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Abstract. Any classification of objects by attributes naturally determines a concep-
tual (or ontological) hierarchy consisting of the attribute sets that are closed under all
implications holding in the classification. In this paper, we present a thorough cate-
gorical treatment of translations between implications over different sets of attributes
and study in detail how such a translation is reflected on the side of the associated
conceptual hierarchies.

1 Introduction

If the elements of a given domain of discourse are classified with respect to a
certain set Σ of attributes then these data naturally give rise to a hierarchy of
formal entities that can be interpreted both conceptually and ontologically. A
well-known example of this sort of construction is provided by Formal Concept
Analysis (FCA) [10], where classifications are called formal contexts and the
resulting hierarchies are lattices of (formal) concepts. The formal concepts of
FCA can be identified with those subsets of Σ that are closed under all conjunc-
tive implicational statements holding in the given context or classification. This
kind of systematic relationship between statements holding in a classification
and conceptual hierarchies consisting of closed attribute sets can be generalized
from purely conjunctive implications to those also involving disjunction, truth,
and falsity, that is, to implications where arbitrary positive or affirmative terms
may occur as premise and conclusion [9, 25]. The resulting hierarchies include
all finite partial orders and have once been dubbed information domains [8].

The present paper is concerned with translations between different sets of
attributes. We present a categorical framework for theories, i.e., sets of state-
ments, which makes use of a very natural and explicit notion of translation, and
study in detail how translations of theories are reflected on the side of the cor-
responding information domains.1 In particular, we give equivalence criteria for
theories with identical information domain and we present general construction
schemes both for theories and information domains.

1 Our exposition presumes some background knowledge of the standard definitions of category, lat-
tice, order, and domain theory, all of which can be found in [2, 18], [6], and [1], respectively.



Overview. Section 2 introduces basic notions like interpretation, theory, and
model, as well as the specialization relation given by an interpretation. We then
define the information domain of a theory as the ordered universe of a universal
model of that theory and review an alternative construction via the Linden-
baum algebra of positive terms determined by the theory, which is a bounded
distributive lattice. Section 3 explores the relation between theories over differ-
ent base vocabulary; in particular, we are interested in criteria for equivalence.
To this end, we define an appropriate notion of translation between positive
terms and study the effect such a translation has on the respective information
domains. Categorically speaking, we study the information domain functor from
the category of theories to that of (directed-complete) ordered sets. Section 4 is
concerned with various ways of constructing theories and with the corresponding
constructions of information domains. The most general construction we con-
sider is the quasi-colimit of theories, which is a slight variant of the standard
category-theoretic notion of colimit. The information domain functor is shown
to take quasi-colimits of theories to limits of information domains. This gives us
a characterization of information domains as well as possible ways to construct
them.

Related Approaches. There is a significant overlap with the extensive work on
sequent structures (consequence systems, information systems, entailment rela-
tions) [8, 29, 3, 7, 5], which are essentially normal forms of the theories considered
in this paper. The focus of the present paper differs insofar as sequent structures
are typically seen as suitable representations for domains, whereas for us a given
theory is the primary object of interest. It seems that the category of theories
introduced in this paper has not been studied in depth before. For instance,
in [7], only primitive translations, i.e., translations of attributes by (primitive)
attributes, are taken into account, whereas [5] makes use of the more general
notion of an approximable relation. Categorical treatments of conjunctive theo-
ries and their relation to FCA can be found in [14, 13]. It is furthermore worth
mentioning that [20, 19] take the Lindenbaum algebra of positive terms instead
of the information domain as an appropriate representation of the conceptual
hierarchy determined by a theory. As mentioned above, the Lindenbaum algebra
canonically determines the information domain of a theory (and vice versa in
the finite case).

2 Information Domains

2.1 Theories, Models, and Positive Terms

Let Σ be a set of (primitive) attributes. We introduce two special attributes V
and Λ which respectively hold of everything and nothing in any universe of dis-
course. To build compound attributes, we employ the usual Boolean connectives
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∧, ∨, and ¬. Let B[Σ] be the term algebra of (compound) Boolean attributes
inductively defined that way. The meaning of these compound attributes, when
applied to classify the elements of a certain domain of discourse U , is the obvious
one: Let � be a binary relation from U to Σ that expresses the satisfaction of
(primitive) attributes by elements of U . Then x ∈ U satisfies φ∧ψ iff x satisfies
φ and ψ; similarly, x satisfies ¬φ iff x does not satisfy φ; etc. The satisfaction
relation � can thus be inductively extended to a relation from U to B[Σ]. As
usual, we write φ→ ψ and φ↔ ψ for ¬φ∨ψ and φ→ ψ ∧ψ → φ, respectively.

A natural way to reformulate the notions introduced so far within a standard
logical setting is to regard attributes as monadic predicates (see also [25]). A
satisfaction relation � from U to Σ is then essentially the same as a (set valued)
interpretation function M from Σ to ℘(U), with M(p) = {x ∈ U | x � p}, since
within (first-order) predicate logic, monadic predicates are interpreted by subsets
of a universe U . Moreover, the interpretation function M can be inductively
extended to a function M̂ from B[Σ] to ℘(U) such that M̂(φ) = {x ∈ U |x � φ}.
We refer to M̂(φ) as the extent of φ.

In order to formulate statements that hold or are true with respect to a given
interpretation (or classification), we need to quantify over the terms in B[Σ].
In this paper, only universal quantification is taken into account, which covers
the approaches mentioned in the introduction. That is, we consider universal
statements of the form ∀x(φx), abbreviated by ∀φ, with φ ∈ B[Σ], and take a
theory over Σ to be a set of universal statements of this form. The following
notions of truth and model are those of standard first-order logic: A statement
∀φ is true with respect to an interpretation if φ is satisfied by all elements of
the universe. A model of a theory Γ is an interpretation with respect to which
all statements of Γ are true.

A Boolean term φ ∈ B[Σ] is called positive or affirmative if it is free of
¬. Let T [Σ] be the term algebra of positive terms over Σ. The special role of
the positive terms reveals itself in connection with the specialization relation an
interpretation defines on its universe:

Definition 1 (Specialization). Given an interpretation of Σ with universe U
and x, y ∈ U , then x is specialized by y, in symbols, x v y, if y satisfies every
element of Σ that is satisfied by x.

The specialization relation v is reflexive and transitive, i.e. a preorder. By the
definition of v and straightforward term induction over T [Σ], it follows that
x v y iff ∀φ ∈ T [Σ] (x � φ → y � φ). That is, positive terms are persistent
with respect to specialization, whereas Boolean terms in general are not (see
e.g. [24]).

Given two theories Γ and Γ ′ over Σ, we say that Γ entails Γ ′, in symbols,
Γ ` Γ ′, if every model of Γ is also a model of Γ ′. The theories Γ and Γ ′ are said
to be equivalent if they entail each other. A theory over Σ has conditional (or
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biconditional) form if its statements are of the form ∀(φ → ψ) (or ∀(φ ↔ ψ)),
with φ and ψ positive. The conditional form is normal, if φ is purely conjunctive
(or V ) and ψ is purely disjunctive (or Λ). It is a standard exercise in elementary
logic to verify that every theory is equivalent to a theory in conditional (nor-
mal) form and to one in biconditional form. In the following, this fact will be
frequently used to the effect that a theory is implicitly assumed to have condi-
tional or biconditional normal form when appropriate. For convenience, let us
introduce two binary term operators � and ≡ such that φ � ψ and φ ≡ ψ are
∀(φ→ ψ) and ∀(φ↔ ψ), respectively.

Given an interpretation M of Σ with universe U , the set {M̂(φ) | φ ∈ T [Σ]}
of extents of positive terms forms a distributive lattice with respect to ∩ and
∪, which is bounded by M̂(V ) = U and M̂(Λ) = ∅. More generally, we can
consider interpretations and models in arbitrary bounded distributive lattices.
We speak of such lattices briefly as algebras, taking them as algebras of type
〈2, 2, 0, 0〉.

Definition 2 (Algebraic Interpretation/Model). An interpretation m of
Σ in an algebra A, or A-valued interpretation, is a function from Σ to A; m is
an A-valued model of a theory Γ over Σ iff m̂(φ) = m̂(ψ) whenever Γ entails
φ ≡ ψ. Let Mod(Γ,A) (or ModA(Γ )) be the set of A-valued models of Γ .

2.2 Information Domains

There is a standard way to associate with each theory Γ over Σ a canonical
model. Let the canonical interpretation of Σ in ℘(Σ) take p ∈ Σ to {X ⊆
Σ | p ∈ X}, that is, X � p iff p ∈ X. Now let C (Γ ) be the set of all X ⊆ Σ
which, under the canonical interpretation, satisfy φ for every statement ∀φ of Γ .
The canonical model of Γ takes p ∈ Σ to {X ∈ C (Γ ) | p ∈ X}. The canonical
model of Γ has the universal property that the statements true in it are precisely
those entailed by Γ .2

Specialization on C (Γ ) is set inclusion and hence a partial order. We refer
to the elements of C (Γ ) as the consistently Γ -closed subsets of Σ. Adapting the
terminology of [8], we say that any ordered set order-isomorphic to C (Γ ) “is”
or represents the information domain of Γ ; notation: D(Γ ). It is not difficult
to see that the information domain of a theory is directed-complete, i.e., closed
with respect to suprema of (upwards) directed subsets.

Example 1. Let Γ be the theory over {a, b, c, d} with statements a ∧ b � c ∨ d,
c ∧ d � Λ, c � a, d � a ∧ b. Then C (Γ ) is as depicted on the left of Figure 1.

The representation of the information domain by consistently closed sets is
especially useful for practical purposes because of its concreteness. For theoret-

2 In [9], C(Γ ) is referred to as the free extent ; in the terminology of [4], the canonical model is
essentially the same as the generated classification; see [25] for a comparison of terminologies.
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C (Γ )

∅

{a} {b}

{a, c}

{a, b, c} {a, b, d}

L(Γ )
[V ]

[a ∨ b]

[b ∨ c]
[a]

[b][c ∨ d]

[a ∧ b][c]

[d]
[b ∧ c]

[Λ]

Fig. 1. Information domain and Lindenbaum algebra of Γ

ical purposes, on the other hand, a more abstract representation of the infor-
mation domain as the prime spectrum of the Lindenbaum algebra is often more
appropriate. The idea that underlies the Lindenbaum construction is to abstract
away from syntactical differences between positive terms that are equivalent with
respect to a given theory:

Definition 3 (Lindenbaum Algebra). The Lindenbaum algebra L(Γ ) of a
theory Γ over Σ is the quotient T [Σ]/'Γ , with φ 'Γ ψ iff Γ ` φ ≡ ψ.

Clearly the Lindenbaum algebra of positive terms is an algebra in the sense
introduced at the close of Section 2.1, i.e., a bounded distributive lattice, with
0 = [Λ], [φ] ∧ [ψ] = [φ ∧ ψ], etc. If Γ is the theory of Example 1 then L(Γ ) is as
depicted on the right of Figure 1. (The shaded circles in the diagram correspond
to the ∨-irreducible elements of L(Γ ), which stand in an order-reversing one-
to-one correspondence to the elements of C (Γ ).) Notice that every algebra A is
isomorphic to the Lindenbaum algebra of a theory over (the carrier set of) A.
For let Th(A) be the theory over A consisting of all statements φ ≡ ψ such that
îdA(φ) = îdA(ψ). Then L(Th(A)) ' A.

Let 2 be the algebra {0, 1}. There is a one-to-one correspondence between
C (Γ ) and Mod2(Γ ) (cf. Definition 2), where X ∈ C (Γ ) corresponds to the
characteristic function χX of X. Consequently:

Proposition 1. Mod2(Γ ) represents the information domain of Γ .

The Lindenbaum construction provides a universal model in the sense that
the function mΓ from Σ to L(Γ ) that takes p to [p]≡Γ

has the following universal
property:

Proposition 2. Every model of Γ in an algebra A factors uniquely through mΓ

by a homomorphism from L(Γ ) to A. Hence Mod(Γ,A) ' Hom(L(Γ ), A).
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Definition 4 (Spectrum). The spectrum P (A) of an algebra A is the set of
all prime filters of A ordered by set inclusion.

Since h ∈ Hom(A,2) iff h−1(1) ∈ P (A), and F ∈ P (A) iff χF ∈ Hom(A,2):

Proposition 3. P (A) is order-isomorphic to Hom(A,2) (ordered pointwise).

Together with Propositions 1 and 2, this gives us the promised result that
the information domain of a theory Γ can be represented by the spectrum of its
Lindenbaum algebra L(Γ ).

3 Translations and Equivalences

3.1 Translations of Theories

Let Γ and Γ ′ be theories over Σ and Σ ′, respectively. Roughly speaking, a
translation of theories is a truth-preserving translation of positive terms. That
is, if a statement is true in all models of Γ , its translation is required to be true
in all models of Γ ′:

Definition 5 (Theory Translation). A translation of theories from 〈Σ,Γ 〉
to 〈Σ ′, Γ ′〉 is a function µ from Σ to T [Σ ′] such that Γ ′ ` µ̂(Γ ). The translation
µ is primitive if µ(Σ) ⊆ Σ ′.

Example 2 (Theory extensions). Suppose Σ ⊆ Σ ′ and Γ ⊆ Γ ′. The inclusion
function ε from Σ to Σ ′ is a primitive translation of theories from Γ to Γ ′, called
an extension. We then also say that Γ ′ is an extension of Γ .

Let the composite of two theory translations µ from Γ to Γ ′ and µ′ from Γ ′

to Γ ′′ be the composite function µ̂′ ◦ µ from Σ to T [Σ ′′], which is easily seen to
be a theory translation from Γ to Γ ′′, and let the identity translation ıΓ of Γ be
the canonical inclusion function of Σ into T [Σ]. One straightforwardly verifies
that these data define a category of theories Th.

The notion of isomorphism in Th is too restrictive to adequately character-
ize the equivalence of theories. To give a simple example, let Γ be the empty
theory over Σ = {a} and let Γ ′ be the theory {b ≡ c} over Σ ′ = {b, c}. That is,
within 〈Σ ′, Γ ′〉, we have precisely two primitive terms or attributes, which are
synonymous in the sense that they have the same extent, and there are no fur-
ther constraints. Within 〈Σ,Γ 〉, on the other hand, we have only one primitive
attribute and no constraints. Clearly, these two theories should count as equiva-
lent under any sensible notion of equivalence. But if µ̂(µ′(b)) = b then µ′(b) = a,
because µ̂ takes non-primitive terms to non-primitive terms. Similarly µ′(c) = a
and thus µ̂(µ′(c)) = b. So there is no isomorphism between these theories in Th.

In order to get an appropriate definition of equivalence between theories we
need to relax the notion of an inverse morphism to that of a quasi-inverse, which
means that the composite morphisms are not required to be identical but only
to be equivalent to identity in the following sense:
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Definition 6 (Equivalence of Translations). Let µ and ν be theory trans-
lations from 〈Σ,Γ 〉 to 〈Σ ′, Γ ′〉. Then µ is equivalent to ν, notation: µ ∼ ν, iff
∀p ∈ Σ (Γ ′ ` µ(p) ≡ ν(p)).

Definition 7 (Quasi-Inverse). Let µ be a theory translation from Γ to Γ ′. A
translation ν from Γ ′ to Γ is quasi-inverse to µ iff ν ◦ µ ∼ ıΓ and µ ◦ ν ∼ ıΓ ′.

We say that Γ and Γ ′ are equivalent, notation: Γ ∼ Γ ′, if there is a translation
from Γ and Γ ′ that has a quasi-inverse. The existence of a quasi-inverse turns
out be equivalent to the following two conditions:

Definition 8 (Conservative/Essentially Surjective). A translation µ from
Γ to Γ ′ is conservative iff, for all statements α over Σ, Γ ′ ` µ̂(α) only if Γ ` α;
µ is essentially surjective iff ∀p ∈ Σ ′ ∃φ ∈ T [Σ] (Γ ′ ` p ≡ µ̂(φ)).

Proposition 4. A theory translation µ has a quasi-inverse iff µ is conservative
and essentially surjective.

Proof. Suppose ν is quasi-inverse to µ. Then Γ ′ ` φ′ ≡ µ̂(ν̂(φ′)), for every φ′ ∈ T [Σ′], which shows
that µ is essentially surjective. If Γ ′ ` µ̂(φ) ≡ µ̂(ψ) then Γ ` ν̂(µ̂(φ)) ≡ ν̂(µ̂(ψ)), because ν is a
morphism. Moreover, Γ entails φ ≡ ν̂(µ̂(φ)) and ψ ≡ ν̂(µ̂(ψ)). Hence Γ ` φ ≡ ψ; so, µ is conservative.
Conversely, assume µ is conservative and essentially surjective. Then, by the axiom of choice, one can
choose ν(p′) ∈ T [Σ], for every p′ ∈ Σ′, such that Γ ′ ` p′ ≡ µ̂(ν(p′)). Thus µ ◦ ν ∼ ıΓ ′ . In particular,
it holds that Γ ′ ` µ(p) ≡ µ̂(ν̂(µ(p))), for every p ∈ Σ. Hence Γ ` p ≡ ν̂(µ(p)); that is, ν ◦ µ ∼ ιΓ .

Example 3. Let Σ be {a0, a1, . . . ak} ∪ {b0, b1, . . . bk}, with k finite, and let Γ be
the theory over Σ with statements an ≡ an+1 ∨ bn+1 and an ∧ bn ≡ Λ (0 6 n <
k). Then C (Γ ) = {∅, {a0, a1, . . . , ak}} ∪ {{a0, a1, . . . , an−1, bn} | n 6 k}. So the
information domain of Γ is flat and thus order-isomorphic to the information
domain of the theory Γ ′ = {cm ∧ cn ≡ Λ |m 6= n} over Σ ′ = {c0, c1, . . . , ck+1}.
Now consider the function µ from Σ to T [Σ ′] with µ(an) = cn+1 ∨ . . . ∨ ck+1

and µ(bn) = cn (0 6 n 6 k). Then Γ ′ ` µ̂(Γ ), that is, µ is a theory translation
from Γ to Γ ′. Moreover, it is not difficult to see that the function ν from Σ ′ to
T [Σ], with ν(ck+1) = ak and ν(cn) = bn for every n 6 k, is a translation from
Γ ′ to Γ which is quasi-inverse to µ. The case k = 1 is illustrated by Figure 2 in
terms of Lindenbaum algebras and information domains (decorated with extents
of primitives).

In the foregoing example, the equivalence translation µ from Γ to Γ ′ induces
an isomorphism from L(Γ ) to L(Γ ′). We shall see in the next section that this
holds in general. Moreover, finite theories turn out to be equivalent whenever
they have order-isomorphic information domains.

Remark 1 (Theory Morphisms in Institution Theory). It is tempting to sub-
sume our category Th under the framework of Institution Theory (see [12, 11]
for background). The sets Σ of primitives can be taken as the signatures of
the underlying institution, the sentences associated with Σ are our statements
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L(Γ )
1

b0 ∨ a0

a0 = a1 ∨ b1

b0 b1
a1

0

L(Γ ′)
1

c1 ∨ c2

c0 c1 c2

0

D(Γ )

b0 b1
a1

a0

D(Γ ′)

c0 c1 c2

Fig. 2. The case k = 1 for the theory of Example 3

over Σ. A theory is then again a pair 〈Σ,Γ 〉, where Γ is a set of statements
over Σ. In order to get theory morphisms, we still need to specify the signature
morphisms of the institution. But here a problem arises insofar as the standard
application of institution theory to logic takes signature morphisms simply as
functions from signature to signature. This would mean to restrict ourselves to
primitive translations, which is not adequate as it has been argued above. A
possible way out would be to define a signature morphism from Σ to Σ ′ as
a function from Σ to T [Σ ′]. On the other hand, it seems to violate the basic
division of labor in Institution Theory if term forming operations are already
involved at the level of signature morphisms.

3.2 Functors and Equivalences

Our primary goal is to study the information domain functor that takes theo-
ries to their information domains. Recall from Section 2.2 that the information
domain can be identified with the spectrum of the Lindenbaum algebra, which
allows us to factor the information domain functor into the Lindenbaum functor
and the spectrum functor. The gain is that we can employ results from universal
algebra and lattice theory.

The Lindenbaum Functor. Let µ be a theory translation from Γ to Γ ′. Then
m̂Γ ′ ◦ µ is a model of Γ in L(Γ ′). Since Mod(Γ, L(Γ ′)) ' Hom(L(Γ ), L(Γ ′)), by
Proposition 2, µ gives rise to a homomorphism L(µ) from L(Γ ) to L(Γ ′), and
this assignment is functorial.

Proposition 5. Two theory translations µ and ν from Γ to Γ ′ are equivalent
iff L(µ) = L(ν). In particular, L(Γ ) ' L(Γ ′) iff Γ ∼ Γ ′.
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Proof. By definition, µ ∼ ν iff, for every φ ∈ T [Σ], µ̂(φ) ∼=Γ ′ ν̂(φ), that is, iff L(µ) ◦mΓ = L(ν) ◦mΓ .
By Proposition 2, the latter condition implies that L(µ) = L(ν).

Proposition 6. A theory translation µ is conservative iff L(µ) is one-to-one;
µ is essentially surjective iff L(µ) is onto.

Proof. (i) L(µ) is one-to-one iff ∼=Γ is the congruence kernel of m̂Γ ′ ◦ µ̂ iff ∀φ, ψ ∈ T [Σ](µ̂(φ) ∼=Γ ′

µ̂(ψ) → φ ∼=Γ ψ) iff µ is conservative. (ii) L(µ) is onto iff bmΓ ′ ◦ µ̂ is onto iff ∀φ′ ∈ T [Σ′]∃φ ∈
T [Σ](φ′ ∼=Γ ′ µ̂(φ)) iff µ is essentially surjective.

Let L be the category of bounded distributive lattices viewed as algebras of
type 〈2, 2, 0, 0〉.

Proposition 7. The functor L from Th to L is full and every object A of L is
of the form L(Γ ) for some object Γ of Th.

Proof. Let h be a homomorphism from L(Γ ) to L(Γ ′). For every p ∈ Σ choose µ(p) ∈ T [Σ′] such
that [µ(p)]∼=Γ ′ = h([p]∼=Γ ). One easily shows that Γ ′ ` µ̂(Γ ). Hence µ is a translation with h = Γ (µ);
so L is full. Moreover, A ' L(Th(A)).

By Proposition 5, ∼ is a congruence relation with respect to composition.
Hence we can switch to the quotient category Th/∼ of Th by ∼, which has
the same objects as Th whereas its morphisms are the equivalence classes of
morphisms of Th modulo ∼. The functor L factors uniquely by the quotient
functor from Th to Th/∼ and a faithful functor from Th/∼ to L (see [18, Sect.
II.8]). Together with Proposition 7, we have:

Theorem 1. The categories Th/∼ and L are equivalent.

Let Thp be the subcategory of Th whose objects are those of Th and whose
morphisms are the primitive theory translations (cf. Definition 5). Thp corre-
sponds to the standard category of presentations by generators and relations.
Notice that Th (see Section 2.2) can be naturally extended to a functor from L
to Thp. The following fact is folklore (e.g. [20, pp. 182f]):

Proposition 8. The functor L from Thp to L is left adjoint to Th.

Remark 2 (Kleisli Construction). Another method to define an appropriate no-
tion of theory morphism makes use of the so-called Kleisli construction:3 The
adjunction 〈L, Th〉 from Thp to L gives rise to the monad T = L◦Th on the cat-
egory Thp, which in turn has the associated Kleisli category K(T ) whose objects
are those of Thp and whose morphisms from Γ to Γ ′ are the Thp-morphisms
from Γ to Th(L(Γ ′)). Since there is a one-to-one correspondence between mor-
phisms in K(T ) and equivalence classes of morphisms in Th, it follows that the
categories K(T ) and Th/∼ are equivalent. In particular, the Kleisli comparison
functor from K(T ) to L is an equivalence of categories (cf. [18, p. 144]).

3 See [15, p. 130f] for a similar use of the Kleisli category in the context of categorical logic.
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The Spectrum Functor. Every algebra homomorphism h from A to B gives
rise to a function P (h) from P (B) to P (A) such that P (h)(F ) = h−1(F ). The
function P (h) is Scott-continuous, i.e., P (h) is order-preserving and preserves
suprema of directed sets. Thus P is a contravariant functor from L to the cate-
gory Dcpo of directed-complete ordered sets (dcpos) and Scott-continuous func-
tions. Notice that P is naturally isomorphic to the contravariant Hom-functor
Hom2; cf. Proposition 3. The following proposition reformulates a well-know
result from the theory of distributive lattices (cf. [6, p. 265]).

Proposition 9. A homomorphism h of algebras is one-to-one iff P (h) is onto;
h is onto iff P (h) is an order embedding.

The Information Domain Functor. By Proposition 1, the information do-
main of a theory Γ is represented by Mod2(Γ ) (ordered pointwise). For each
translation µ from Γ to Γ ′, let Mod2(µ) be the function from Mod2(Γ

′) to
Mod2(Γ ) that takes m to m̂◦µ. We define “the” information domain functor D
to be any contravariant functor from Th to Dcpo that is naturally isomorphic
to Mod2. In particular, Hom2 ◦ L and P ◦ L are information domain functors.
Moreover, C can be extended to an information domain functor as well. Its effect
on theory translations can be described as follows:

Proposition 10. Let µ be a morphism of theories from 〈Σ,Γ 〉 to 〈Σ ′, Γ ′〉 and
suppose Y ∈ C (Γ ′). Then C (µ)(Y ) = {p ∈ Σ | Y � µ(p)}. In case µ is an
extension of theories then C (µ)(Y ) = Y ∩Σ.

According to Birkhoff’s representation theorem for finite distributive lattices
([6]), the functor P is a dual equivalence between the category of finite algebras
and the category of finite ordered sets. Hence, by Theorem 1:

Proposition 11. The functor D induces a dual equivalence between the quotient
category of finite theories modulo ∼ and the category of finite ordered sets.

In other words, the information domain of a finite theory (i.e., a theory with
finite Σ) represents the theory up to equivalence. For infinite Σ, however, this
is not necessarily the case:

Example 4. Consider the theory 〈Σ,Γ 〉 with Σ = {a0, a1, . . .} ∪ {b0, b1, . . .} and
Γ = {an ∧ bn ≡ Λ, an ≡ an+1 ∨ bn+1 | n > 0}. Its information domain is shown
on the left of Figure 3, with extents of primitives added. Since D(Γ ) is flat,
it is isomorphic to the information domain of the theory 〈Σ ′, Γ ′〉, with Σ ′ =
{c0, c1, . . .} ∪ {cω} and Γ ′ = {cm ∧ cn ≡ Λ | m 6= n}; see Figure 3. However, it
can be shown that L(Γ ) has a non-principal prime filter whereas all prime filters
of L(Γ ′) are principal. So L(Γ ) is not isomorphic to L(Γ ′) and thus Γ is not
equivalent to Γ ′, by Proposition 5. Compare this result with Example 3.

26



D(Γ )

. . .

b0 b1 b2

a0

a1

D(Γ ′)

. . .

c0 c1 c2 cω

Fig. 3. Non-equivalent theories with isomorphic information domains

Remark 3. The dual equivalence of Proposition 11 can be generalized to the
category of finitistic theories ([23, 22]) and the category of coherent algebraic
domains with continuous functions restricted appropriately; see also [28, 1].

We conclude this section by combining Propositions 6 and 9:

Proposition 12. A translation µ of theories is conservative iff D(µ) is onto; µ
is essentially surjective iff D(µ) is an order embedding.

4 Constructions

4.1 Quasi-Colimits

Many universal constructions in category theory can be seen as limits or colimits.
Colimits, for instance, cover coproducts, pushouts, and inductive limits, besides
others. Since in Th, we are more interested in characterizing theories up to
equivalence than up to isomorphism, the notion of a quasi-colimit proves more
fruitful than that of a colimit.

Let G be directed graph with vertex set I, edge set E, and two functions
s and t from E to I, where s(e) and t(e) are respectively source and target
of e ∈ E. A diagram D of shape G in a category C is a pair consisting of a
family 〈Di〉i∈I of C-objects and a family 〈fe〉e∈E of C-morphisms such that fe

is a morphism from Ds(e) to Dt(e).

Definition 9 (Quasi-Cocone/-Colimit). A quasi-cocone 〈Γ, 〈µi〉i〉 of a dia-
gram 〈〈Γi〉i∈I , 〈µe〉e∈E〉 of theories is a theory Γ and a family of translations µi

from Γi to Γ such that µs(e) ∼ µt(e) ◦ µe. A quasi-cocone 〈Γ, 〈µi〉i〉 is a quasi-
colimit if for every other quasi-cocone 〈Γ ′, 〈µ′i〉i〉 of the diagram there is a trans-
lation µ from Γ to Γ ′, which is unique up to equivalence, such that µ′i ∼ µ ◦ µi.

Quasi-Colimits can be shown to exist for all diagrams in Th by a fairly
standard construction. In the following, let ιi be the canonical injection of Σi

into the disjoint union
⊎

iΣi of a family 〈Σi〉i∈I of sets.

Proposition 13. If 〈〈〈Σi, Γi〉〉i∈I , 〈µe〉e∈E〉 is a diagram of theories, the theory⋃
i ι̂i(Γi) ∪ {ιs(e)(p) ≡ ι̂t(e)(µe(p)) | e ∈ E ∧ p ∈ Σs(e)}
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over
⊎

iΣi, together with the family 〈ιi〉i of injections, is a quasi-colimit of the
diagram.

Proof. Let 〈Σ,Γ 〉 be the theory defined in the proposition. Clearly 〈Γ, 〈ιi〉i〉 is a quasi-cocone since,
by definition, ιs(e) ∼ ιt(e) ◦ µe. Suppose 〈〈Σ′, Γ ′〉, 〈µi〉i〉 is a quasi-cocone of the given diagram, i.e.
µs(e) ∼ µt(e) ◦ µe for all e ∈ E. We claim that there is a translation µ from Γ to Γ ′ with µi = µ ◦ ιi.
Since every element of

U
i Σi is of the form ιi(p), where i and p ∈ Σi are uniquely determined, the

only function µ from
U

i Σi to T [Σ] satisfying the desired condition takes ιi(p) to µi(p). Then µ is a
translation, since Γ ′ entails µ̂i(α) and thus µ̂(ι̂i(α)), for all α ∈ Γi. This leaves us to check that Γ ′

entails µ̂(ιs(e)(p)) ≡ µ̂(ι̂t(e)(µe(p))), i.e. µs(e)(p) ≡ µ̂t(e)(µe(p)), for every p ∈ Σs(e). But this is just
the assumption that µs(e) ∼ µt(e) ◦µe; so µ is a translation from Γ to Γ ′. It remains to show that if ν
is another translation from Γ to Γ ′, with µi ∼ ν ◦ ιi, then µ ∼ ν. Since µ ◦ ιi = µi ∼ ν ◦ ιi, it follows
that Γ ′ ` µ̂(ιi(p)) ≡ ν̂(ιi(p)) for all p ∈ Σi. Hence µ ∼ ν, by definition.

Example 5 (Coproducts). Let 〈〈Σi, Γi〉〉i∈I be a family of theories and let
⊎

i Γi

be 〈
⊎

iΣi,
⋃

i ι̂i(Γi)〉. Then 〈
⊎

i Γi, 〈ιi〉i〉 is a coproduct of 〈〈Σi, Γi〉〉i∈I in Th.

Since, by definition, the quotient functor from Th to Th/∼ takes quasi-
colimits to colimits, we have by Theorem 1:

Proposition 14. The functor L takes quasi-colimits in Th to colimits in L.

By Proposition 8, the restriction of L to a functor from Thp to L has a right
adjoint and hence preserves colimits ([18, Sect. V.5]). Colimits need not exist for
all diagrams in Thp (because Thp has not enough morphisms). If, however, the
colimit of a diagram in Thp exists then it is also a quasi-colimit of that diagram
in Th.

Proposition 15. Colimits in Thp are quasi-colimits in Th.

Proof. Suppose a diagram D in Thp has a colimit 〈Γ, 〈µi〉i〉 in Thp. Then 〈L(Γ ), 〈L(µi)〉i〉 is a
colimit of the diagram L(D) in L. By Proposition 13, D has a quasi-colimit 〈Γ ′, 〈µ′i〉i〉 in Th, which,
by Proposition 14, is taken to another colimit of L(D). Hence L(Γ ) ' L(Γ ′) and thus Γ ∼ Γ ′, by
Proposition 5. So 〈Γ, 〈µi〉i〉 is a quasi-colimit of D in Th.

4.2 The Information Domain in the Limit

We now show that the information domain functor takes quasi-colimits in Th
to limits in Dcpo. In other words, the information domain of the quasi-colimit
of a diagram of theories is the limit of the corresponding diagram of information
domains. Limits in Dcpo can be constructed as canonical limits in Set, i.e., as
subsets of Cartesian products, with elements ordered coordinatewise (cf. [1, p.
45]). The following lemma gives us a criterion in which cases a limit of a diagram
of dcpos (under the forgetful functor) in Set is actually a limit in Dcpo.4

Lemma 1. Suppose 〈D, 〈fi〉i∈I〉 is a cone of a diagram D in Dcpo which is
taken to a limit cone of D in Set by the forgetful functor. Then the cone is a
limit of D in Dcpo iff, for every two x, y ∈ D, it holds that x 6 y whenever
fi(x) 6 fi(y) for all i ∈ I.
4 The argument is essentially the same as that used in [16, p. 249].
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Proof. Let 〈D′, 〈pi〉i〉 be the canonical limit cone in Dcpo of D. Then there is a unique Scott-
continuous function f from D to D′ such that fi = pi ◦ f . By assumption, f is one-to-one because
〈D′, 〈pi〉i〉, under the forgetful functor, is a limit cone of D in Set. Since f is Scott-continuous and
one-to-one, it is enough to check that f is an order embedding to make sure that f is an isomorphism
in Dcpo. Suppose f(x) 6 f(y), for x, y ∈ D. Then fi(x) = pi(f(x)) 6 pi(f(y)) = fi(y) for every i,
since f and pi are order preserving. Hence x 6 y, by assumption.

Theorem 2. The functor Hom2 takes colimits in L to limits in Dcpo.

Proof. Let 〈A, 〈hi〉i〉 be a colimit of a diagram in L. Hom2, as a contravariant Hom-functor, takes
colimits in L to limits in Set. Suppose v, w ∈ Hom2(A) with Hom2(hi)(v) 6 Hom2(hi)(w) for all i.
Then v(hi(a)) 6 w(hi(a)) for all i and a ∈ Ai. Since A is generated by

S
{hi(Ai) | i ∈ I}, it follows

inductively that v(a) 6 w(a) for every a ∈ A; so v 6 w. Now apply Lemma 1.

Corollary 1. The functor D takes quasi-colimits in Th to limits in Dcpo.

Inductive Limits of Extensions. Let I be a directed ordered set and suppose
〈〈Σi, Γi〉〉i∈I is an inductive system of theory extensions over I with extensions
εij, for i 6 j. Then the theory

⋃
i Γi over

⋃
iΣi together with the extensions εi

from Γi to
⋃

i Γi is a quasi-cocone of the inductive system.

Proposition 16. Let 〈Γi〉i be an inductive system of theory extensions. Then
〈
⋃

i Γi, 〈εi〉i〉 is an inductive quasi-limit of that system.

Proof. According to Proposition 15, it suffices to show that 〈
S

i Γi, 〈εi〉i〉 is an inductive limit of
〈Γi〉i in Thp. Suppose there are primitive translations µi from 〈Σi, Γi〉 to a theory 〈Σ,Γ 〉 such that
µi = µj ◦ εij for i 6 j. Let µ be the function from

S
i Σi to Σ that takes p ∈ Σi to µi(p); µ is well

defined because if p ∈ Σi ∩Σj , there is a k with i, j 6 k and thus p ∈ Σk; so µi(p) = µk(p) = µj(p).
Notice that µ is the only function satisfying µi = µ ◦ εi for all i. It remains to check that µ is a
translation, i.e. that Γ ` µ̂(α) for every α ∈

S
i Γi. But if α ∈ Γi then µ̂(α) = µ̂i(α), and µi is a

translation from Γi to Γ .

This result has the following straightforward but useful application. Sup-
pose 〈Σ,Γ 〉 is a theory. For S ⊆ Σ let Γ |S be the set of all statements of Γ
whose primitives belong to S. Let F be the directed set of finite subsets of Σ.
Then the family 〈〈F, Γ |F 〉〉F∈F together with the extensions from Γ |F to Γ |F ′ ,
whenever F ⊆ F ′, is an inductive system, whose inductive limit is 〈Σ,Γ 〉, by
Proposition 16. Therefore:

Corollary 2. Every theory is an inductive quasi-limit of finite theories.

Suppose Σ is countable, i.e. Σ = {p0, p1, p2, . . .}. Let Σi be {p0, p1, . . . , pi}
and Γi be Γ |Σi

. Then 〈Σ,Γ 〉 is the inductive limit of the inductive system
〈〈Σi, Γi〉〉i∈ω, with extensions from Γi to Γj for all i 6 j. Hence:

Corollary 3. Every theory over a countable set of primitives is an inductive
quasi-limit of a sequence of finite theories.

Another consequence, in combination with Proposition 11, is Speed’s [27]
characterization of spectra as profinite ordered sets, where profinite means to
be the projective limit of a projective system of finite ordered sets:

Corollary 4. Every information domain is profinite and every profinite ordered
set is an information domain.
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∅

{c}

×

∅

{d}
' ;

∅

{c} {d}

{c, d}

∅

{c} {d}

∅

{c} {d}

×

∅

{a}
' ;

∅

{c} {d} {a}

{a, c} {a, d}

∅

{a} {d}

{a, c} {a, d}

∅

{a} {d}

{a, c} {a, d}

×

∅

{b}
' ;

∅

{a} {d}

{a, c} {a, d}

{b}

{a, b} {b, d}

{a, b, c} {a, b, d}

∅

{a} {b}

{a, c}

{a, b, c} {a, b, d}

Fig. 4. Step-by-step construction of the information domain of Example 1

4.3 Applications

A Generic Construction Scheme. Suppose 〈Γ,Σ〉 is a finite theory. Let
Σ0, Σ1, . . . , Σn be a strictly increasing sequence of sets, with Σ0 = ∅ and Σn =
Σ, and let Γi be Γ |Σi

. The extension from 〈Σi, Γi〉 to 〈Σi+1, Γi+1〉 factors through
an extension from 〈Σi, Γi〉 to 〈Σi+1, Γi〉 and one from 〈Σi+1, Γi〉 to 〈Σi+1, Γi+1〉.
Since 〈Σi+1, Γi〉 = 〈Σi, Γi〉 ] 〈Σi+1 \Σi,∅〉, we get C (Γi+1) by deleting from
C (Γi) × ℘(Σi+1 \ Σi) all elements that are not consistently closed with respect
to Γi+1 \ Γi.

Example 6. Consider the theory Γ over Σ = {a, b, c, d} introduced in Example 1.
Let Σ1 = {c}, Σ2 = {c, d}, Σ3 = {a, c, d}, and Σ4 = Σ. Then Γ1 = ∅, Γ2 \Γ1 =
{c ∧ d � Λ}, Γ3 \ Γ2 = {c � a}, and Γ4 \ Γ3 = {a ∧ b � c ∨ d, d � a ∧ b}. The
construction of C (Γi+1) from C (Γi) is depicted by the i-th row of Figure 4, where
the framed elements of C (Γi) × ℘(Σi+1 \ Σi) are not consistently closed with
respect to Γi+1 \ Γi and thus subject to deletion.

Figure 5 presents an algorithmic formulation of this generic construction
scheme, with F and Σ ′ for Σi+1 \ Σi and Σi+1, respectively. Notice that the
algorithm says nothing about how to choose F . The proper choice of the par-
tition of Σ into the sets Σi+1 \ Σi is of course essential for keeping |C (Γi)|
small during the construction process, since calculating C (Γi+1) requires to check
|C (Γi)| · 2|Σi+1\Σi| sets against |Γi+1 \ Γi| statements. To develop good heuristics
for choosing such a partition is part of future research.
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function C (Σ: set; Γ : theory): system of sets

if not cc? (∅, Γ |∅) then C := ∅
else

C := {∅}; Σ′ := ∅
while Σ 6= ∅ and C 6= ∅ do

F := any nonempty subset of Σ
Σ′ := Σ′ ∪ F ; Γ ′ := Γ |Σ′ ; C′ := ∅
foreach X ∈ C, Y ⊆ F do

X ′ := X ∪ Y
if cc? (X ′, Γ ′) then C′ := C′ ∪ {X ′}

Σ := Σ \ F ; Γ := Γ \ Γ ′; C := C′

function cc? (X: set; Γ : theory): boolean
{ true if X is consistently Γ -closed, false otherwise }
foreach (φ � ψ) ∈ Γ do

if X � φ and X 2 ψ then return (false)
return (true)

Fig. 5. A generic algorithm for constructing information domains

Merging. Suppose a given domain of discourse is described by two theories
〈Γ1, Σ1〉 and 〈Γ2, Σ2〉 whose vocabulary turns out to be partly equivalent in the
sense that a set ∆ of statements of the form φ1 ≡ φ2 is held to be true, with
φ1 ∈ T [Σ1] and φ2 ∈ T [Σ2]. For ease of exposition, let us assume that Σ1 and Σ2

are disjoint. Merging these two theories in a way that respects the equivalences
in ∆ then simply means to take the theory Γ1 q∆ Γ2 = 〈Σ1 ∪Σ2, Γ1 ∪ Γ2 ∪∆〉.
Now let Σ∆ be the set of all pairs 〈φ1, φ2〉 such that φ1 ≡ φ2 belongs to ∆
and let µ1, µ2 be the projections from Σ∆ to T [Σ1] and T [Σ2], respectively.
Then Γ1 q∆ Γ2 is the (quasi-)pushout of µ1, µ2 seen as theory morphisms from
〈Σ∆,∅〉 to 〈Σ1, Γ1〉 and 〈Σ2, Γ2〉, respectively. By Corollary 1, it follows that
the information domain of Γ1 q∆ Γ2 is the pullback of D(µ1), D(µ2).

Example 7. Let Γ be the theory {a ∧ b � Λ, a � c} over Σ1 = {a, b, c}, let Γ2 be
the theory {d ∧ e � Λ} overΣ2 = {d, e}, and suppose∆ = {b ∧ c ≡ d, b ≡ d ∨ e}.
Figure 6 shows the information domain of Γ1 q∆ Γ2 as the pullback of C (µ1),
C (µ2), where µ1 and µ2 are as introduced before and ι1, ι2 are the canonical ex-
tensions. In order to determine the effect of C (µi) observe that C (µi)(X) =
{〈φ1, φ2〉 ∈ Σ∆ | X � φi}, by definition of µi and Proposition 10. So C (µ1)
takes ∅, {c}, and {a, c} to ∅, whereas {b} is taken to {〈b, d ∨ e〉} and {b, c}
to {〈b ∧ c, e〉, 〈b, d ∨ e〉}. And C (µ2) takes ∅ to ∅, {d} to {〈b ∧ c, e〉, 〈b, d ∨ e〉},
and {e} to {〈b, d ∨ e〉}.

Remark 4. Since the information domain of a theory can be viewed as its generic
ontology ([22]), the described construction can be regarded as a case of ontology
merging via pullbacks. In [17], in contrast, it is argued that ontology merg-
ing is best captured by pushouts. Although a thorough discussion of this issue
is beyond the scope of the present paper, a few brief remarks may be in or-
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C (Γ1 q∆ Γ2)

∅

{b, e}{c}

{b, c, d}{a, c}

C (Γ1)

∅

{b}{c}

{b, c}{a, c}

C (Γ2)

∅

{d} {e}

∅

{〈b ∧ c, d〉} {〈b, d ∨ e〉}

{〈b ∧ c, d〉,
〈b, d ∨ e〉}

C (ι1) C (ι2)

C (µ1) C (µ2)

Fig. 6. Pullback of C(µ1), C(µ2)

der. Consider the base case of merging two ontological or conceptual hierarchies
without any equivalence constraints. Then the pullback construction leads to the
direct product whereas pushouts are given as disjoint unions, i.e., coproducts.
If, for instance, a typical zoological taxonomy of vertebrates is merged with one
of birds, the disjoint union would probably be the first choice (maybe extended
by an additional most general concept). Now notice that this construction im-
plicitly takes the concepts of the two taxonomies as pairwise incompatible. If,
however, concepts are conceived as sets of attributes, as in the present paper,
then combining attributes from different conceptual hierarchies should be pos-
sible without necessarily requiring them to be equivalent. In fact, our merging
approach can be easily extended by allowing explicit incompatibility constraints.

5 Conclusion

We have presented a natural and explicit notion of translation between classifi-
cations, seen as theories, over different base vocabularies. The resulting category
of theories, together with the information domain functor, provides a nice cat-
egorical framework for studying the effect a translation of classifications has
on the associated conceptual hierarchies as well as for constructing conceptual
hierarchies by means of categorical constructions on the level of theories.

A major topic for future research would be an appropriate conception of
translation, and thus of morphism, for more expressive logical frameworks, espe-
cially those involving attributive descriptions, like description logics and feature
logics ([26, 21]).
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