Σ∗ when mapping it to a state-string in Q, as they
provide the information which is necessary to compute the suffixes which result
in a word of L2 . Now we have the following:
4 In case the operators are simple enough, we prefer this way of writing them, for it is much
easier to read. The diffident reader may convince himself that these function can be easily
computed by synchronous finite state transducers.
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Lemma 8 For any n ∈ N, we find an ~x ∈ Σ∗ , such that ~x has n distinct
c-decompositions.
Proof. To see this, imagine a string as a kind of fractal: let ~x be of the
form x~0 ~zx~0 . It has at least one c-decomposition. Now, imagine x~0 is again of the
form x~00 ~zx~00 ; then we have at least two c-decompositions. This procedure can be
arbitrarily iterated.
a
This means, when mapping strings to states we need to encode (i) the
information about the letters in the word, and (ii) an unbounded amount of
information on possible c-decompositions.
We do this by granting us two letters in Ω for each letter in Σ, say {0, 00 , 1, 10 }.
As we add new letters to a string, each marker for a c-decomposition will move
(starting from the left edge) one to the right, or be discarded. In addition, we put
a single marker into each state-string, which markes the middle of a string with
an uneven number of letters, and the left edge of the right half of a string with
an even number of letters (both with distinct symbols, of course); Ω contains
thus additional letters {0u , 0e , 1u , 1e }. We know that ~x is in L2 , exactly if a
decomposition marker has reached the right edge of the first half of a string with
an even number of letters, that is, is adjacent to the “even” maker; consequently,
we put F := Ω∗ (00 |10 )(0e |1e )Ω∗ .
We present the transition function for the letter operator in the appendix, as
it is quite hard to read, and instead show the initial tree of the resulting regular
growth automaton:
start

ǫ
b

a

0′ 00u

0′ 0e

a

0u

a

b

1u

1′ 1e

b

1′ 11u

a

b

001u

110u
01
a

10

e

e

b
a

b

0′ 10u

1′ 01u
011

4.1.3

b
a

100

u

u

n

{a2 : n ∈ N}
n

Let L3 ⊂ a∗ be the language {a2 : n ∈ N0 }.
Lemma 9 There is a DGA such that L(DGA) = L3 .
Proof. We put Ω := {x, y}. opa works as follows:


 → x
(6)
opa : xn y m xo → xn+1 y m−1 xo+1 , n, o ≥ 0, m > 0

 n m o
y x y → y n+1 xm−1 y o+1 , n, o ≥ 0, m > 0
7

We have thus a sequence of states:
(7)

, x, yy, xyx, xxxx, yxxxy, yyxxyy, yyyxyyy, yyyyyyyy etc.

We put F := x∗ ∪ y ∗ .
a
Note that the set of accepting states which is actually reached is only a small
2n
2n+1
subset of F , namely: LF := {x2 , y 2
: n ∈ N0 }. This set is not semilinear,
and as semilinear languages are closed under intersection, we have the following
corollary:
Corollary 10 The state set Q of an approximative automaton need not be
semi-linear.
S More generally: The transitive closure of a word under regular
relations, i∈N ~y : ~xT i ~y , for ~x an arbitrary word and T a regular relation, is not
semilinear.

4.2

The non-deterministic case

Let LCF be the class of languages L for which there is a context-free grammar
G such that L = L(G).
Lemma 11 LCF ⊂ LN GA .
Proof. We show inclusion: assume without loss of generality that G is in
~ , put opx () = N
~T
Greibach normal form. For all rules of the form S → x N
T
~
(for N a possibly empty string of non-terminals, (−) the transpose). For all
~ )=O
~M
~ T . Put F := {}.5 As we have
~ , put opy (ON
rules of the form N → y M
finitely many rules, operators remain finite state.
a
There is strong evidence that LDGA does not contain LCF , which we will
present in another paper. That would also mean that LDGA yields a true cut
across the Chomsky-hierarchy.
As we said, we have no general algorithm to convert an N GA into a DGA.
We conjecture that there is a proper inclusion not only of the classes of automata,
but also of the languages they recognize:
Conjecture 12 LN GA ' LDGA
As one example of a language for which there is a N GA, but seems to be no
DGA we take Lnop := {an : n is not a prime}. For simplicity, we directly show
the (initial fragment of) the automaton, as the transducers are hard to read and
to interpret.
We put F := 1∗ ∪2∗ . This automaton works as follows: one branch goes simply
along all numbers, construing {0n : n ∈ N}. In addition, we have transitions
from
S
each 0k into a finite subautomaton, which recognizes all am , m ∈ i≥2 {k · i}.
As we will see later on, the class LDGA is closed under complement; therefore,
if Lnop ∈ LDGA , then for Lprime := {an : n is a prime number}, we also have
Lprime ∈ LDGA .
5 In case we do not want the empty string in L, we need an extra symbol and an extra
mapping.

8

start
a

ǫ
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0

a
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a

a
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a

a

22

222

a

a

21

221

a

a

11

211

a

a

10

111

a

000

a

0000

a

a
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1000

a

a
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...

We strongly conjecture that Lprime ∈
/ LDGA ; unfortunately we still lack a
conclusive proof. Note also that we do not know whether LN GA is closed under
complement; so we do not know whether Lprime ∈ LN GA .

5
5.1

Closure Properties
Boolean closure

We show the following:
Theorem 13 The class LDGA is closed under union, intersection and complement. The class LN GA is closed under union and intersection.
Proof. We start with union. We give an algorithm which works for both the
deterministic and non-deterministic case, which preserves determinism if both
automata are deterministic.
Given two automata, RGA1 , RGA2 , firstly we totalize RGA1 and RGA2 by
adding an absorbing state h. Without loss of generality, assume that Σ1 = Σ2 .6
If this is not the case, we simply align their alphabets by adding the missing
letters σ, and constructing new letter operators opσ where opσ (~x) = h for all
~x ∈ Ω∗i . We form Ω3 over the alphabet Ω1 × Ω2 , Q3 ⊆ Ω∗3 . Our initial state is
h, i.
We construe the operators in Op3Σ as follows (note that for the first time time,
we look inside the transducers; do not confuse transducer states, transitions
etc. with RGA-states!): Take the cartesian product, Q1a × Q2a as state set of
op3a ; the pair of their initial states as new initial state, and the pairs of final
states as its final states. The transducers op3σ now operate on the tuples in Ω3 ;
3
and the new transition function δop
is defined as follows: (hx0 , y 0 i, hqi0 , qj 0 i) ∈
a
3
1
2
δopa (hqi , qj i, hx, yi), iff ((qi , x)) ∈ δopa (qi0 , x0 ) and ((qj , y)) ∈ δop
(qj 0 , y 0 ). This
a
procedure preserves functionality of the operators, and therefore determinism
in the resulting RGA3 . Back in RGA3 , we now have hq1 , q2 i ∈ δ3 (, w) iff
q1 ∈ δ1 (, w) and q2 ∈ δ2 (, w).
6 If Σ ∩ Σ = ∅, there is a much quicker procedure: First, we have to take care that that
1
2
the two alphabets Ω1 and Ω2 of the letter operators are distinct. Then just put RGA3 =
h, F1 ∪ F2 , Q1 ∪ Q2 , Σ1 ∪ Σ2 , OpΣ1 ∪ OpΣ2 , Ω1 ∪ Ω2 i. This does the job as required, and as
the alphabets are distinct, there is no interference of the letter operators.
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We put F3 := {⊗h~x, ~y i : ~x ∈ F1 or ~y ∈ F2 }.7 We thus accept any state, for
which the left projection would result in F1 or the right projection would be
F2 . Note that we do not enhance our recognizing power by forming states over
tuples.
It is obvious how intersection is formed: just put F3 := {⊗h~x, ~y i : ~x ∈ F1
and ~y ∈ F2 }. This requires that each projection be a member of its original
accepting state set.
Both of these constructions work equally for deterministic and non-deterministic
regular growth automata. The construction of an RGA for the complement
of a language L = L(RGA) is straightforward in the deterministic case: for
L = L(DGA), we first totalize DGA. Let (−)C denote the set-theoretic complement. Then LC = L(DGAC ), where DGAC := h, Q, OpΣ , Σ, Ω, δ, F C i).
a
For a non-deterministic automaton NGA, L = L(NGA), it does not seem
possible to construct an RGA which recognizes LC . The reason is that not all
states which are reached by words in L(NGA) must be in F , but only some.

5.2

Homomorphism

Lemma 14 LRGA is closed under -free homomorphism.
Proof. If our homomorphism maps two letters, say a and b, onto one, say a,
then we construct our operator op0a for h(L) as follows: let R ⊆ Ω∗ × Ω∗ be the
regular relation described by opa , S be the relation of opb . Then op0a describes
the relation S ∪ R, which in general is no longer a function, even in case the
original operators where functional. This can be iterated for any homomorphism
arbitrarily.
a
This does, however, not work any more if we map a letter to . Assume we
map
S a to . Then, the set of states associated with the empty string in h(L)
is op∗a (), which need not be a regular set. The same holds for the state sets
associated to all other words. Therefore, we cannot make sure that transition
relations are regular.8
Lemma 15 Both LDGA and LN GA are closed under inverse homomorphism.
Proof. Let h be a homomorphism. If h(a) = h(b) = a, and h(L) ∈ LRGA ,
then opah(L) = opaL = opbL . This can be iterated arbitrarily. For the case
h(a) = , let opa compute the identity function. This does the job as required,
and preserves determinism: we do not have more outputs for a single operator
than before.
a
7 For the sake of uniformity, we here use synchronous relations; otherwise we would surpass
the capacities of our letter operators and lose first order definability.
8 On the other side, allowing empty operators would be a considerable extension with
resprect to our original definition, which we do not consider very reasonable for our purposes.
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6

Related Concepts

6.1

Automatic Structures

The concept of automatic presentation of structures was introduced in [5]; an
excellent more recent survey is provided by [9]. For comparison, we will restrict
ourselves to structures of finite signature, that is, with a finite set of relation
symbols.
Definition 16 Let B := (B; (RiB )i≤k ) be a relational structure. An automatic
presentation of B consists of a mapping µ and a tuple of automata M :=
(MA , M= , ((Mi )i≤k )), such that
1. MA recognizes a set A ⊆ Σ∗ ,
2. the mapping µ : A → dom(B) surjective, and
3. for every atomic relation RiB of B (of arity ri ), the relation
µ−1 (RiB ) := {(w1 , ..., wr1 ) ∈ Ari : RiB (µ(w1 ), ..., µ(wri ))}
is regular and its convolution is recognised by the automaton Mi
We will identify functions with their graphs; this generalizes the concept
to any structure, and instead of automatic presentation of a structure we will
simply say automatic structure. We can conceive of the letter operators of an
RGA as binary predicates, which fulfill the third condition. We have already
seen that the state sets of regular growth automata do not fulfill the first two
conditions; we will now present a stronger result which shows that this results
in a genuine increase of power for generation of graphs as well as of languages.
We use a theorem of [9], which allows us to substitute surjective in the second
condition with bijective. As we only need to consider binary relations, we will
introduce the notion of an automatic graph:
Definition 17 An automatic structure B := (B; (RiB )i≤k ) is an automatic
graph, if for all RiB , ri = 2.
We interpret the object domain as vertices, predicates as edges. We do the
same thing for regular growth automata, and speak of a regular growth graph
(RGG). It is clear that if an automatic structure is equivalent to a regular growth
graph, then it is an automatic graph.
We show that there are (deterministic) RGGs, minimal with respect to some
language L, for which there is no isomorphic automatic graph. This form of
non-equivalence is quite strong and entails (among other) that there is no sense
in which automatic graphs generate the class of languages LRGA .
Recall the copy language L2 , over Σ; we put Lc := {xc : x ∈ L2 , c ∈
/ Σ}. We
show that the RGG of Lc is not automatic. The graph is easily constructed: for
OpΣ , leave everything as before, and define opc as follows: the only strings it
accepts as input are the strings formerly being in F , and the only output it gives
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is > (a symbol not used by any other operator). The new set F for RGALc is
{>}. Thus, opc is similar to the chararcteristic function of Q.
Now, assume this graph is automatic. Then the state set Q forms a regular
set. Let Lopc be {~x : opc (~x) = >}. As regular sets are closed under intersection,
we know that R := Q ∩ Lopc is again regular. Regular sets are as well closed
under regular relations. Now we know that every q ∈ Q − >, there must be
a bijective mapping b : δ(, w) → w, which at least in this direction is regular.
This is mandatory, for otherwise the operators would not know whether they
are copying a letter or not. Let T be a transducer effecting b. By assumption,
T (R) again must be a regular language. But T (R) is the copy language itself,
which is not regular, as is well known. This is the desired contradiction.
On this occasion, we see that RGGs are interesting in itself: a sets nodes QL ,
such that the paths {(, q) : q ∈ QL } carry words from a language L ∈ LRGA ,
are precisely those which can be mapped onto a single node. We also easily see
that every RGA is equivalent to an N GA where F contains only single node.

6.2

Automaticity

We now introduce the concept of automaticity, which has a tradition which
goes back to [12], but has been most extensively studied by [10] and a series of
subsequent papers by the same first author.
The concept of automaticity of a language is as follows: It describes the size
the smallest finite state automaton, which recognizes words of a given language
up to a certain length n. Abstracting over n, automaticity AL (n) is a function
over n which describes the number of states needed in order to recognize L≤n .
This is thus a measure which tells us, how close the characteristic function of the
language is to a finite state function. As there can be considerable differences in
size between the smallest deterministic F SA and the smallest non-deterministic
F SA for the same language, we have to distinguish between the deterministic
and non-deterministic case, DAL (n) and N AL (n) We put |A| := |Q|, for Q the
stateset of a finite state machine (or transducer) A.
(8)

DAL (n) = min{|A| : for A a deterministic F SA and L(A) ∩ Σ≤n =
L ∩ Σ≤n }

(9)

N AL (n) = min{|A| : for A a non-deterministic F SA and L(A) ∩ Σ≤n =
L ∩ Σ≤n }

We will also write AL (n) if we make statements valid for both cases. Nerodeequivalence ∼L is defined as follows:
(10)

~x ∼L ~y iff for all ~z, ~x~z ∈ L iff ~y~z ∈ L.

For DAL (n), we map all Nerode-equivalent prefixes onto one state; deterministic
automaticity as a function tells us how many equivalence classes of ∼L we have
for L≤n (for proof of this see [4]).
This measure of descriptive complexity has however two serious shortcomings,
when we apply it to linguistic theory: firstly, it does not adress the question
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of how to construct the automaton for L≤n ; therefore, we do not even have a
finite characterization of the language in question. Secondly, we know that it is
a computable problem (see [10]) to determine AL (n) for any L≤n . Automaticity
does however not adress the question of how complex the computations are
which are involved in construction the automaton. We have already remedied
the first issue when using regular growth automata instead, for they provide
finite characterizations of languages; we now adress the second one.

7

Automaton Growth: Refining Automaticity

We provide a refined version of automaticity for languages within LRGA (LDGA ).
Matters are a bit more complicated, as we have to take care that we consider
growing automata, while we keep fixed letter operators.
Definition 18 Let RGAkL be the set of regular growth automata, such that
L = L(RGA) for each RGA ∈ RGAkL , and for all opRGA
∈ OpRGA
, |opRGA
| ≤ k,
σ
σ
Σ
where k ∈ N. The k-automatic approximation complexity of L is a function over the length n of words of L, given by the smallest number of states of
the RGA ∈ RGAkL , restricted to RGAn :
AACLk (n) = min{|RGAn | : RGA ∈ RGAkL }
Definition 19 We say that RGAkL is convergent, if AACLk (n) = (AACLl (n) +
i) for n → ∞, any constant l > k and some constant i. By RGAL we denote
RGAiL , where i the smallest integer such that RGAiL is convergent; RGAL is
thus the smallest convergent set of regular growth automata for a given language.
Obviously, if l > k and RGAkL is convergent, then so is RGAlL . Intuitively,
that RGAkL is convergent means that larger letter operators do not reduce the
growth of the automaton, except for finite fragments. Now we are ready to define
the complexity AACL (n) in general:
Definition 20 The automatic approximation complexity of L is given by
the smallest number of states of the RGA ∈ RGAL , restricted to RGAn :
AACL (n) = min{|RGAn | : RGA ∈ RGAL }
Of course, we have to distinguish the deterministic and the non-deterministic
case again; we will use AACL (n) for the general case, which comprises both. For
both cases it is clear that AL (n) ≤ AACL (n). What we still have to prove is
the following conjecture:
Conjecture 21 There is an L ∈ LRGA , such that AACL (n)

AL (n).

That is to say, we conjecture that there are languages, for which there are
only regular growth automata with some states which could be deleted for every
L≤n , which however cannot be deleted in a given automaton if we want to
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preserve regularity and want it to recognize the entire language. We think a
case in point could be Lnop , which we discussed above. Clearly, the minimal
automaton for Lnop is at most linear; however, the arguments against a linear
RGA for Lnop are the similar to those against a DGA: we are probably unable
to filter out the prime factors on a straight line; we need at least one infinite
branch to count up, from which we calculate the new factors we need to take
into account, and one branch for each factor smaller than (half of) the number
of ls we are computing. This is the reason we believe the above conjecture to be
true, at least for the non-deterministic case.
A conclusive proof would be an interesting result: it would mean that in
regular growth automata, complexity of automaton construction is mapped onto
the size of the automaton.

8

Finite-state Philosophy

Why, could one ask, should the concept of FSA be that important to natural
languages, when it is generally acknowledged that regular languages are insufficient to give a formal model of natural language? There are two answers,
one is empirical, the other one theoretical. We start with the former. The
class of regular languages, though definitely to weak, seems nonetheless to be of
fundamental importance for natural languages: it is a well-known observation,
that any structure, whose regularity cannot be captured by means of regular
rules, is heavily restricted in its occurence in the sense we pointed out in the
introduction (at least, we are not aware of any exception).9 One can surely
attribute this to plain performance restrictions; but one has to be clear that this
does not “explain away” the fact; it simply attributes little importance to it.
This has been the common attitude in most of modern syntactic theory. On
the contrary, we take the stance that one should attribute more importance to a
phenomenon which is as persistent across speakers and languages. It has been
very fruitful for syntactic theory to make some idealizations on recursive rule
applicability - maybe at this point it will be fruitful to look what happens when
we give up some of these idealizations. Importantly, we do not simply reject
them, but rather try to be more aware of the point where we leave the firm basis
which is provided by the observed data.
We come to the second point. One of the most remarkable properties of
finite state state automata is that their state transitions describe a map from the
input alphabet Σ∗ to a finite monoid, which consists of the transition relations,
and where concatenation is interpreted as relation composition. Letters and
strings are thus mapped onto the transitions they induce on the automaton.
That means that strings are mapped onto the same element, iff they can be
interchanged in the language and context in question.
The other way round, this transition monoid of a language and an appropriate
inverse mapping give rise to an automaton itself. Automaton states are thus
9 Note that some authors less proficient in formal language theory even equate recursion
itself with recursion of non-regular rules.
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intimately linked to the algebraic structure of a language. If the monoid of
non-equivalent syntactic contexts of a language is finite, it gives rise to an FSA.
If the set is infinite, it gives rise to an infinite automaton - but in general, there
is no effective computation for such a machine. This is precisely the problem we
adress.
Coming back to the prior point: we think that linguistic knowledge mainly
consists of a (finite) set of local routines with a (finite) set of appropriate contexts.
As we have seen, from the algebraic point of view, this would amount to a regular
language. But in our view, what we have in addition is the capacity to abstract
new patterns from these finite routines. Abstraction is an inferential process,
that is, it goes beyond our basic grammatical knowledge; therefore we find heavy
restrictions on it. In our approach we can capture this by conceiving of regular
growth automata as finite machines which only grow if necessary, and maybe
not beyond a certain point or rate. In this paper, we have focused on the case
where there is no restriction on growth; however, in the last section we have
roughly pointed out how one can distinguish classes of descriptional complexity
also by automaton growth.
We emphasize that this is but another way to look at the fact that natural
languages are almost regular in the above sense - but maybe one which might
give us a new perspective onto an old problem.

9

Conclusion and Further Work

We have characterized a class of automata with many interesting properties;
the most important being surely effective computability. These automata characterize two classes of languages, of which one, LDGA is closed under Boolean
operations, and does not seem to coincide with any other known class. In our
view, LDGA is an interesting candidate for characterizing formal complexity of
natural languages: even though this class does not seem to contain all context
free languages, we get some characteristic languages from the class of mildly
context sensitive and PTIME languages; this might be an interesting cut right
across the Chomsky-hierarchy. There is an additional feature which makes LDGA
particularly interesting: it combines the properties we already mentioned with
the property, that there must be a single common representation for all parses
of a string. In our treatment of the copy language, we have seen that there
are strings which contain an arbitrary amount of “structural ambiguity”, if we
think of structure as the crossing dependencies of letters (the same holds, by the
way, for the nested dependencies of the palindrome language, which we did not
discuss). The reason there is a DGA for these languages is that we can represent
all these “structures” in a single string-state. We find similar phenomena in
natural language, where we have the difference between “genuine” garden paths
and only “theoretical” garden paths, the former being close to incomprehensible
(to the naive speaker), the latter not at all:10
10 For

some background, see [8].
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(11)

a.
b.

The horse raced past the barn fell.
She drove my aunt from London’s car.

We hope to make this vague relation between states and structures in the
canonical phrase structure sense more precise in further work; for there definitely
is a need to make this relation more precise - this becomes clear as soon as we also
want to cope with semantics. The conjecture that there might be a connection
between such phenomena as garden paths and the theory of formal complexity of
natural language brings us back to the point we mentioned in the very beginning:
in linguistics, there is a fundamental distinction between “competence-complexity”
on the one side, being a property of rules, and “performance-complexity” on
the other, being a property of abstract parser configurations; we now add an
additional kind: the complexity of a set of parser configurations for a single
ambiguous sentence/prefix. We think it is the main advantage of our approach
that, up to a certain point, all three kinds of complexity interact directly. We
do not know whether this is the right way to understand the formal foundations
of human language; but think this might be a way to gain new insights and
generalizations.

10

Appendix: Transducers for the Copy Language

We now present the letter operators for L2 in the form of a transition table for finite
state transducers.
Table 1: Transition table of opa , for

0
00
1
q0 0u , q1 00 , q1 00 , q2
1, q1
q1
0, q4
0, q1
0, q2
1, q1
q2
∅
00 , q 1 00 , q 2
1, q1
q3
∅
0e , q 1
∅
1e , q1
q4
∅
∅
∅
∅
where F := {q4 }

states and input letters
10
0u
1u
0e
1, q2
0, q3
1, q3
∅
1, q2
0, q3
1, q3 0u , q1
1, q2 00 , q3 1, q3 0u , q1
∅
∅
∅
∅
∅
∅
∅
∅

1e
∅
1u , q1
1u , q1
∅
∅

Note that the automaton is total, despite not all transitions are defined: most of
the of the non-defined transition are simply unreachable. The only exception to this is
q4 , which is the only accepting state; here, the partial definition provides functionality
despite non-determinism. we have to make sure that only at the very end there is an
empty input transition adding a 0.
q0 is the only state allowed to introduce a new marker into the string, and is touched
only once per transduction. q1 and q2 work together in transducing most of almost
any of the input strings; q2 remembers the “overhead” of a marker, and attaches it to
the next letter or kills it. q3 is needed to help in properly moving the middle index.
Note that no decomposition marker ever trespasses a middle marker.
We obtain opb by simply substituting 0 for 1 and some other minor changes in the
above table: it only affects the transitions from q2 , where we change the distribution
of the primes: for input 0/00 , output is 0, q1 /q2 ; for input 1/10 , output is 10 , q1 /q2 .
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To see that this mapping does the job as required, note that we can send an
unbounded number of markers to the right, each of them marking one possible cdecomposition.
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