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Abstract. A logical framework that emphasizes the impact of affirma-
tive assertions is investigated with respect to providing an interpretation
for conditionals and defaults. We consider theories consisting essentially
of monadic subsumption statements. For every such theory there is an
associated domain of information states ordered by a specialization re-
lation. We show how to naturally interpret intuitionistic conditionals in
this information domain. Moreover, we study several ways to cope with
defaults. In particular, we adapt the approaches of Poole and Reiter to
our framework.

1 Introduction

The logic of positive or affirmative assertions has been proposed as an adequate
programming logic to formally describe or specify the behavior of computational
devices [21, 23]. The underlying idea is that only the presence and not the absence
of a property is “finitely observable”. In this paper, we adopt the logic of affir-
mative assertions as a suitable paradigm for information processing. According
to this view, properties are always affirmed to hold of an object or situation, and
not denied to hold. As a consequence, the information about an entity accumu-
lated during processing is persistent in the sense that once affirmed, a property
will stay affirmed. Information processing is thus considered as incremental and
the information accumulated at a certain state as partial.

Under such a perspective, the absence of a property is not informative be-
cause it just indicates lack of information. A different thing is to deny a property
persistently, which means to affirm that the entity under consideration surely
does not have this property. But notice that persistent denial (in general) cannot
be based on observations. A second option is to affirm the negated property by
considering the absence of a property as an observable property itself. Both op-
tions and the corresponding versions for conditionals will be discussed in detail.

In general, information processing is based on background knowledge. In this
paper, we keep to a simple knowledge representation language, whose expressive-
ness is basically restricted to the subsumption of affirmative monadic predicates.
A background theory (or knowledge base) consisting of axioms of this form de-
termines an information domain, which is the space of all possible information
states that can arise during processing, provided the background theory is true.
Information processing can then be seen as a traversal from less specific to more
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specific states. Within this framework, it is natural to ask for appropriate ways
of employing default assumptions. The idea is that if an information state justi-
fies a certain default assumption, one can traverse to a more specific information
state by taking this assumption as affirmed.

The paper is organized as follows: Section 2.1 introduces some basic termi-
nology and notation. In addition to standard notions like interpretation, validity,
theory, model etc, we introduce the specialization relation given by an interpre-
tation and consider persistence with respect to this relation. In Section 2.2, we
define the key concept of an information domain of a theory as the ordered uni-
verse of a certain canonical model of that theory. In Section 3.1, it is shown that
(explicit) term negation trivializes the information domain. Section 3.2 presents
a natural intuitionistic interpretation of conditional and negation with respect
to the information domain of a theory. Section 4.1 shows how default predicates
give rise to extensions of information states. In Section 4.2, this approach is
generalized to defaults in the style of Reiter [17].

2 The Logic of Affirmative Assertions

2.1 Preliminaries

Let Σ be a set of atomic one-place predicates. The logical language we employ
in the following is essentially a small fragment of first-order predicate logic pre-
sented in a variable-free manner. In particular, the Boolean logical connectives
are “lifted” to predicate operators; for instance, if φ and ψ are one-place pred-
icates, then φ ∧ ψ is their logical conjunction.1 We furthermore introduce two
predicates V and Λ which are respectively satisfied by everything and nothing
in the universe of discourse. In addition, let ∀φ stand for ∀x(φx), where φ is a
one-place predicate.

Definition 1 (Term/Statement). A Boolean predicate or term over Σ is
inductively built by ∧, ∨, ¬, and → from members of Σ plus V and Λ. A Boolean
term is affirmative (or positive) if it is free of ¬ and →. The term algebra of
Boolean terms over Σ is denoted by B[Σ], the algebra of affirmative terms by
A[Σ]. A universal statement over Σ is a statement of the form ∀φ, with φ∈B[Σ].

Interpretation and satisfaction are defined as usual in first-order logic:

Definition 2 (Interpretation/Satisfaction). A (set-valued) interpretation
of Σ consists of a universe U and an interpretation function M from Σ to the
power set ℘(U) of U . An interpretation function M from Σ to ℘(U) uniquely
corresponds to a satisfaction relation � from U to Σ, with x � p iff x∈M(p).

An interpretation function M from Σ to ℘(U) can be inductively extended
to a function from B[Σ] to ℘(U) by defining M(V ) = U , M(Λ) = ∅, M(φ ∧

1 Formally, φ ∧ ψ is short for λx(φx ∧ ψx), where the λ-notation indicates predicate
abstraction.
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ψ) = M(φ) ∩ M(ψ), M(φ ∨ ψ) = M(φ) ∪ M(ψ), M(¬φ) = U \ M(φ), and
M(φ → ψ) = M(¬φ ∨ ψ). Correspondingly, the associated satisfaction relation
� can be extended to one from U to B[Σ] such that x � φ iff x∈M(φ).

The set M(φ) = {x∈U | x � φ} is called the extent of φ and is also denoted
by �φ�. The set ι(x) = {p∈Σ | x � p} is referred to as the intent of x.

Definition 3 (Canonical Interpretation). The canonical interpretation
of Σ has universe ℘(Σ) and takes each p∈Σ to the set {X ⊆ Σ | p∈X}; that
is, X � p iff p∈X.

By associating with each subset of Σ its characteristic function from Σ to
� = {0, 1}, one gets the standard notion of a valuation of Σ. From this point of
view, the canonical interpretation takes φ∈B[Σ] to the set of all valuations v of
Σ with v(φ) = 1.

Definition 4 (Satisfiability/Validity/Truth). A Boolean predicate φ over
Σ is satisfiable with respect to an interpretation of Σ with universe U if φ is
satisfied by some member of U ; φ is valid if φ satisfied by every member of U ;
the statement ∀φ is true if φ is valid. The predicate φ is logically valid if it is
valid with respect to all interpretations of Σ.

Implication and equivalence are validity of the conditional and the bicondi-
tional, respectively. That is, φ (logically) implies ψ if φ → ψ is (logically) valid.

Proposition 1. Given an interpretation of Σ with universe U , then φ∈B[Σ] is
satisfied by x∈U just in case φ is satisfied by the intent of x under the canonical
interpretation.

Proof. In case φ∈Σ ∪ {Λ,V }, there is nothing to show. Now term induction:
x � ¬φ iff x � φ iff, by induction hypothesis, ι(x) � φ iff ι(x) � ¬φ. Similar for
the other logical connectives.

Corollary 1. A Boolean predicate is logically valid iff it is valid with respect to
the canonical interpretation.

An interpretation comes along with a natural specialization ordering on its
universe:

Definition 5 (Specialization). Given an interpretation of Σ with universe U
and two members x and y of U , then x is specialized by y, in symbols, x 	 y,
if y satisfies every member of Σ that is satisfied by x.

Remark 1. In case Σ is finite, we can define a dyadic specialization predicate 	
directly within the language of first-order logic as follows:

x 	 y iff
∧

{px → py | p∈Σ}.2

2 Here and in the following
∧

takes a nonempty finite set P of predicates (or state-
ments) to the conjunction of the elements P in any order. Similar use is made of

∨
.

In addition, we define
∧

∅ = V and
∨

∅ = Λ.
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Clearly this gives an interpretation of specialization as defined above. A similar
treatment for infinite Σ, however, would call for infinitary logic.

The specialization relation 	 is reflexive and transitive, i.e. a preorder. A
subset S of U is upwards closed if ↑S ⊆ S, where ↑S = {y∈U | ∃x∈S(x 	 y)}.

Definition 6 (Persistence). A predicate φ over Σ is persistent if its extent
under each interpretation of Σ is upwards closed with respect to specialization.

Lemma 1. Given an interpretation of Σ with universe U , then for all x, y∈U ,

x 	 y iff ∀φ∈A[Σ] (x � φ → y � φ).

Proof. Use the definition of 	 and straightforward term induction over A[Σ].

Proposition 2. A Boolean predicate is persistent iff it is logically equivalent to
an affirmative predicate.

Proof. Suppose φ∈A[Σ]. Choose any interpretation of Σ with universe U . If
x � φ and x 	 y, with x, y∈U , then y � φ, by Lemma 1. Hence φ is persistent.
Conversely, suppose φ∈B[Σ] is persistent. Then, with Σ interpreted canonically,
�φ� is of the form ↑F , where F is a finite set of finite subsets of Σ. Hence φ is
equivalent to

∨
{
∧

X | X ∈F}. Now apply Corollary 1.

Remark 2. To many readers, the foregoing observation may look more famil-
iar when formulated in terms of Boolean functions. For a Boolean predicate is
persistent iff its corresponding Boolean function is monotone.

Proposition 3. Let Σ be finite. Given an interpretation of Σ with universe U ,
every upwards closed subset of U is the extent of an affirmative predicate over Σ.

Proof. Suppose V ⊆ U is upwards closed with respect to 	. Then the image
V ⊆ ℘(Σ) of V by ι is upwards closed in turn. By assumption, the set F of
minimal elements of V is finite. So V is the extent of

∨
{
∧

X | X ∈F}. Now
apply Proposition 1.

Definition 7 (Theory/Model). A theory Γ over Σ is a set of universal state-
ments over Σ. A model of Γ is an interpretation of Σ with respect to which all
statements of Γ are true.

Given two theories Γ and Γ ′ over Σ, we say that Γ entails Γ ′, in symbols,
Γ � Γ ′, if every model of Γ is also a model of Γ ′. The theories Γ and Γ ′ are
said to be equivalent if they entail each other.

Definition 8 (Conditional Form). A theory over Σ has conditional (or bi-
conditional) form if its statements are of the form ∀(φ → ψ) (or ∀(φ ↔ ψ)), with
φ and ψ affirmative. The conditional form is normal, if φ is purely conjunctive
(or V ) and ψ is purely disjunctive (or Λ).
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For convenience, we introduce two binary term operators � and ≡ such that
φ � ψ and φ ≡ ψ are ∀(φ → ψ) and ∀(φ ↔ ψ), respectively.

Proposition 4. Every theory is equivalent to a theory in conditional (normal)
form and to one in biconditional form.

Proof. By applying the standard transformations of propositional logic, every
Boolean predicate over Σ can be brought into conjunctive normal form. More-
over, the statements

¬p1 ∨ . . . ∨ ¬pm ∨ q1 ∨ . . . ∨ qn ≡ p1 ∧ . . . ∧ pm → q1 ∨ . . . ∨ qn,

q1 ∨ . . . ∨ qn ≡ V → q1 ∨ . . . ∨ qn,

¬p1 ∨ . . . ∨ ¬pm ≡ p1 ∧ . . . ∧ pm → Λ,

are logically true, and ∀(φ ∧ ψ) is equivalent to {∀φ,∀ψ}. So every universal
statement over Σ is equivalent to a finite set of statements of the form φ � ψ,
with φ, ψ affirmative. Finally recall that φ → ψ is equivalent to φ ↔ φ ∧ ψ (and
to φ ∨ ψ ↔ ψ).

Remark 3 (Predicates vs. Propositions). The definitions given in this section
are intended as a natural formalization of the simple conceptual framework we
put forward in the introduction: information about an entity is accumulated
by observing certain properties of that entity and by employing background
knowledge in form of subsumption statements. Alternatively, one can of course
work in propositional logic, where atomic propositions take the place of atomic
monadic predicates. From a conceptual point of view this simply means to think
of the entity in question as the “world”. The above definitions of interpretation
and model then resemble a standard possible world semantics. Moreover, one
should keep in mind that any universal first-order theory allows “propositional
grounding” by taking the elements of the Herbrand base as atomic propositions.

2.2 Information Domains

There is a standard way to associate with each theory a canonical model by
restricting the universe of the canonical interpretation appropriately:

Definition 9 (Canonical Model). Suppose Γ is a theory over Σ. Let C(Γ ) be
the set of all X ⊆ Σ which, under the canonical interpretation, satisfy φ for every
statement ∀φ of Γ . The canonical model of Γ takes p∈Σ to {X ∈C(Γ ) |p∈X}.

Specialization on C(Γ ) is set inclusion and hence a partial order. We refer
to the members of C(Γ ) as consistently Γ -closed subsets of Σ. The following
immediate consequence of definitions will prove useful:

Proposition 5. Let Γ and Γ ′ be theories over Σ. Then C(Γ ∪ Γ ′) = C(Γ ) ∩
C(Γ ′). In particular, if Γ ⊆ Γ ′ then C(Γ ′) ⊆ C(Γ ).
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{bird, has-wings,ostrich}{bird, has-wings, can-fly}

{has-wings, can-fly}

{bird}{has-wings}

�

Fig. 1. Information domain of Γ

Notice that if Γ has conditional normal form, i.e. if every statement of Γ is
of the form

∧
P �

∨
Q, with P,Q ⊆ Σ finite, then X ⊆ Σ belongs to C(Γ ) just

in case P ⊆ X → X ∩Q �= ∅, for all (
∧

P �
∨

Q)∈Γ . Moreover notice that the
valuations of Σ corresponding to members of C(Γ ) are precisely the �-valued
models of Γ in the sense of standard propositional logic.

Adapting the terminology of [6], we refer to any ordered set that is order-
isomorphic to C(Γ ) as “the” information domain of Γ .

Example 1. Suppose Σ = {bird, ostrich, can-fly, has-wings}. Let Γ be the theory
over Σ consisting of the statements

can-fly � has-wings,
ostrich � bird ∧ has-wings,
can-fly ∧ ostrich � Λ,
has-wings ∧ bird � can-fly ∨ ostrich.

The information domain of Γ is depicted in Figure 1. If a member p of a consis-
tently closed set X is given in boldface, X is the least satisfier of p. For instance,
{has-wings, can-fly} is the least satisfier of can-fly.

A Paradigm for Information Processing. A theory represents knowledge
about a certain domain of discourse. During processing this knowledge is applied
to affirmative knowledge (or information) a cognitive agent has acquired about
a certain object or situation. So the theory provides background knowledge and
its information domain is the space of information states the cognitive agent
traverses in the course of accumulating positive information about an entity.
Under normal conditions, the traversal is directed from less specific to more spe-
cific information states. Consequently, once an affirmative predicate is accepted,
more information will not affect this decision. For, by Proposition 1, affirmative
predicates are persistent with respect to specialization.

Suppose the cognitive agent affirms φ in state x. Under the assumption that
her next state only depends on her background knowledge and her affirmative
knowledge about the current situation, she will move to the least satisfier of φ
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above x, if existent. Put differently, if x is the least satisfier of some affirmative
predicate ψ, the target state is the least satisfier of φ ∧ ψ. Of course, least
satisfiers do not exist in general. For instance, given the theory of Example 1,
the affirmation of has-wings in the state {bird} does not license a move to another
state. Either the agent waits for additional information or she selects one of the
minimal satisfiers based on default assumptions. The issue of using defaults is
taken up in Section 4 in more detail.

Horn Theories. The ordering structure of an information domain depends
on the type of its theory. For instance, let Γ be a Horn theory over Σ, i.e.
a theory whose conditional normal form is free of disjunctions. Then C(Γ ) is
an inductive intersection system, i.e. is closed with respect to intersection of
nonempty subset systems and union of upwards directed subset systems (and
every inductive intersection system arises that way; cf. [15]). In order theoretic
terms, the information domains of Horn theories are precisely the so-called Scott
domains. In particular, every two elements with a common upper bound have a
least upper bound.

Since C(Γ ) is an inductive intersection system, it follows that each subset S of
Σ has a unique closure clΓ (S) with respect to Γ , namely

⋂
{X ∈C(Γ ) |S ⊆ X},

provided that S is consistent at all, i.e. a subset of some member of C(Γ ). We
may assume that the statements of Γ are either of the form

∧
P � Λ or

∧
P � q,

with P ⊆ Σ finite and q∈Σ. The closure of a (consistent) subset of Σ can then
be determined by repeated application of the consequence operator dΓ that takes
any (consistent) subset S of Σ to

dΓ (S) = S ∪ {q | P ⊆ S, (
∧

P � q)∈Γ}.

More precisely, we have by standard fixpoint arguments:

Proposition 6. Let Γ be a Horn theory over Σ. If S ⊆ Σ is consistent then

clΓ (S) =
⋂

{X ⊆ Σ | S ⊆ X = d(X)} =
⋃

{di
Γ (S) | i ≥ 0}.

Algebraic Representation. The canonical model of a theory Γ can be seen
as a representation of the knowledge given by Γ . Indeed, let Γ ∗ be the theory
(over the same set of atoms) that consists of all statements ∀φ such that φ is
satisfied by each element of the information domain of Γ . Since first-order logic
is (strongly) complete, it follows that Γ ∗ is the deductive closure of Γ . So Γ is
determined by its canonical model up to (deductive) equivalence.

It is also possible to come up with an algebraic representation of Γ (which,
for instance, is favored in [14]). According to a classical result of Birkhoff, there
is a categorical equivalence between the finite ordered sets and the finite dis-
tributive lattices with zero and unit (cf. [5]). Adapted to the present context,
with Σ assumed as finite, the information domain can be constructed from the
Lindenbaum algebra of a theory, and vice versa.

Definition 10 (Lindenbaum Algebra). Given a theory Γ over Σ, the Lin-
denbaum algebra L(Γ ) (of affirmative terms) of Γ is the quotient A[Σ]/�Γ , with
φ �Γ ψ iff Γ � φ ≡ ψ.
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V

has-wings ∨ bird

bird ∨ can-fly
has-wings

birdcan-fly ∨ ostrich

(bird ∧ can-fly) ∨ ostrichcan-fly

ostrich
bird ∧ can-fly

Λ

Fig. 2. Lindenbaum algebra of theory of Example 1

Remark 4. Our definition of the Lindenbaum algebra of Γ differs from the stan-
dard textbook definition insofar as we consider only affirmative terms and not
Boolean terms in general. If A[Σ] is replaced by B[Σ], the resulting lattice
is Boolean, i.e. complemented. Another way to construct this Boolean lattice
is to the apply the Lindenbaum construction to the affirmative terms of the
Booleanization Γ of Γ ; see Section 3.1 below. Moreover, Booleanization induces
an embedding of the distributive lattice L(Γ ) into the Boolean lattice L(Γ ), and
this embedding is universal in a certain sense; see [23] and [15] for details.

Example 2. Let Γ be as in Example 1. The Lindenbaum algebra of Γ is depicted
in Figure 2. The shaded circles indicate the ∨-irreducible elements of L(Γ ), which
stand in a one-to-one order-reversing correspondence with the elements of the
information domain of Γ ; cf. Figure 1. Conversely, the structure of L(Γ ) can
be recovered from the information domain by taking all upwards closed subsets
(ordered by set inclusion).

3 Conditional and Negation

3.1 Classical Negation

Let us briefly reflect on the status of negation in the framework of information
processing presented so far. On the one hand, we put no restriction on negation
in theories. More precisely, the matrix of our universal statements may consist
of arbitrary Boolean terms. (But notice that negation of universal statements,
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which gives rise to existential ones, is not allowed.) On the other hand, we are
only interested in the contribution of theories to support positive assertions.

Consider again Example 1. The statement ostrich � ¬can-fly cannot be used
to infer an affirmative predication (at least as long as ¬can-fly is not regarded as
an affirmative predicate on its own – see below). The conditional normal form
can-fly ∧ ostrich � Λ reveals that its sole purpose is to cut down the number
of possible information states (and to detect inconsistencies in the knowledge
base). Similarly, take the statement has-wings ∧ bird ∧ ¬ostrich � can-fly, which
is logically equivalent to the last statement of Example 1. As long as we have
no positive interpretation of ¬ostrich, the statement is of no use for moving to a
higher information state. One such positive reading of negation, term negation,
is presented in the following. Another one, negation as failure, will be sketched
in Section 4.2.

Predicate Negation and Booleanization. We have argued that though nega-
tion may be present in theories, there remains an asymmetry between negated
and non-negated predicates if we think of a theory as a knowledge base for ac-
cumulating positive information. This asymmetry towards positive information
is reflected in the construction of the information domain, whose elements rep-
resent sets of affirmative predicates and whose ordering signals the increase of
positive information.

The asymmetry can be resolved by regarding negated predicates as taking
part in affirmative assertions. That is, predications involving negated predicates
are not viewed as denials but as assertions. This is the traditional distinction
between predicate denial and term negation, which Horn [8] traces back to Aris-
totle; schematically: ‘x (is not) A’ versus ‘x is (not A)’.

To reconcile predicate negation with the viewpoint of affirmative predication
one can “Booleanize” a theory by supplementing it with all negated atoms and
all statements that instantiate the laws of contradiction and excluded middle
for atoms:

Definition 11 (Booleanization). The Booleanization of a theory Γ over Σ
is the theory Γ over Σ ∪ {−p | p∈Σ}, where

Γ = Γ ∪ {p ∧ −p � Λ | p∈Σ} ∪ {V � p ∨ −p | p∈Σ}.

Since each member of C(Γ ) contains either p or −p, but not both, if follows
that no member of C(Γ ) is a proper subset of another member of C(Γ ), that is:

Proposition 7. The information domain of the Booleanization of a theory is
an antichain.

Example 3. Suppose Σ = {a, b, c} and Γ = {a ∧ b � Λ, a ∨ b � c}. Then C(Γ )
consists of ∅, {c}, {a, c}, and {b, c}, whereas C(Γ ) consists of {−a,−b,−c},
{−a,−b, c}, {a,−b, c}, and {−a, b, c}; see Figure 3.

The previous example indicates that Booleanization means loss of specializa-
tion while keeping all elements of the information domain. Indeed:
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C(Γ)

�

{c}

{a, c} {b, c} C(Γ)

{−a, b, c} {a, −b, c} {−a, −b, c} {−a,−b, −c}

Fig. 3. Trivializing effect of Booleanization on specialization

Proposition 8. There is a one-to-one correspondence between the information
domain of a theory and that of its Booleanization.

Proof. Let f be the function from C(Γ ) to C(Γ ) that takes Y to Y ∩Σ. For every
X ∈C(Γ ), the set X = X ∪ {−p | p∈Σ \ X} is consistently closed with respect
to Γ . Clearly, X ∩ Σ = X and Y ∩ Σ = Y . Hence f is onto and one-to-one.

3.2 Intuitionistic Conditional and Negation

It is implicit in intuitionistic logic that knowledge is persistent. Since this point
of view is much in accordance with the principles of information processing
presented here, it seems reasonable to adopt an intuitionistic interpretation of
negation and conditional.3 Roughly speaking, this interpretation is obtained by
“persistifying” classical negation and conditional.

Recall from Section 2.1 that a predicate φ is persistent iff its extent �φ�
under every interpretation is upwards closed with respect to specialization. In
order to express the property of persistence more succinctly, let us introduce
an additional predicate operator �, where, given an interpretation of Σ with
universe U , satisfaction of �φ by x∈U is defined as follows:

x � �φ iff ∀y ∈ U(x 	 y → y � φ).

In terms of extents, x∈ ��φ� iff ↑{x} = {y∈U |x 	 y} ⊆ �φ�. In the following we
speak of predicates that are constructed by the Boolean connectives and � over
Σ ∪ {Λ,V } briefly as predicates over Σ. The definition of satisfaction, validity,
etc can be carried over from the Boolean case without changes.

Remark 5. Recall from Remark 1 that specialization can be defined within first-
order logic as long as Σ is finite (and in infinitary logic otherwise). The same
can thence be said of �.

With the help of �, the condition of persistence can be formulated as follows:
A predicate φ over Σ is persistent if φ ≡ �φ is true with respect to every
interpretation of Σ.

3 See [22] for an introduction to intuitionistic logic.
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Proposition 9. For every two predicates φ, ψ over Σ, the following predicates
are valid with respect to all interpretations of Σ:

(i) �(φ → ψ) → (�φ → �ψ), (ii) �φ → ��φ, (iii) �φ → φ.

Proof. Either by recourse to the interpretation of � or by recognizing that (i),
(ii), and (iii) are the axioms of modal logic S4, which are known to be valid in
all reflexive and transitive Kripke frames.4

Corollary 2. For any predicate φ, the predicate �φ is persistent.

Proof. By Proposition 9(ii) and (iii), ��φ ≡ �φ is true under all interpretations.

In particular, it follows by Proposition 3:

Corollary 3. Suppose Σ is finite and φ is a predicate over Σ. Then, for every
interpretation of Σ, there is an affirmative predicate over Σ that is equivalent
to �φ with respect to that interpretation.

The following simple example illustrates that finiteness is essential here:

Example 4. Suppose Σ is infinite and Γ is the set of all statements p � ¬q, with
p, q∈Σ, p �= q. Then C(Γ ) = {∅} ∪ {{p} | p∈Σ}, and ��¬p� = {{q} | q �= p} is
upwards closed but clearly not the extent of an affirmative predicate over Σ.

Another thing to keep in mind when applying Corollary 3 is the dependence
on the given interpretation:

Example 5. Suppose Σ = {a, b}. If Γ = ∅ then C(Γ ) = {∅, {a}, {b}, {a, b}};
thus �¬a is equivalent to Λ. On the other hand, if Γ = {a ∧ b � Λ} then C(Γ ) =
{∅, {a}, {b}} and �¬a is equivalent to b.

If not otherwise indicated, Σ is henceforth assumed to be finite.

Persistent Conditional and Negation. Classical conditional and negation
do not preserve persistence. If we want persistent versions of conditional and
negation, we need to “persistify” them by means of �; that is, we define predicate
operators ⇒ and ∼ such that

φ⇒ψ = �(φ → ψ) and ∼φ = �¬φ.

In particular, ∼φ ≡ φ⇒Λ. (Defining⇒and ∼ along these lines essentially means
to embed intuitionistic logic into modal logic S4, which goes back to Gödel.)

In order to determine the extent of φ ⇒ ψ, the following reformulation of
definitions is sometimes useful:

�φ⇒ψ� = {x | ↑{x} ∩ �φ� ⊆ �ψ�}.

4 See e.g. [11] or [1].
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C(Γ)

�

{a}{b}

{a, b} {a, c}

{a, b, c}

�b�

�c�

C(Γ ∪ {c � b})

�

{a}{b}

{a, b}

{a, b, c}

Fig. 4. Black cats and other animals

Example 6. Consider again the theory Γ of Example 1. One can read off easily
from Figure 1 that the extent of bird ⇒ can-fly is ↑{has-wings, can-fly} with
respect to the information domain C(Γ ) of Γ . Consequently, bird ⇒ can-fly is
equivalent to can-fly.

In the rest of this section, we look more closely at the interrelation between
φ � ψ and V � φ⇒ψ (i.e. between ∀(φ → ψ) and ∀(�(φ → ψ))).

Lemma 2. If φ is persistent then φ ∧ ψ � χ is equivalent to φ � ψ⇒χ.

Proof. Suppose φ ∧ ψ � χ is true. That is, φ ∧ ψ → χ and hence φ → (ψ →
χ) are valid. Consequently, �(φ → (ψ → χ)) and thus �φ → �(ψ → χ), by
Proposition 9(i), are valid too. Since φ is persistent, it follows that φ � ψ⇒χ is
true. Similar for the reverse direction.

So, given two affirmative predicates φ and ψ, we know by Lemma 2 that
φ � ψ is equivalent to V � φ ⇒ ψ. Hence one might expect that extending a
theory Γ by φ � ψ has the same effect as extending Γ by V � φ⇒ψ. However,
this is clearly a mistake, because in general, φ → ψ does no imply V → (φ⇒ψ)
(i.e. �(φ → ψ)). The following example illustrates this fact:

Example 7. Suppose Σ = {a, b, c} and Γ = {c � a}. To bring some life into Γ ,
say a is animal, b is black, and c is cat. The information domain of Γ , represented
by C(Γ ), is depicted on the left of Figure 4. Consider the extent of c⇒b in C(Γ ).
By definition, c⇒b is satisfied by X ∈C(Γ ) iff ↑{X} ∩ �c� ⊆ �b�. One can easily
read off from Figure 4 that c ⇒ b is equivalent to b. Let us contrast c ⇒ b with
the statement c � b. The predicate c ⇒ b is satisfied by those states of the
information domain of which it is “persistently true” that they satisfy black if
they satisfy cat. For example, the least animal state {a} does not satisfy c⇒ b
because it can be specialized to a cat state that is not necessarily a black state
(represented by {a, c}). The statement c � b, on the other hand, does not exclude
non-black non-cats; see Figure 4 for the effect of extending Γ by c � b.
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Remark 6. Since Σ is assumed as finite, ⇒ is an operation on the Lindenbaum
algebra of any theory over Σ, with a⇒b =

∨
{c | c ∧ a � b}. Hence ⇒ gives the

Lindenbaum algebra the structure of a Heyting algebra; the element a⇒b is also
known as the relative pseudo-complement of a relative to b.

4 Defaults

The picture developed so far is that of a cognitive agent whose background theory
determines her possible information states, which are ordered by specialization.
Triggered by positive information, the agent traverses her space of information
states (her information domain) from less specific states to more specific ones.
Let us now expand this picture to the effect that the cognitive agent may also
jump to more specific states on the basis of her default assumptions.

4.1 Poolean Defaults

The approach of Poole [16] to default reasoning builds on the general idea to pre-
sume certain assertions as true unless information to the contrary is available.5

Poole’s approach can be adapted to the framework of information domains in
the following way. Suppose Γ is a theory over Σ and Φ is a set of affirmative
predicates which are regarded as defaults. Let us refer to these data briefly as a
default system:

Definition 12 (Default System). A default system over Σ is a pair 〈Γ,Φ〉,
where Γ is a theory and Φ is a set of affirmative predicates over Σ.

The question is how to associate with each information state of Γ or, more
generally, with each subset of Σ, a more specific information state by employing
the defaults in Φ. Since the goal is to presume as many defaults true as possible,
we may ask for an information state that satisfies a maximal set of defaults.
At the same time, we do not want the new state to represent more information
than enforced by the defaults. In short, given a subset S of Σ, we ask for a
minimally specific information state extending S that satisfies a maximal subset
of Φ. The following preference relation allows to encode both conditions into one
minimality constraint. Let ΦX be {φ∈Φ | X � φ}.

Definition 13 (Preference Relation). Let 〈Γ,Φ〉 be a default system, and
X,Y ∈C(Γ ). We say that X is preferred over Y with respect to Φ, in symbols,
X <Φ Y , if either ΦY ⊂ ΦX or ΦY = ΦX and X ⊂ Y .

The desired information states can then be described as those consistently
Γ -closed supersets of S that are minimal with respect to the preference relation
induced by Φ:

5 As noted in [10 p. 66], this idea goes back well beyond Poole.,
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Definition 14 (Preferred Extension). A preferred extension of S with re-
spect to 〈Γ,Φ〉 is a <Φ-minimal element of {X ∈C(Γ ) | S ⊆ X}.

Remark 7. Our notion of a preferred extension is closely related to that of a
preferred model in the sense of [20].

Example 8. Suppose Σ = Φ = {a, b, c} and Γ = {a ∧ b � Λ, a ∧ c � Λ}. Then
C(Γ ) = {∅, {a}, {b}, {c}, {b, c}}. The empty set has two preferred extensions
with respect to 〈Γ,Φ〉, namely {a} and {b, c}.

In the previous example, the preferred extensions of the empty set coincide
with the maximal elements of the information domain. This is just an instance
of the following general fact:

Proposition 10. If 〈Γ,Φ〉 is a default system over Σ such that Φ = Σ then
the preferred extensions of S with respect to 〈Γ,Φ〉 are the maximal elements of
{X ∈C(Γ ) | S ⊆ X}.

Proof. Since Φ = Σ, we have that ΦX = X. Hence X <Φ Y iff Y ⊂ X.

We now consider a slightly different approach to defining extensions, which
rests on the idea that an extension should satisfy all default predicates it is
consistent with and be minimal with respect to this condition.

Definition 15 (Consistency). With respect to a theory Γ over Σ, a predicate
φ over Σ is said to be consistent with a subset S of Σ if there is a consistently
Γ -closed superset of S that satisfies φ.

In terms of information states, the foregoing definition runs as follows: A
predicate φ over Σ is consistent with an information state X of Γ if X is spe-
cialized by a state of Γ satisfying φ. In short, φ is consistent with X if X � �φ,
where � stands for ¬�¬.

Definition 16 (Closed under Defaults). An information state X is closed
under a default predicate φ if X satisfies φ whenever φ is consistent with X,
that is, if X � (�φ → φ). A state is closed under a set of defaults if it is closed
under every default of that set.

Definition 17 (Minimal Extension). A minimal extension of S with respect
to 〈Γ,Φ〉 is a ⊆-minimal element of {X ∈C(Γ ) | X is Φ-closed and S ⊆ X}.

If Φ = Σ then the Φ-closed states are precisely the maximal elements of C(Γ ).
Hence, by Proposition 10, the minimal extensions coincide with the preferred
extensions in this case. In general, it turns out that every preferred extension is
a minimal extension but not the other way round.

Lemma 3. Suppose 〈Γ,Φ〉 is a default system over Σ. Then every preferred
extension of S ⊆ Σ with respect to 〈Γ,Φ〉 is Φ-closed.
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Proof. Let X be a preferred extension of S with respect to 〈Γ,Φ〉. Suppose
X � �φ for some φ∈Φ, that is, there is a Y ∈C(Γ ) such that X ⊆ Y � φ. Then
ΦX ⊆ ΦY . Hence ΦX = ΦY , because, by assumption, Y �<Φ X. So X � φ.

Proposition 11. Suppose 〈Γ,Φ〉 is a default system over Σ. Every preferred
extension of S is a minimal extension of S.

Proof. Let X be a preferred extension of S with respect to 〈Γ,Φ〉. By Lemma 3
we know that X is Φ-closed. Suppose there is a Φ-closed Y ∈C(Γ ) such that
S ⊆ Y ⊆ X. Then ΦY = ΦX , because Y is Φ-closed. Since Y �<Φ X, it follows
that Y = X.

Example 9. Suppose Σ = {a, b, c}, Γ = {a ∧ b � Λ, b � c}, and Φ = {b}. Then
C(Γ ) consists of the sets ∅, {a}, {c}, {a, c}, and {b, c}, of which {a}, {a, c}, and
{b, c} are Φ-closed. Hence the minimal extensions of ∅ with respect to 〈Γ,Φ〉
are {a} and {b, c}, whereas the only preferred extension of ∅ is {b, c} (since
Φ{a} = ∅ and Φ{b,c} = {b}).

Default Conditionals. Typically, defaults appear as conditionals. For instance,
it is not assumed by default that everything can fly, but that everything can fly if
it is a bird. Since we want default predicates to be persistent,6 it is thus natural
to employ the intuitionistic conditional.

What does it mean to take φ ⇒ ψ as a default assumption? Being in a
state x that satisfies φ ⇒ ψ means that every state y at least as specific as x
that satisfies φ also satisfies ψ. To assume φ ⇒ ψ thus means something like
this: Whatever observations we will make about the object or situation we are
currently accumulating information about, we are sure that if it satisfies φ, it
satisfies ψ. This approach, however, has some drawbacks.

Consider once more the theory of Example 1. Suppose we use bird⇒can-fly
to express the default that birds typically can fly. Then it seems reasonable
to assume bird ⇒ can-fly to hold as long as no information to the contrary is
available. As observed in Example 6, this means that one can jump to state
{has-wings, can-fly} without any additional information at hand. But this com-
mitment appears to be stronger than wanted because the given theory does
not exclude entities (say a certain yet unknown species of bats) which are not
birds, have wings, and cannot fly. This problem of default conditionals, Poolean
style, will be remedied by the more general approach à la Reiter presented in
Section 4.2.

Another problem is how to cope with conflicting defaults, witness the follow-
ing example:

Example 10. Let Γ be the theory over {student, adult,working,non-working}
whose statements are

6 To prevent misunderstandings, this does not mean that default assumptions are
persistent in the sense that they will be never given up again. Of course, quite the
contrary is the case when belief revision comes into play.
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{non-working, adult, student}{working, adult, student}

{non-working, adult}

{adult, student}

{working , adult}

{non-working}{adult}

�

Fig. 5. Information domain of Γ

student � adult, working � adult, working ∧ non-working � Λ.

The information domain of Γ is shown in Figure 5. Consider the two default
assumptions that students are not working whereas adults are working. Since
students are adults there is no state of the information domain at which both
assumptions are persistently true. For student ⇒ non-working ≡ non-working
and adult⇒working ≡ working, but working ∧ non-working ≡ Λ.

4.2 Default Theories

Similar to the treatment of Poolean defaults in the previous section, Reiter’s [17]
well-known approach to default logic can be adapted to the framework of infor-
mation domains. Again we are interested in default extensions of information
states, which are best seen as models and not as theories. Our approach is thus
in the same spirit as that of Rounds and Zhang [18, 24], see Remark 9 below,
while style of presentation is to some degree inspired by [11].

Definition 18 (Default). A default over Σ is triple 〈φ, Ψ, χ〉, where φ and χ
are affirmative predicates and Ψ is a finite set of predicates over Σ.

It is common to call φ the prerequisite, χ the consequent, and the members
of Ψ the justifications of the default. If Ψ = {ψ1, . . . , ψn}, the default 〈φ, Ψ, χ〉
is also written in the form

φ : ψ1, . . . , ψn

χ
.

Definition 19 (Default Theory). A default theory over Σ is a pair 〈Γ,∆〉
consisting of a theory Γ over Σ and a set ∆ of defaults over Σ.

Definition 20 (Applicability/Reduct). With respect to a theory Γ over Σ,
a default 〈φ, Ψ, χ〉 is applicable to a subset S of Σ if every ψ∈Ψ is consistent
with S. Given a default theory 〈Γ,∆〉, the reduct ∆S of ∆ with respect to S is
the set of all statements φ � χ such that 〈φ, Ψ, χ〉∈∆ is applicable to S.
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Generalizing Definition 16, we say that an information state X is closed with
respect to ∆ if X belongs to C(∆X), that is, if X satisfies φ → χ whenever
〈φ, Ψ, χ〉∈∆ is applicable to X. The concept of a minimal extension can be
generalized likewise:

Definition 21 (Minimal Extension). Given a default theory 〈Γ,∆〉 over Σ
and a subset S of Σ, a minimal extension of S with respect to 〈Γ,∆〉 is a minimal
element of {X ∈C(Γ ∪ ∆X) | S ⊆ X}.

Notice that by making these generalizations we assume that a Poolean default
predicate φ has the same effect as the default V :φ/φ.7 Indeed, by definition, φ
is consistent with S iff V :φ/φ is applicable to S, in which case V � φ belongs
to the reduct with respect to S.

In general, the notion of a minimal extension does not properly capture the
intuition of a default extension. For instance, the minimal extension {a} of ∅

in Example 9 should not count as a default extension because neither the state-
ments a ∧ b � Λ and b � c of Γ nor the default V :b/b provide any reason to
assume a by default. Viewed from another angle, the problem is that {a} is not
minimal in C(Γ ) under the condition of being closed with respect to ∅ = ∆{a}. A
promising candidate for defining default extensions then has the following form,
which is essentially an adaption of Reiter’s definition [17] (see also [18]):

Definition 22 (Default Extension). Let 〈Γ,∆〉 be a default theory over Σ.
Then X is a default extension of S ⊆ Σ with respect to 〈Γ,∆〉 if X is minimal
in {Y ∈C(Γ ∪ ∆X) | S ⊆ Y }.

Proposition 12. With respect to a default theory 〈Γ,∆〉 over Σ, every default
extension of S ⊆ Σ is a minimal extension of S.

Proof. Suppose X is minimal in {Y ∈C(Γ ∪∆X) |S ⊆ Y }. Then X ∈C(Γ ∪∆X),
that is, X is closed with respect to ∆. It remains to show that X is minimal in
{Y ∈C(Γ ∪∆Y ) |S ⊆ Y }. Suppose S ⊆ X ′ ⊆ X such that X ′ ∈C(Γ ∪∆X′

). Then
∆X ⊆ ∆X′

and thus C(∆X′
) ⊆ C(∆X) (cf. Proposition 5). So X ′ ∈C(Γ ∪ ∆X).

Hence, by assumption, X ⊆ X ′ and, consequently, X = X ′.

The following two examples show that default extensions need not be unique.

Example 11. Suppose Σ = {a, b}, Γ = {a ∧ b � Λ}, and ∆ = {V :a/a,V :b/b}.
Then C(Γ ) = {∅, {a}, {b}}. Since ∆{a} = {V � a} and ∆{b} = {V � b}, both
{a} and {b} are default extensions of ∅ with respect to 〈Γ,∆〉 (which coincide
with the minimal extensions in this case; cf. Proposition 10).

Example 12. Let Σ and Γ be as in Example 10 and

∆ =
{

student : non-working
non-working

,
adult : working

working

}
.

7 See also [16–Sect. 4].
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Then the least satisfier of student, which is {adult, student}, has the two default
extensions {working, adult, student} and {non-working, adult, student}, which are
incompatible. Clearly it would be preferable in this case if only the latter state
counts as an extension because students are specific adults and hence the de-
fault assumptions about students should have stronger priority than those about
adults.

Remark 8 (Prioritizing Defaults). Some approaches to prioritization allow to
impose an arbitrary partial ordering on the set of defaults (see e.g. [11] and
the detailed discussion in [2]). Within the framework developed so far, it seems
more natural to make use of the base theory Γ in order to impose a priority
ordering on defaults, simply by preferring an (applicable) default over another
if the prerequisite of the first implies that of the second with respect to Γ .

Horn Default Theories. Let us call a default theory 〈Γ,∆〉 Horn if Γ is a
Horn theory and each member of ∆ has purely conjunctive prerequisite and
consequent. Then every reduct of ∆ is a Horn theory. It follows that X is a
default extension of S just in case X =

⋂
{Y ∈C(Γ ∪ ∆X) | S ⊆ Y }, that is, X

is the closure clΓ∪∆X (S) of S with respect to Γ ∪ ∆X . Hence, by Proposition 6:

Proposition 13. Let 〈Γ,∆〉 be a Horn default theory over Σ. Then X is a
default extension of S ⊆ Σ with respect to 〈Γ,∆〉 iff

X = clΓ∪∆X (S) =
⋃

{di
Γ∪∆X (S) | i ≥ 0}.

The following reformulation of this result comes close to Reiter’s iterative
characterization of default extensions and is essentially a notational variant of
[18–Corollary 4.1]:

Corollary 4. Let 〈Γ,∆〉 be a Horn default theory over Σ. Then X is a default
extension of S ⊆ Σ with respect to 〈Γ,∆〉 iff X =

⋃
{Yi | i ≥ 0}, with Y0 = S

and Yi+1 = clΓ (Yi) ∪ d∆X (Yi).

Proof. One shows easily by induction that di
Γ∪∆X (S) ⊆ Yi ⊆ clΓ∪∆X (S), for

every i. Now use Proposition 13.

Remark 9 (Default Information Structures and Domain Theory). As mentioned
before, the approach presented here bears some resemblance to that of Rounds
and Zhang. A mere technical difference is that they employ so-called sequent
structures, which are essentially theories in conditional normal form that are
closed with respect to entailment (see also [4]). In [18, 24], Rounds and Zhang
restrict themselves to deterministic sequent structures, that is, in our termi-
nology, to Horn theories. Correspondingly, they consider only Scott domains as
information domains. (In addition, they introduce a generalization of default ex-
tensions called dilations.) More recently [19], they proposed a domain theoretic
framework for disjunctive logic programming, which goes much beyond Scott
domains and which they also apply to default reasoning. A detailed comparison
with this latter approach is a topic for future work.
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Default Domains. Defaults à la Reiter are essentially metalevel statements.
Alternatively, one can aim at expressing defaults by statements within an appro-
priate logical language. The first approach of this type goes back to McDermott
and Doyle [13, 12], who introduced a modal operator to capture the consistency
of assumptions.

We have already defined such a consistency operator � (= ¬�¬) in Sec-
tion 4.1. A default with prerequisite φ, justifications ψ1, . . . , ψn, and consequent
χ may then be translated into the statement

φ ∧ �ψ1 ∧ . . . ∧ �ψn � χ. (1)

Remark 10. An information domain can be seen as a Kripke frame for interpret-
ing both, the “modal” operator � (and �) as well as the intuitionistic operators
⇒ and ∼. This double use of a Kripke frame closely resembles the semantical
side of Gabbay’s [7] intuitionistic approach to nonmonotonic logic; see also [3].

Lemma 4. The statements φ ∧ �ψ � χ and φ � ∼ψ ∨ χ are equivalent.

Proof. The predicates φ ∧ �ψ → χ and φ → ¬�ψ ∨ χ are equivalent, and so are
the predicates ¬�ψ, �¬ψ, and ∼ψ.

It follows that statement (1) is equivalent to

φ � ∼ψ1 ∨ . . . ∨ ∼ψn ∨ χ. (2)

Given a theory Γ over Σ (with Σ finite), we know by Corollary 3 that with
respect to the information domain of Γ each predicate ∼ψi is equivalent to some
affirmative predicate over Σ. Let Γ∆ be the theory over Σ that results from a
set ∆ of defaults by rewriting them into the form (2) and then replacing the ψi’s
by equivalent affirmative predicates.

Definition 23 (Default Domain). The default domain of a default theory
〈Γ,∆〉 is the information domain of the theory Γ ∪ Γ∆.

Example 13. Let Γ be the theory of Example 1 and ∆ = {bird : can-fly/can-fly}.
The corresponding default statement is bird∧�can-fly � can-fly, which is equiv-
alent to bird � ∼can-fly ∨ can-fly. Inspection of Figure 1 reveals that ∼can-fly
is equivalent to ostrich (since ∼can-fly ≡ can-fly⇒Λ ≡

∨
{φ | φ ∧ can-fly ≡ Λ}).

The default domain of 〈Γ,∆〉 is hence of the form as depicted by Figure 6.

Recall that an information state X ∈C(Γ ) is a minimal extension of S ⊆ Σ
iff X is minimal with respect to S ⊆ X and X ∈C(∆X). The latter condition
says that for each default φ : ψ1, . . . , ψn/χ of ∆, if X satisfies �ψi, for every i,
then X satisfies φ → χ; in other words, X satisfies φ ∧ �ψ1 ∧ . . . ∧ �ψn → χ.
The relation between minimal extensions and members of the default domain is
hence as follows:

Proposition 14. Let 〈Γ,∆〉 be a default theory over Σ and S a subset of Σ.
Then the minimal extensions of S with respect to 〈Γ,∆〉 are the minimal elements
of {X ∈C(Γ ∪ Γ∆) | S ⊆ X}.
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{bird, has-wings,ostrich}
{bird, has-wings, can-fly}

{has-wings, can-fly}

{has-wings}

�

Fig. 6. Default domain of 〈Γ, ∆〉

Example 14. Suppose Σ = {p, q}, Γ = ∅, and ∆ = {V :¬p/q}. Recall that
∼¬p is �¬¬p and thus equivalent to p, since p is persistent. So we can choose
Γ∆ = {V � p ∨ q}. Hence C(Γ∆) = {{p}, {q}, {p, q}}, whose minimal elements
are {p} and {q}. Notice that the only default extension of ∅ is {q}.

Since each minimal extension is a default extension of itself, it follows by
Proposition 14:

Corollary 5. A subset X of Σ belongs to C(Γ ∪Γ∆) just in case X is a default
extension of some subset of Σ.

Remark 11 (Theory Completion). Let Γ be a theory over Σ. If ∆ consists of all
defaults of the form V :p/p, with p∈Σ, then the default domain of 〈Γ,∆〉 is the
antichain of all maximal elements of C(Γ ) (cf. Section 4.1). This antichain is
thus the information domain of the extension of Γ by the statements V � p∨ p̃,
for every p∈Σ, where p̃ is an affirmative term equivalent to ∼p. In [15], such
an extension is called a completion of Γ . Compare the completion of a theory
with its Booleanization; cf. Section 3.1. (Notice in addition that the statements
p ∧ p̃ � Λ are true by definition.)

Negation as Failure. There is a well-known connection between default logic
and logic programs with negation as failure. Adapted to the present context such
a program is a theory consisting of statements

p1 ∧ . . . ∧ pl ∧ not q1 ∧ . . . ∧ not qm � r,

with pi, qj , r∈Σ. Here, the operator not indicates negation as failure to prove,
whose effect can be characterized as follows (cf. [9]): if not q belongs to the
premise of a statement, the applicability of the statement is restricted to the
case that the theory as a whole does not allow to derive q. One way to make
this precise is to adopt the default interpretation of negation as failure: not q is
interpreted as ‘it is consistent to assume ¬q’. In short, not q is interpreted as
�¬q, which in turn is equivalent to ¬�q and hence to ¬q, since q is persistent.
A stable model of a program is then a default extension of the empty set with
respect to the program seen as a default theory.
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Example 15. Consider the program {not p � q, not q � p}. The corresponding
set of defaults is {V :¬p/q, V :¬q/p}. Represented as default statements: �¬p �
q and �¬q � p, which both are equivalent to V � p∨q. So the minimal elements
of the default domain are {p} and {q}, which coincide with the default extensions
of ∅ and thus are the stable models of the program in question.

Notice that this approach can be straightforwardly extended to disjunctive
logic programs, whose statements are of the form

p1 ∧ . . . ∧ pl ∧ not q1 ∧ . . . ∧ not qm � r1 ∨ . . . ∨ rn.

4.3 Conclusion and Prospects

We have presented a paradigm for information processing that is centered around
the idea of accumulating positive information by taking assertions always as af-
firmative. To this end, we have associated with each theory, i.e. each set of
universally quantified Boolean predicates, a domain of information states that
is ordered by specialization. This ordering has turned out to provide a natu-
ral interpretation for intuitionistic negation and conditional. Moreover, we have
proposed ways to reconcile Poole’s and Reiter’s approach to default reasoning
with our view of processing in information domains.

There are many topics to be further explored. For example, we have ne-
glected questions of inference almost completely. In particular, nothing has been
said about nonmonotonic reasoning, revision of default assumptions, etc. This
deficiency is reflected by our focus on a denotational characterization of ex-
tensions. An operational account within the presented framework, in contrast,
should give an algorithmic description of how the application of defaults gives
rise to traversals between information states. Further questions to be addressed
are the proper definition of default domains for infinite sets of atoms and the
generalization to power domains, which would allow to represent alternatives of
information states.8
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