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iv A Logic of Classification

Some Conventions

The following common and less common conventions will be used through-
out this thesis: ‘iff’ means ‘if and only if’, ‘≃’ means ‘is isomorphic to’. A
surjectivefunction isonto, aninjectivefunction isinto.

For expository purposes, I occasionally allowsymbol overloading. The
same name is used, for instance, for an algebraic structure and its carrier set,
and for an interpretation and its interpretation function.Moreover, I drop in-
dices if possible without causing confusion.

I use adicity for predicates andarity for relations; so I speak ofdyadic
predicates andbinary relations. By atwo-placefunction or operation, I mean
a function that takes two arguments. IfR is a binary relation, I say thatx bears
R to y orR is borne byx to y in case〈x, y〉 belongs toR. Moreover, I say that
a (one-place) functionf takesx to y if y= f(x).

As for the definition of functions as functional relations, Iuse a convention
which is less common nowadays in that I take functional relations asone-
manyrelations. So for me, a binary relation is functional if it isborne by no
two different things to the same thing. (The reason for this decision is given in
(11.4).) As a consequence, the usual definitions of the imageand the inverse
image of a set by a binary relation have to be interchanged with each other.

Following W. V. Quine’s dictum that “our language is our serious all-
purpose language”, I draw no strict line between object language and meta-
language; for example, I use a logical symbol like ‘∧’ both as a symbol of the
language of predicate logic, which I regard as a regimented and formalized
piece of natural language, as well as a notational substitute for (logical) ‘and’
in ordinary discourse.
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Introduction

This thesis is about the logic and the formal semantics of classification sys-
tems. Though linguistic classification has been its main motivation, the ap-
proach presented here is not limited to linguistics at all. Another potential area
of application is ontological engineering, as nowadays employed for the Se-
mantic Web. Moreover, the framework is general enough to cover, for instance,
the classification of program states in the style of denotational approaches to
program semantics.

In what follows I give an overview over the main theses and contributions
of this dissertation, indicate its relation to the work of others, list the prerequi-
sites of my ideal reader, and give a brief outline of the chapter contents.

Theses and Contributions

My approach to classification systems is based on the simple observation that
classifiers are first and foremost monadic predicates, and that a classification
system is essentially a collection oflaw-like statementswhich have the form
of universally quantified conditionals. So the claim is thatclassification sys-
tems are best taken as theories consisting of statements of the schematic form
‘everything which is anA is aB’, where ‘A’ and ‘B’ stand for monadic pred-
icates; in symbols:∀x(Ax→Bx). I will underpin this claim by several exam-
ples of classification systems used in linguistics ranging from taxonomic trees
to systemic networks.

Furthermore, I take the position that classification consists in makingaf-
firmative assertions; that is, classifiers, or predicates, can only be affirmed to
hold, and not be denied to hold. This means that in order to classify an en-
tity, for instance, as being not animate one has to ascribe the predicate ‘not-
animate’ or, better, ‘inanimate’ to it. As a consequence, ifwe think of entities
as “bundles” of properties, an absent property does not imply that the entity in
question does not satisfy that property.

In contrast to negation, logical conjunction and disjunction of classifiers
do not affect the affirmative character of assertions. This is so because an af-
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2 A Logic of Classification

firmative assertion of a conjunction or disjunction of classifiers is equivalent
to a conjunction or disjunction of affirmative assertions, respectively, which
is affirmative in turn. The logic of affirmative assertions issometimes seen as
a logic of observations, because properties that are observed as being present
preserve this status under conjunction and disjunction butnot under negation.

For this reason, I assume that the premises and conclusions of the state-
ments defining a classification system are built by finite conjunction and dis-
junction from primitive monadic predicates but must not include negation.
Stressing the observational metaphor, I speak ofobservational predicatesand
statements, respectively. A classification system then is a set of observational
statements and will be referred to as anobservational theory. It is convenient
to add two classifiers ‘anything’ and ‘nothing’ to the domainspecific ones, in
order to express, for example, that everything (in the domain of discourse) is
an animate being, or that nothing is both animate and inanimate.

When an entity is classified against the background of a classification sys-
tem, the latter allows to draw inferences about the properties of the entity under
consideration. For example, if it is part of the classification system that humans
are animate beings and something is classified as human, it can be automati-
cally classified as being animate too. I call a set of properties “closed”, if no
more inferences can be drawn from these properties by the given classification
system.

When viewed from the perspective of a classification system or observa-
tional theory, an entity is fully characterized by the set ofclassifiers (or con-
cepts or properties or predicates) it satisfies. By ageneric entityI mean any
collection of classifiers that is consistent and closed withrespect to the given
theory. These entities can be seen as sets of properties thatcan occur in prin-
ciple, under the assumption that the given theory is true. One can take the set
of generic entities as the universe of a model of the theory inthe formal sense
of first-order predicate logic, where each classifier is satisfied by all generic
entities it is a member of; I speak of the(canonical) generic universeand the
(canonical) generic model, respectively. In a sense, the generic universe repre-
sents theontologygenerated by the given theory.

The generic model of a finite observational theory determines the theory
up to equivalence. So, if a classification system/observational theory is con-
sidered as a knowledge base, the generic model of the theory represents that
knowledge base. Besides providing a classification of theories, this represen-
tation is of practical use if the canonical universe, whose cardinality can be
exponential in the number of primitive predicates, has tractable size. As for
classifications in linguistics, I take this to be the case forlexical theories, or at
least for considerable large subtheories of those. Suitable candidates are sys-
temic networks, which I will formalize in terms ofchoice system theories, and
related formalisms used in feature-based lexical theories. (Syntax is a different
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thing because here the combinatorial potency of natural language comes into
play.)

Due to the lack of negation, there is a naturalspecializationordering on
the generic universe: a generic entityx is specialized by a generic entityy just
in casey satisfies every predicate satisfied byx. If specialization is interpreted
as an increase of information, the generic universe can be viewed as aspace
of information states, which gives rise to the followingparadigm for infor-
mation processing: A cognitive agent processes information about an entity
“observed” by applying his classificational knowledge to it, thereby travers-
ing the space of information states defined by the theory in question. Under
this perspective, there is a natural distinction between permanent and transient
knowledge: The theory provides the background knowledge, which in turn de-
fines the space of possible information states; the actual knowledge about an
entity under consideration, in contrast, serves as a “trigger” for traversing this
space from less informative to more informative states.

The way generic entities/information states are ordered byspecialization
strongly affects how new information can be processed. If, for instance, each
bounded subset of the generic universe has a supremum then every conjunction
of consistent observations has a least satisfier in the generic universe. In this
case, there is a unique state which is maximal with respect tothe given infor-
mation. It is thus of interest to know how the ordering structure of the generic
universe depends on the type of a classification system/observational theory.
A typical result is that the ordered generic universe has suprema for bounded
subsets just in case the theory in question is equivalent to aHorn theory, that is,
to a theory with purely conjunctive statements. I give a systematic analysis of
how a theory and its ordered generic universe depend on each other, including
a detailed classification of Horn theories and simple inheritance theories.

To summarize the main points stated so far:

• Observational logic, which is the logic of affirmative assertions, provides
a unifying approach to formalize and analyze classificationsystems as
theories. This claim is supported by representing several types of classi-
fication systems as observational theories.

• The generic model of an observational theory, which determines the the-
ory up to equivalence, can be usefully employed for knowledge repre-
sentation. For instance, every logical consequence of the theory can be
straightforwardly read off from the generic model.

• Observational theories together with their ordered generic universes set
up a paradigm for information processing. The theory is regarded as
the background knowledge of a cognitive agent, whereas the generic
universe is interpreted as a space of information states theagent traverses
on the basis of newly acquired information.
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Every observational theory/classification system has an associatedLinden-
baum algebra. An element of this algebra can be thought of as an equiva-
lence class of observational predicates, where equivalence is logical equiva-
lence with respect to the theory in question. The Lindenbaumalgebra of an
observational theory is a distributive lattice with zero and unit, which I refer
to as anobservational algebra. By definition, an observational theory is deter-
mined up to logical equivalence by its Lindenbaum algebra.

The algebraic viewpoint is useful in several respects. For instance, I prove
the strong completeness of an inference calculus for observational statements
by using a fairly standard algebraic argument which essentially relies on the
fact that an observational algebra can be represented as an observational alge-
bra of sets over itsprime spectrum, i.e. the set of its prime filters. Viewed from
another angle, the latter fact says that the generic universe of a theory can be
represented by the prime spectrum of the Lindenbaum algebraof that theory.
The interrelation between an observational theory, its Lindenbaum algebra, and
its generic model is sketched by the diagram of Figure 1.

Observational Theory Lindenbaum Algebra

Generic Model

FIGURE 1 Trinity of theory, model, and algebra

Lindenbaum algebra and prime spectrum representation alsoprove helpful
for studying the relation between observational theories over different sets of
primitive predicates. Concretely, I introducemorphismsof observational the-
ories, which I define as translations of observational predicates subject to the
condition that the target theory entails the translation ofthe source theory. As
indicated by the term ‘morphism’, I make use of the language of category
theory. In particular, I study the(contravariant) functorthat assigns to each
theory its ordered generic universe and to each morphism of theories an order-
preserving function of generic universes that iscontinuousin that it preserves
suprema of directed subsets. This functor is shown to take(quasi-)colimitsof
observational theories tolimits of the respective generic universes. I use this
general result to derive an algorithm for constructing the generic universe of
the inductive limit of a sequence of theory extensions.

Finally, I apply my approach tofeature-based classification. Here, a prim-
itive classifier consists of anattributeor featureterm and asort term that de-
termines the value of the respective attribute. For example, the attribute-value
classifierCOLOR:red is true of those entities whose color is red. A detailed
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logical analysis of this type of classification reveals thatone should distinguish
between binary features, choice features, and structural features.

I generalize the algebraic approach to feature-based classification systems
or attribute-value theories. To this end, I introduce the concept of afeature
algebra, which is an observational algebra together with operations, one for
each feature, that preserve zero, meet, and join. I give an algebraic complete-
ness proof for an inference calculus for attribute-value statements. Again, the
key is a representation result according to which every feature algebra is rep-
resentable as an algebra of sets over its prime spectrum, where the operations
are realized by so-calledPeirce operations. In addition, the generic entities of
an attribute-value theory are shown to be the feature trees of that theory.

Relation to Other Work

My formalization of classification systems is inspired to a considerable degree
by Carpenter and Pollard’s (1991) approach toThe Logic of Linguistic Clas-
sification(see also Carpenter 1992, Chap. 2) and by the shortcomings ofthat
proposal. As for systemic networks, though they have been formalized in var-
ious ways (Patten and Ritchie 1987, Mellish 1988, Brew 1991,Calder 1999,
Penn 2000), apparently no systematic logical and semantic analysis has been
given before.

The idea to take an observational theory as a knowledge base and to rep-
resent it by its generic universe is also implicit in Oles’ (2000)Application of
Lattice Theory to Knowledge Representation. However, Oles does not seem to
recognize the intimate connection between a theory and its generic universe.
Typically enough, he sees “no clear connections” (ibid, p. 164) between his
approach and the role of lattices in the framework ofFormal Concept Analysis
(Ganter and Wille 1999). The connection is this: in the finitecase, the lattices
of Formal Concepts Analysis are the generic universes of Horn theories with-
out an inconsistency predicate (cf. Section 5.3.4).

The observational metaphor is strongly influenced by Vickers’s (1989)To-
pology via Logic, in spite of the fact that I dispense with topological concepts
almost completely. My reason for abstaining from topology is that, in contrast
to Vickers, I do not takeinfinite disjunctionsinto account. So, on the alge-
braic side, I can keep to distributive lattices. (Nor do I usethe intuitionistic
conditional, which has lead Pollard and Sag 1987 to require complete Heyting
algebras.) Another influence of Vicker’s book can be found inmy treatment of
finite specifiability in Chapter 7. His Stone duality theoremfor spectral alge-
braic locales bears much resemblance to my characterization of finitistic theo-
ries in terms of their Lindenbaum algebra and their ordered generic universe.

The difference between my approach and logical approaches to domain
theory, be it Abramsky’s (1991)Domain Theory in Logical Form, Zhang’s
(1991) Logic of Domains, or Droste and Göbel’s (1990)Non-Deterministic
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Information Systems and Their Domains, can perhaps best be phrased as fol-
lows: Logical approaches to domain theory ask for suitable representations of
domains in terms of theories whereas I am interested in domains only inso-
far as they arise as ordered generic universes of observational theories. So I
take a given theory as the primary object of interest; in particular, no deductive
closure is presupposed, nor even a normal form.

The category of observational theories I make use of does notseem to
correspond to any of those I found in the literature. Often, only primitive mor-
phisms are taken into account (Dimov and Vakarelov 1998, Oles 2000); Co-
quand and Zhang (2000), in contrast, consider so-called approximable rela-
tions, which are too general for my purposes.

My logical analysis of attributive descriptions can be seenas a nominalistic
reply to Moshier and Pollard’s (1994)modeling conventionfor feature struc-
tures. Feature logic (with identity) is treated at length e.g. in Carpenter 1992
and Rounds 1997; the connection to modal logic is emphasizedin Blackburn
1993 and Kracht 1995. Although the algebraic approach is well established
in modal logic, it has not, to my knowledge, been applied to attribute-value
theories before.

Intended Readership and Prerequisites

The intended readership ranges from everybody interested in formal aspects of
classification systems to mathematicians and computer scientists interested in
applications of domain theory and lattice theory to the logic of classification.
As emphasized before, though the main motivation and most ofthe examples
have their roots in linguistics, the presented approach to classification systems
is not limited to linguistic applications.

As for mathematical and logical prerequisites, Chapters 1 to 3 and the most
part of Chapter 5 presume only acquaintance with basic set theory and first-
order logic. The same is true of Chapters 10 and 11. For Chapters 4 and 7,
some familiarity with domain theory is helpful though not necessary since all
relevant concepts are introduced either in the text or in theAppendix. Chapters
6 to 9 and Chapter 12 make frequent use of distributive lattices, especially their
prime spectrum representation and the construction of quotient lattices by con-
gruences. The Appendix covers most of the relevant definitions. In Chapters
8 and 9, the language of category theory is employed to some extent; again,
necessary definitions are given in the text or in the Appendix.

Chapter Overview

Chapter 1 presents several examples of classification systems as used in lin-
guistics. In addition, the generic entities of a classification system are infor-
mally introduced as sets of classifiers that are closed and consistent with re-
spect to the given classification system.
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Part I deals with classification systems without disjunction. In Chapter 2,
simple inheritance networks are reanalyzed as classification systems whose
statements are either conditionals between primitive concepts or pairwise ex-
clusions of those. The canonical universe of simple inheritance theories is
characterized as a subset system over the set of primitive concepts; based on
this construction, an inheritance calculus is proved to be complete. In addi-
tion, some applications to linguistic classification are given. Chapter 3 deals
with classificational theories that allow conjunction but not disjunction – so-
called Horn theories. Again their canonical universe is characterized as a sub-
set system, and the completeness of an inference calculus for Horn statements
is proved by employing the canonical model. As for the task offormalizing
the examples of linguistic classification given in Chapter 1, Horn theories are
shown to overcome some of the restrictions of simple inheritance theories but
not all. Chapter 4 gives a detailed order-theoretic characterization of the canon-
ical universe of Horn theories and several versions of simple inheritance theo-
ries by applying concepts and results from domain theory.

Part II treats observational theories in general. Chapter 5gives a character-
ization of their canonical universe in terms of subset systems. The framework
is then applied to systemic networks as well as to the problemof inducing the-
ories from instances. Moreover, the status of negation in observational theories
is explored to some extent. In Chapter 6, the notion of an observational algebra
is introduced, which provides an algebraic approach to observational theories
in terms of their Lindenbaum algebras. It is shown that the generic universe
of a theory can be represented by the prime spectrum of the Lindenbaum al-
gebra of that theory. In addition, the axiomatic characterization of an observa-
tional algebra as a distributive lattice with zero and unit provides a sound and
strongly complete inference calculus for observational statements. Chapter 7
addresses the question as to which generic entities are finitely describable, and
as to what extent the generic universe is fully determined byentities of this
type. An algebraic condition is given in terms of Lindenbaumalgebras, and an
order-theoretic one in terms of generic universes.

Part III is concerned with translations between theories over different sets
of primitives and about ways of constructing new theories from old. Chap-
ter 8 defines a category of theories by introducing an appropriate notion of
morphism. The Lindenbaum algebra and the ordered generic universe of an
observational theory are then seen as the result of applyingappropriate func-
tors. It is shown that a morphism is an equivalence of theories just in case the
morphism is conservative and essentially surjective. These two properties and
their effect on the induced functions of ordered generic universes are studied
in detail. As an application, the translation of systemic networks into Horn the-
ories is considered. Chapter 9 defines (quasi-)coproducts and (quasi-)colimits
of observational theories. It is shown that the generic universe functor takes
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quasi-colimits of theories to limits of their respective generic universes. The
special case of a sequence of extensions gives rise to a simple algorithm for
constructing the generic universe step-by-step.

Part IV is about feature-based classification, where the primitive classifiers
are attributive descriptions. Chapter 10 briefly outlines several examples of
feature-based classification in linguistics. In addition,the importance of dis-
tinguishing between a classificational theory and its generic universe is ex-
emplified by a case study on the semantic classification of objects by onto-
logical sorts and binary semantic features. Chapter 11 explores more closely
the logical structure of attributive descriptions by treating them as regimented
natural language expressions that are formalized within first-order predicate
logic. This view of attributive descriptions immediately allows to prove logical
equivalences between such expressions. Chapter 12 defines feature systems of
attribute-value theories as first-order models and introduces algebraic models
of attribute-value theories. By using feature algebras in place of observational
algebras, an algebraic completeness proof for feature logic is given. Moreover,
the generic entities of an attribute-value theory are identified with the feature
trees of that theory. Finally, the ordering structure of thegeneric universe is
characterized by reducing feature logic to observational logic.



1

Linguistic Applications

Classification is an elementary method of linguistics and most other sciences.
It is prerequisite for revealing regularities in linguistic data. A simple type
of regularity has the form of an implication: if certain classifiers or concepts
apply to a given linguistic entity then certain others applyas well. By aclas-
sification systemwe mean any systematic presentation of a collection of such
implicational relations between classifiers or concepts.

In Sections 1.1, 1.2, and 1.3 we introduce three types of classification sys-
tems used in linguistics: taxonomic trees, multiple inheritance hierarchies, and
systemic networks. In Section 1.4, it is indicated in what sense a given classi-
fication system, which is essentially atheory, uniquely determines the types of
entities it is a theory about. Throughout this chapter the presentation is kept at
an informal level.

1.1 Taxonomic Trees

A basic type of relation between concepts is that of ataxonomic tree. Early
examples can be found in the work of the Phoenician philosopher Porphyry,
dating back to the third centuryA .D., who used tree-based presentations in his
introduction to Aristotle’sCategories.1 For a truly classical example consider
the tree of Figure 2;2 it expresses the subdivision of bodies into living and
nonliving beings, where living beings are further subdivided into animal and
vegetal beings, and animals are subclassified as being rational or irrational.

The notion of tree presupposes that there is exactly oneroot concept, the
genus generalissimum, from which each of the concepts in the tree is reachable
by exactly onepath. (Informally, a path is a sequence of consecutive connec-
tions between concepts in the tree.) In particular, for eachconcept except the
root there is exactly one concept immediately superordinate to it. It is custom
to draw trees upside down, that is, the root is at the top and the leaves, which

1See e.g. Eco 1984 for details.
2Adapted from Eco 1984, p. 50.

9
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body

living being

vegetal animal

rational
animal

irrational
animal

nonliving being

FIGURE 2 Fragment of a Porphyrian tree

are the concepts lacking any subconcept, are at the bottom.
From a logical point of view each concept of a taxonomic tree implies

its superordinate concept, itsgenus proximum. For example, according to the
taxonomy of Figure 2,animal implies living being. Furthermore, any two
immediate subconcepts of one and the same concept are incompatible – as
e.g.vegetalandanimal. Phrased in terms ofstructural semantics,3 each con-
cept implies itshyperonymwhereas itshyponymsare incompatible, that is,
co-hyponymsareheteronymous.

A taxonomy is calledexhaustiveif each concept implies the disjunction
of its immediate subconcepts. In other words, if something belongs to a taxo-
nomic class then it belongs to one of its immediate subclasses. Exhaustiveness
is often referred to asclosed world assumptionin the sense that the taxonomy
is assumed to exhaustively subclassify everything in the universe of discourse.
If the tree of Figure 2 is exhaustive, a body is either a livingbeing or a non-
living being, a living being is either a vegetal or an animal,and an animal is
either rational or irrational.

Figure 3 graphically presents a possible taxonomy of Germannominal
words as it is common in traditional grammar.4 Strictly speaking, the taxo-
nomic tree of Figure 3 is inconsistent due to the multiple occurrence ofdef-
inite and indefinite. For definite and indefinite would imply botharticle and
pronoun, which are incompatible by assumption. One can easily resolve this
seeming paradox by replacing the two occurrences ofdefinite respectively by
definite articleanddefinite pronoun, and correspondingly forindefinite. This
solution however gives rise to a “combinatorial explosion”of concepts. In ad-
dition, one might ask in such cases whether it is not more adequate to reor-
ganize the taxonomic hierarchy to the effect that definite nominals are dis-
tinguished from indefinite nominals first and thereafter definite and indefinite

3See e.g. Lyons 1977, Chap. 9, 1995, Chap. 4.
4Compiled from Eisenberg 1999, Chap. 5.
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nominal

article

definite indefinite

numeral pronoun

personal determinative

definite

demonstrative possessive

indefinite

relative interrogative

adjective substantive

FIGURE 3 Subclassification of German nominals

articles respectively from definite and indefinite pronouns. It is worth mention-
ing that this type of arbitrariness in building the tree is anobjection already put
forward by Boethius in the middle of the first millenniumA .D. and later by me-
dieval philosophers like Abelard.5 The more general representational means of
Section 1.2 will overcome these problems insofar as they allow to subclassify
concepts along several dimensions simultaneously.

object

sign

word phrase

category head

substantive

noun verb adjective preposition relativizer

functional

marker determiner

FIGURE 4 Fragment of the HPSG sort hierarchy

Taxonomic trees also play an important role in feature-based grammatical
theories like Head-Driven Phrase Structure Grammar (HPSG). A small part of
the HPSGsort hierarchyis shown in Figure 4.6 The sort hierarchy is intended
to subclassify all linguistic entities the grammar deals with. Its classes obvi-
ously are not as self-explaining as those of traditional taxonomies like that of

5See Eco,op cit, Sect. 2.2.
6See Pollard and Sag 1994, pp. 395ff.
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Figure 3. For example, one intuitively expectsnoun to be a subclass ofcate-
gory. To reveal the intended meaning of the sorts, the so-calledfeature dec-
larationsof HPSG have to be taken into account. Slightly simplified, HPSG
assumes linguistic entities of sortsign to have an attributeCATEGORY, whose
value is of sortcategoryand has in turn an attributeHEAD with value of sort
head. The sortsnoun, verb, etc thus classify the values of the attributeHEAD

whereas entities of sortcategoryhave an additional attributeSUBCAT specify-
ing the valence of the sign. See Part IV for a closer examination of this kind of
approach.

1.2 Multidimensional Classification

Categories are often subclassified along severalattributeor feature dimensions.
German nominal word forms, for example, can be subclassifiedwith respect
to case, gender, and number as indicated in Figure 5. In termsof feature-based

nominal

case

nom gen dat acc

gender

fem masc neut

number

sg pl

FIGURE 5 Classification of German nominals by case, gender, and number

grammatical theories it is common to say thatcase, gender, andnumberare
attributesof German nominals which can have certainvalues. The attribute
casefor instance can take the valuesnominative, genitive, etc. A more natural
manner of speaking is that German nominalsare either nominative, genitive,
etc andare either singular or plural. The categoriesnominative, genitive, etc
are thus taken assubcategoriesof nominal. Caseis then a collection of certain
subcategories ofnominal.7 It is nevertheless possible to come up with a cate-
gory caseas part of the classificational hierarchy: just letcasebe satisfied by
those expressions whichhaveor carry a case.

If a category such ascase is most naturally analyzed as a collection of
alternative categories, here{nominative, genitive, . . .}, we speak of achoice
category. The set of alternatives is then referred to as achoice system. Choice
systems are well known in traditional linguistics as so-calledparadigms.

Koenig (1999) calls trees like that of Figure 5AND /OR trees, drawing on
standard terminology of Artificial Intelligence.8 Its leaves need not be incom-

7See Eisenberg 1999, p. 18 or Schnelle 1973, p. 151 for similarviews.
8Cf. e.g. Barr and Feigenbaum 1981. Those who are acquainted with AND /OR trees will notice



1.2 Multidimensional Classification 13

patible, contrary to the case of taxonomic trees. For example, a nominal expres-
sion may simultaneously be nominative, feminine, and singular. The condition
on taxonomic trees that every two subconcepts of a given concept are incom-
patible is thus relaxed forAND /OR trees: choice categories are exempt from it.
Furthermore, each concept is required to imply every choicecategory subordi-
nate to it – e.g.,nominal impliescase, gender, andnumber, which means that
all nominals carry case, gender, and number.

Multidimensional classification is related tocomponential analysis, a well-
known method of structural semantics proposed e.g. by LouisHjelmslev.9 For
example, the conceptstallioncan be said to have the sense componentsmature,
male, andhorse– which incidentally resemble the typical dictionary entryfor
‘stallion’. Choosing the factorsimmature, female, andhumaninstead gives the
componential analysis ofgirl . Such sense factorizations can obviously be seen
as members of the Cartesian product of certain choice systems likegenderand
stage of development.

The venerable terminology of Aristotle’s theory of definition,10 partly fa-
miliar from Section 1.1, is even better suited for the above examples:horse
is thegenus proximumof the conceptstallion whereasmatureandmale are
its differentiae specificae. Figure 6 illustrates how this interplay between tax-
onomy and decomposition can be represented by combining a taxonomic tree
with anAND /OR net.11 AND /OR nets differ fromAND /OR trees insofar as they
allow concepts to have more than one immediate superordinate concept. Log-
ically, each concept implies all of its superordinate concepts. Needless to say
that Figure 6 is only an imperfect sketch – for instance, having a stage of de-
velopment should not imply to be an animal.

Classification systems as expressed byAND /OR nets are also referred to as
multiple inheritance hierarchies. The idea is that concepts inherit along several
“dimensions” from superordinate concepts in the sense thatconcepts may have
more than one immediate superordinate, each belonging to a different choice
system. For a further linguistic application of multiple inheritance consider the
AND /OR net of Figure 7, which shows part of the cross-classificationof English
lexemes with respect to part of speech and argument selection.12 Notice that the
elements at the bottom behave more likeinstancesof their superordinates than
as subconcepts. This is reflected by the fact that in contrastto Figure 6 it is not

the difference in presentation: the standard approach usesarcs to group conjunctive connections;
the present notation, in contrast, provides special means for putting together elements into exclu-
sive disjunctions.

9See Lyons,op cit.
10See Eco,op cit.
11Again Koenig’s terminology.
12Adapted from Sag and Wasow 1999, p. 361. The terms ‘subject raising’ and ‘subject control’

refer to different types of dependencies between the subjects of verbs in infinitival complements
and those of the head lexeme; see e.g.ibid, Chap. 12 for background.
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filly colt girl boy mare stallion woman man

foal child

horse human

immature mature female male

stage of development gender

animal

FIGURE 6 Of horses and men

appropriate to assume that the bottom elements are implied by the conjunction
of their superordinates because there is usually more than one instance of the
conjunctive concept in question.

lexeme

part of speech argument selection

verb adjective strict
intransitive

prepositional
argument

subject
raising

subject
control

die rely continue try dead fond likely eager

FIGURE 7 Cross-classification by part of speech and argument selection

1.3 Systemic Networks

Systemic networksare a key component ofsystemic grammar(Kress 1976,
Halliday 1994). Much likeAND /OR nets they express logical dependencies
among choice systems. Consider Terry Winograd’s well-known example of a
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FIGURE 8 Winograd’s systemic network for English pronoun classification

systemic network for English pronouns presented in Figure 8.13 Choice sys-
tems correspond to vertical bars with their members alignedin a column to
the right of the bar. Each choice system has a so-calledentry condition, which
is built from concepts occurring in the network by conjunction and disjunc-
tion. The entry condition of a choice system determines whether or not one of
the concepts of the system applies to a given entity. In logical terms, choice
disjunction and entry condition imply each other. Graphical correlates of con-
junction and disjunction are respectively brace and bar. The network of Fig-
ure 9, for instance, determines the entry condition of the choice systemP to
be(a ∧ b) ∨ c.

a

b

c

)

P

FIGURE 9 Choice systemP with entry condition(a ∧ b) ∨ c

Systemic networks are more expressive thanAND /OR nets in that they al-
low entry conditions of choice systems to consist of arbitrary combinations
of conjunction and disjunction. By requiring that entry conditions and choice
disjunctions are equivalent, we tacitly assume exhaustiveness. A weaker as-

13Winograd 1983, p. 293; unlike Winograd we do not count possessive determiners as pronouns.
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sumption is that a choice disjunction implies its entry condition, which means
that each concept implies the entry condition of the choice system it is a mem-
ber of.14

1.4 Classification Systems as Constraint Systems

Another perspective on classification systems – of central importance in sub-
sequent chapters and presented here in an informal manner – emphasizes the
constraintsthe classification system imposes on thetypes of entitiesdescribed.
According to the constraints given by the classification system of Figure 5, for
example, there are nominals which are accusative and neuterbut no nominal
is both feminine and neuter. Similarly, theAND /OR net of Figure 6 excludes
human foals and female colts.

The notion of an entity type, orgeneric entity, can be conceived as follows.
Imagine there is no other way to describe an entity than to usethe concepts of
a given classification system. It is then reasonable to say that an entity is fully
characterized by the set of all concepts it satisfies – we can,in a sense,identify
the entity with the respective concept set. Any set of concepts that can arise
that way, given the classification system is true, will now betaken to represent
an entity type of the system.

Since, by assumption, a classification system is true of its entity types, it
follows that a concept set representing an entity type is “closed” or “saturated”
with respect to all classificational constraints of the system. For example, if
one of the constraints is thatfoal implies horse, then an entity type satisfy-
ing foal is assumed to satisfyhorseas well; consequently, every concept set
representing an entity type has to satisfy the condition that horsebelongs to
its members wheneverfoal does. Moreover,inconsistentconcept sets, i.e. sets
with incompatible members, do not represent any entity type. For instance, no
consistently closed set includes bothfemaleandcolt sincecolt impliesmale,
which is incompatible withfemale.

When viewed as a system of constraints each classification system uniquely
determines a set of (representatives of) entity types. Take(finite) taxonomic
trees as a simple example. Disregarding exhaustiveness forthe moment, a con-
cept set is closed with respect to the taxonomic constraintsif all superordinates
of concepts of the set are members of it in turn. Since concepts with common
superordinate are incompatible, a closed set is consistentif and only if its mem-
bers form a linearly ordered subset, i.e. achainof the tree. In particular, every
consistently closed concept set either is empty or has a mostspecific mem-
ber, of which its other members are direct or indirect superordinates. Because

14The non-exhaustive version is used by Carpenter and Pollard1991 and Carpenter 1992
whereas Patten and Ritchie 1987, Mellish 1988, and Brew 1991presume exhaustiveness; see also
Section 5.3.2.
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of this one-to-one correspondence between nonempty consistently closed sets
and their most specific members, the entity types determinedby a taxonomic
tree can equally well be represented by the concepts of the tree itself (plus
an additional element for the empty set). Hence, although consistently closed
concept sets provide acanonicalway of representing entity types, it is by far
not the only one.

Exhaustiveness makes things slightly more intricate. Recall from Section
1.1 that a taxonomic tree is exhaustive if each concept implies the disjunc-
tion of its immediate subconcepts (if there are any). In accordance with the
standard meaning of disjunction, an entity type is said to satisfy a disjunction
of concepts if it satisfies at least one of them. Consequently, at least one of
the concepts occurring in the disjunction is required to be amember of the
corresponding closed concept set. (Similarly for conjunction: an entity type
satisfies a conjunction of concepts if it satisfies each of them, that is, every
concept occurring in the conjunction must be a member of the correspond-
ing closed concept set.) To exemplify the effect of exhaustiveness consider the
classification system of Figure 3. One of its constraints is thatarticle implies
definite or indefinite. So every closed concept set is subject to the condition
thatdefinite or indefinite belongs to its members wheneverarticle does. It is
not difficult to see that exhaustiveness enforces the consistently closed sets to
coincide with themaximalchains (also calledbranches15) of the taxonomic
tree. Consequently, when using the representation of consistently closed sets
by their most specific members, only theleavesof the tree (theinfimae species)
remain as representatives of entity types. This gives a firstexample of the un-
surprising fact that more constraints mean less entity types.

For AND /OR nets there is no such direct correspondence between concepts
and entity types. Let us confine ourselves toAND /OR trees, i.e. to cases like
that of Figure 5, or that of Figure 7 except the bottom line. Figure 10 de-
picts the entity types determined by the latter example whenexhaustiveness
is not assumed. (The meaning of the edges is explained below.For expos-
itory purposes, braces and commas in set names are often omitted.) These
entity types are represented by the conceptlexeme, by the members of the
choice systemspart of speechand argument selection, and by the sets hav-
ing exactly one member of each choice system, i.e. bystrict intransitive verb,
strict intransitive adjective, etc. Exhaustiveness preserves only the last men-
tioned entity types. Notice that by assuming e.g.strict intransitive verbto rep-
resent an entity type we tacitly introduce a new kind of representative: concept
sets which are not necessarily closed but for which there is aunique closure,
i.e. a unique minimal consistently closed set containing them – as e.g.{strict
intransitive, verb, lexeme} is one for{strict intransitive, verb}. Applied to

15See e.g. Landman 1991, Sec. 2.3 for an introduction to this and related notions.
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FIGURE 10 Entity types determined by the upper part of Figure 7.

singleton sets, i.e. sets with exactly one member, this resembles the represen-
tation of entity types by single concepts.

Just like taxonomic trees andAND /OR nets, a systemic network uniquely
determines a set of entity types. Again of course, this set crucially hinges upon
the presumed logical dependencies. For example, if exhaustiveness is assumed,
Winograd’s pronoun network of Figure 8 leads to44 entity types, witness Fig-
ure 11,16 whereas without exhaustiveness we get100 entity types (as the daunt-
less reader may want to convince himself).17

The canonical representation of entity types by consistently closed concept
sets comes along with set inclusion as a natural (partial) order. The respective
order on the set of entity types is commonly calledspecialization. Notice that
if x bears the specialization relation toy, we do not say thatx specializesy
but, on the contrary, we say thatx is specialized byy; for to specializexmeans
to satisfy every concept satisfied byx (and possibly some more). Notice fur-
ther that for other representations of entity types by concept sets, specialization
usually isnot set inclusion. Take taxonomic trees without exhaustiveness: as
noted above, entity types can be represented by singleton sets of concepts, of
which obviously none is contained in one of the others. Specialization in this
case is given by (the converse of) the hierarchical relationbetween concepts
as defined by the taxonomic tree. A concrete example of specialization is pro-
vided by Figure 10, where an edge between two entity types indicates that the
lower one in the diagram is specialized by the upper one.

We conclude this section by turning once more to structural semantics, for

16Partly taken from Brew 1991.
17Notice that without any constraints the number of entity types is220 ≈ 106, which is just the

cardinality of the power set of the given concept set. If the incompatibility constraints of the choice
systems are taken into account, the number of entity types reduces to2 · 33 · 43 · 5= 17,280; cf.
(9.2).
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question pronoun animate subjective who
question pronoun animate objective whom
question pronoun animate reflexive ?
question pronoun animate possessive whose
question pronoun inanimate subjective what
question pronoun inanimate objective what
question pronoun inanimate reflexive ?
question pronoun inanimate possessive whose
personal pronoun subjective first singular I
personal pronoun subjective first plural we
personal pronoun subjective second singular you
personal pronoun subjective second plural you
personal pronoun subjective third singular feminine she
personal pronoun subjective third singular masculine he
personal pronoun subjective third singular neuter it
personal pronoun subjective third plural they
personal pronoun objective first singular me
personal pronoun objective first plural us
personal pronoun objective second singular you
personal pronoun objective second plural you
personal pronoun objective third singular feminine her
personal pronoun objective third singular masculine him
personal pronoun objective third singular neuter it
personal pronoun objective third plural them
personal pronoun reflexive first singular myself
personal pronoun reflexive first plural ourselves
personal pronoun reflexive second singular yourself
personal pronoun reflexive second plural yourselves
personal pronoun reflexive third singular feminine herself
personal pronoun reflexive third singular masculine himself
personal pronoun reflexive third singular neuter itself
personal pronoun reflexive third plural themselves
personal pronoun possessive first singular mine
personal pronoun possessive first plural ours
personal pronoun possessive second singular yours
personal pronoun possessive second plural yours
personal pronoun possessive third singular feminine hers
personal pronoun possessive third singular masculine his
personal pronoun possessive third singular neuter its
personal pronoun possessive third plural theirs
demonstrative pronoun near singular this
demonstrative pronoun near plural these
demonstrative pronoun far singular that
demonstrative pronoun far plural those

FIGURE 11 English pronouns
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which Figure 6 serves as a running example. Without additional assumptions,
the concept setsimmature horseandfoal represent different entity types. Ex-
haustiveness, however, is too strong if we wantfoal to represent an entity type.
For exhaustiveness has the consequence thatfoal implies the disjunction of its
immediate subordinatesfilly andcolt. So we get two different minimal con-
sistently closed sets with memberfoal, with filly belonging to one, andcolt to
the other. What is needed instead is the assumption that a concept is implied by
the conjunction of its immediate superordinates. Concretely, the conceptfoal
is implied by (and hence equivalent to) the conjunction ofimmatureandhorse.
Following Carpenter and Pollard (1991) we callfoal a definedconcept.

It is of some interest for structural lexical semantics to distinguish entity
types that are representable by single concepts from those which are not. The
latter case is often referred to as an “accidental semantic gap” in the lexicon
or a lexical gap, for short.18 The entity typeimmature horsefor instance is
represented by the conceptfoal whereas there is no single concept formature
horseor for immature male animal.

18See Chomsky 1965, p. 170; cf. Lyons 1977, Sect. 9.6 for some critical reflections on this topic.
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2

Simple Inheritance Theories

The following brief exposition of the theory of simple inheritance networks
exemplifies some constructions and arguments that will frequently be used in
later sections. In particular, a first formalization of the ideas sketched in Section
1.4 is given.

In Section 2.1, the canonical universe of a simple inheritance network is
introduced as the system of consistently closed sets of primitive concepts. We
characterize the subset systems that arise that way. In addition, it is shown
that under certain conditions the consistently closed setshave a nonredundant
representation by maximally specific elements.

In Section 2.2, the links of a simple inheritance network aretranslated
into universally quantified conditionals. This reformulation within (first-order)
predicate logic allows us to use the standard notions of interpretation and
model. Moreover, we give an inference calculus for inheritance statements that
is sound and complete with respect to first-order entailment.

Section 2.3 recapitulates Carpenter and Pollard’s (1991) proposal to for-
malize systemic networks and multiple inheritance hierarchies by translating
them into simple inheritance networks. We point out the limitations of this
approach and indicate how to overcome them.

2.1 Simple Inheritance Networks

Simple inheritance networks, orIS(NOT)A networks, are usually introduced
as collections of links between concept nodes.1 There are two kinds of links:
ISA links express subordination of concepts whereasISNOTA links indicate
incompatibility. More precisely, a (simple) inheritance networkΓ consists of
a setΣΓ of concepts and two relationsISAΓ and ISNOTAΓ on ΣΓ; ISAΓ and

1Since concepts will be taken to denote sets of entities, we disregardsingular concepts(or
constants or names) for simplicity; otherwise we would needto make sure in one way or another
that certain concepts denote singleton sets, which is beyond the scope of the formalism presented
in this section.
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ISNOTAΓ links are thus ordered pairs of concepts. (We drop the subscript if
reference toΓ is clear from the context.) Notice that we do not require the
relationsISAΓ andISNOTAΓ to satisfy any closure properties whatsoever, like
reflexivity or transitivity.2

For a simple example of an inheritance network see Figure 12,where ar-
rows indicateISA links and lines terminated by shaded circles indicateISNOTA

links. According to this network, for instance, lemons are yellow and whatever
is yellow is not red.

fruit vegetable green yellow red

lemon cherry pea corn

FIGURE 12 Simple inheritance network of some fruits and vegetables

(2.1) Remark (Nonmonotonic inheritance) In the following, onlystrict or
monotonicinheritance is taken into account. Approaches that allowdefeasible
links in inheritance networks, thus giving rise tononmonotonicinheritance,
can be found in Horty 1994 and Thomason 1997. See also Osswald2003a
for an outline how to adapt the logic presented in this and later chapters to
nonmonotonic reasoning.

2.1.1 The Canonical Universe

Every inheritance networkΓ determines a set of entity types in the sense of
Section 1.4. Again, the basic idea is to represent an entity type by a set of
concepts that is consistent and closed with respect to inheritance byΓ. We say
that a subsetX of Σ is Γ-closedif it is the case that

if p∈X and p ISA q then q∈X .

A closed set is calledconsistentif there is noISNOTA link between any two
of its members. LetC(Γ) be the set of consistentlyΓ-closed subsets ofΣ,
ordered by set inclusion. We refer to this ordering asspecialization. The empty
set∅ is the least element ofC(Γ) with respect to specialization; it corresponds
to the most general entity type “something”. Figure 13 depicts the system of
consistently closed sets given by the example network of Figure 12.

2The same definition of an inheritance network is used by Carpenter and Pollard 1991, p. 10.



2.1 Simple Inheritance Networks 25
8

<

:

lemon
yellow
fruit

9

=

;

8

<

:

cherry
red
fruit

9

=

;

8

<

:

pea
green
vegetable

9

=

;

8

<

:

corn
yellow
vegetable

9

=

;

�

green
fruit

� �

yellow
fruit

� �

red
fruit

� �

green
vegetable

� �

yellow
vegetable

� �

red
vegetable

�

{fruit} {green} {yellow} {red} {vegetable}

?

FIGURE 13 Canonical universe of the fruit/vegetable example

Let us callC(Γ) thecanonical(generic) universeof Γ. As in Section 1.4,
we say that an entity type represented by a memberX of C(Γ) satisfiesa
conceptp if p belongs toX . Instead of entity types we also speak ofgeneric
entities. This terminology is motivated by the observation that no two different
members of the canonical universe satisfy exactly the same concepts. In the
above example, for instance, we have precisely one generic fruit, one generic
lemon, etc.

It is not difficult to characterize the structure ofC(Γ) as an ordered set,
which to a considerable part is revealed by the following simple observation:

(2.2) Lemma The intersection and the union of a system ofΓ-closed sets are
Γ-closed in turn.3

Proof. SupposeS is a system ofΓ-closed sets andp ISAΓ q. If p∈
⋂
S then,

for every memberX of S, p∈X and henceq∈X , that is,q∈
⋂
S. If p∈

⋃
S

then there is a memberX of S such thatp∈X and thusq∈X ⊆
⋃
S.

Intersection of nonempty systems ofΓ-closed sets obviously preserves
consistency; union does not: take the network consisting oftwo conceptsa
andb, no ISA link, and oneISNOTA link betweena andb. Then{a} and{b}
are consistent but{a, b} is not. So one has to impose additional constraints on
a subset ofC(Γ) to ensure that its union belongs toC(Γ) in turn. Call a subset

3 The intersection of the empty system needs some attention. With x∈
T

S iff x∈X for every
memberX of S, everything would be a member of

T

?. Since we are not interested in everything
but only in members ofΣ,

T

? is assumed to beΣ in this context.
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of C(Γ) pairwise boundedif it is nonempty and the union of every two of its
members is a subset of some member ofC(Γ).

(2.3) Theorem The canonical universe of a simple inheritance network is
closed with respect to intersection of nonempty subsets andwith respect
to union of pairwise bounded subsets.

Proof. By (2.2) and the definition of consistency,C(Γ) is closed with respect
to intersection of nonempty subsets. SupposeS is a pairwise bounded subset
of C(Γ). According to (2.2), it remains to check the consistency of

⋃
S. If

p, q∈
⋃
S, there are membersX andY of S such thatp∈X andq∈Y . Since

by assumptionX ∪ Y is a subset of some member ofS, it is not the case that
p ISNOTA q.

The two properties of (2.3), namely to be closed with respectto nonempty
intersection and pairwise bounded union, are not only necessary but also suffi-
cient for a subset systemU overΣ to be the canonical universe of some simple
inheritance network overΣ. For supposeU has both properties; consider the
networkΓ(U) overΣ with

(2.4)
p ISAΓ(U) q iff ∀X ∈U (p∈X→ q∈X),

p ISNOTAΓ(U) q iff ∄X ∈U (p∈X ∧ q∈X).

Then the consistently closed sets determined byΓ(U) are the members ofU :

(2.5) C(Γ(U)) = U .

To see this, observe first that the members ofU are consistentlyΓ(U)-closed
by definition ofΓ(U); hence,U ⊆ C(Γ(U)).

For proving the reverse inclusion, we make use of the least satisfier of a
satisfiable concept. We say that a conceptp is satisfiable inU , if p is satisfied
by some member ofU , that is, in accordance with the above definition of satis-
faction, if p belongs to some member ofU . In casep is satisfiable inU , the set
{Y ∈U | p∈Y } is nonempty; its intersections(p) therefore belongs toU since
U is closed with respect to nonempty intersection:

s(p) =
⋂
{Y ∈U | p∈Y } ∈ U .

By definition, s(p) is the least member ofU satisfyingp, in short,the least
satisfier ofp (in U).

Assume now thatX ∈C(Γ(U)). We need to show thatX ∈U . SinceX
is consistent, every memberp of X is satisfiable inU , because otherwise
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p ISNOTAΓ(U) p, by (2.4). So, every member ofX has a least satisfier inU ; in
addition, by (2.4),p ISAΓ(U) q iff q∈ s(p); hence, sinceX is closed,s(p) ⊆ X
wheneverp∈X . To sum up,

X =
⋃
{s(p) | p∈X}.

It remains to check that the set{s(p) | p∈X} is pairwise bounded to make
sure that its union belongs toU . Every two membersp andq of X belong to
some memberY of U sinceX is consistent; hences(p)∪ s(q) ⊆ Y ∈U , which
concludes the proof of (2.5) and hence of:

(2.6) Theorem Every subset system over a (concept) setΣ that is closed with
respect to nonempty intersection and pairwise bounded union is the canon-
ical universe of an inheritance network overΣ.

Notice that, in general,Γ(C(Γ)) differs fromΓ though both networks de-
termine the same set of entity types according to (2.5). In fact, theISA relation
of Γ(C(Γ)) as defined by (2.4) is reflexive and transitive and includesISAΓ,
that is, includes the reflexive and transitive closure ofISAΓ.

In view of (2.4) and (2.2) the special case of pureISA networks, i.e. of
inheritance networks lackingISNOTA links, can be characterized as follows:

(2.7) Corollary The canonical universes ofISA networks overΣ are precisely
the complete subset lattices overΣ, i.e. those subset systems overΣ that
are closed with respect to arbitrary intersection and union.

If, in contrast, there are onlyISNOTA links then all concept sets are closed;
in particular, every subset of a consistently closed set is closed and consistent
in turn. Moreover, (2.4) applied to a subset system with thisproperty obviously
does not give rise to anyISA-links besides reflexive ones, i.e. links of the form
p ISA p, which can be left out without harm; consequently:

(2.8) Corollary The canonical universes ofISNOTA networks overΣ are pre-
cisely the subset systems overΣ that are closed with respect to the forma-
tion of subsets and pairwise bounded union.

Subset systems overΣ as described in (2.8) are also known ascoherence
spaces overΣ.4

4See Girard et al. 1989.
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2.1.2 Representation by Nonredundant Concept Sets

Let Γ be an inheritance network overΣ. As pointed out in Section 1.4, it is
not essential to use consistently closed concept sets for representing the entity
types ofΓ. The members of any setU do as well, in case there is a one-to-
one correspondence betweenU andC(Γ). In particular, arbitrary subsets of
Σ could be used as entity types. More concretely, a memberX of C(Γ) can
be represented by a subset ofX that is uniquely determined byX ; the other
way around: for each such setY there must be a unique consistently closed
set containingY . Now observe that if anarbitrary subsetY of Σ is included
by some member ofC(Γ) then, according to (2.3), there is aleastmember of
C(Γ) includingY , theISA-closurecl(Y ) of Y , which is given by intersection:

cl(Y ) =
⋂
{X ∈C(Γ) | Y ⊆ X}.

Thus, what is needed is a functionf taking every memberX of C(Γ) to a
subset ofΣ such thatcl(f(X)) =X . Thenf(C(Γ)) is a suitable system of
subsets for representingC(Γ).

Suppose we want to chooseY as small as possible with closureX . Then
it is reasonable to take the setm(X) of maximally specificmembers ofX , i.e.
the set of those membersp ofX such that there is no memberq ofX different
from p with q ISA p.5 The maximally specific members are thus theISA-initial
ones, that is, theISA∗-minimalones, whereISA∗ is the reflexive and transitive
closure ofISA.

The existence of maximally specific members is not always guaranteed.
If e.g. p ISA q and q ISA p then {p, q} does not have maximally specific
members. Each (nonempty) subset ofΣ has maximally specific members just
in case the relationISA minus identity (i.e.{〈p, q〉 | p ISA q ∧ p 6= q}) is well-
founded.6

(2.9) Lemma If ISA minus identity is well-founded thencl(m(X)) =X for
every memberX of C(Γ).

Proof. SupposeX ∈C(Γ). It suffices to show that for every memberp of X
there is anISA-initial memberq of X such thatq ISA∗ p. But the setX ∩
{r | r ISA∗ p}, by assumption, hasISA-initial members, and any of these is
such aq.

5This representation is for example taken up in Carpenter 1992, Chap. 2.
6 A relationR on a setU is said to bewell-foundedif each nonempty subsetX of U has a

memberx to whichR is borne by no membery of X. Well-foundedness ofR is equivalent to the
condition that there is no infinite sequence such that every element of the sequence bearsR to its
predecessor; see e.g. Wechler 1992, p. 37.
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When applied to the fruit/vegetable example of Figure 12, the represen-
tation of entity types by nonredundant concept sets is givenby Figure 13
with the upmost line replaced by{lemon}, {cherry}, {pea} and{corn}. The
set{lemon}, for example, is the nonredundant set corresponding to{lemon,
yellow, fruit} becauseyellow andfruit belong to every consistently closed set
with memberlemon, as required by the given inheritance network.

To find out what specialization adds up to in the case of nonredundant sets
observe that, by definition,X is specialized byY iff cl(X) ⊆ cl(Y ), that is, iff
X ⊆ cl(Y ), which is the case iff for every memberp of X there is a member
q of Y such thatq ISA∗ p.

2.2 The Logic of Simple Inheritance

SupposeΣ is a set of concepts. Let us think of a concept asdenotinga subset
of the universe of discourse or as beingsatisfiedby certain members of the
universe. It does not require much effort to formally subsume the canonical
universeC(Γ) of an inheritance networkΓ overΣ under this point of view: a
subsetX of Σ satisfiesa conceptp iff p∈X ; notation:X � p. By definition,X
belongs toC(Γ) iff it holds thatX � q wheneverX � p andp ISA q, andX 2 q
wheneverX � p andp ISNOTA q. HenceC(Γ) could serve as the universe of
a model ofΓ with satisfaction relation�. What we have done here implicitly
is to interpretISA and ISNOTA in terms of (first-order) predicate logic.7 In the
following we do this explicitly and beforehand.

2.2.1 Simple Inheritance Theories with Binary Exclusions

By taking ISA and ISNOTA respectively as marks of subordination and in-
compatibility, it is straightforward how to rephrase them in predicate logic:
typical candidates are regimented phrases like ‘everything which is anA is
a B’ and ‘everything which is anA is not aB’, with the schematic letters
‘A’ and ‘B’ standing for monadic (i.e. one-place) predicates. Formalized in
terms of standard predicate logic:∀x(Ax→Bx) and ∀x(Ax→¬Bx), re-
spectively. For convenience, let us abbreviate these statements by ‘A is-aB’
and ‘A is-not-aB’, thereby introducing two predicate operators ‘is-a’ and
‘ is-not-a’; we refer to such expressions respectively as (simple) inheritance
and (binary) exclusion statements.

Viewed from this perspective, an inheritance network is a first-order theory
Γ consisting of simple inheritance and binary exclusion statements built from
members of a certain setΣ of primitive monadic predicates; we speak of asim-
ple inheritance theory (with binary exclusions). One can nowdefinerelations
ISAΓ andISNOTAΓ as follows:p ISAΓ q iff pp is-aqq∈Γ, andp ISNOTAΓ q iff

7If not otherwise indicated, the terms ‘predicate logic’, ‘quantificational logic’, and ‘first-order
logic’ are used interchangeably.
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pp is-not-aqq∈Γ, for membersp andq of Σ.

(2.10) Remark(Selective quotation)A few words about quotation might be
in order. The corner quotes indicatequasi-or selective quotation.8 If p and
q are predicates, i.e. expressions, thenpp is-aqq is the expression resulting
by consecutive concatenation ofp, ‘ is-a’ and q. When selective quotation is
employed, it has to be agreed upon by convention that certainletters (or ex-
pressions), here ‘p’ and ‘q’, refer to expressionswhereas others, here ‘is-a’,
are expressionsto be concatenated. Notice that in contrast topp is-aqq the ex-
pression ‘p is-aq’ doesnot consist of the expressionsp andq but of the letters
‘p’ and ‘q’. The main purpose of selective quotation is to allow quantification
over subexpressions. Keeping the distinction between use and mention in mind
we shall omit quotation marks if possible without causing confusion, in order
to make the text easier to read. We shall say, for example, that the expression
p is-a q belongs to a setΓ instead of saying thatpp is-aqq belongs toΓ. (A
more fundamental way to get rid of quotation problems is to introduce appro-
priate term operations, thereby defining the so-calledterm algebra. We will do
this from Chapter 5 onwards.)

2.2.2 Interpretations and Models

When viewed as first-order theories, inheritance networks are equipped with
the standard set-theoretic semantics: aninterpretationof Σ consists of a set
U , called theuniverse, and aninterpretationor denotation functionM taking
each memberp of Σ to a subsetM(p) of U ;9 a modelof Γ is an interpretation
M of Σ such that

if pp is-aqq ∈Γ then M(p) ⊆M(q),

if pp is-not-aqq ∈Γ then M(p) ∩M(q) = ∅.

To define such a functionM is equivalent to defining asatisfaction relation
� that is borne by members ofU to those ofΣ subject to the following con-
ditions: if pp is-aqq∈Γ andx � p thenx � q; if pp is-not-aqq∈Γ andx � p
thenx 2 q. In other words,x � p iff x∈M(p).

The canonical universeC(Γ) of Γ, which was introduced in Section 2.1,
can be used as the universe of a model ofΓ. The satisfaction relation of this
model is defined as indicated at the beginning of Section 2.2:X � p iff p∈X .
The corresponding denotation functionMΓ takes each memberp of Σ to the
set of consistentlyΓ-closed subsets ofΣ with memberp:

(2.11) MΓ(p) = {X ∈C(Γ) | p∈X}.
8Cf. e.g. Forbes 1994, Sect. 2.6 or Quine 1951,§§4–6.
9We usually refer to an interpretation and its interpretation function by the same symbol.
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By definition ofC(Γ), this gives a first-order model ofΓ, which we call the
canonical model ofΓ.

2.2.3 A Sound and Complete Inheritance Calculus

An inheritance calculusis a collection ofinference schemesover the set of
inheritance statements. Recall the definition of deductiveentailment: a setΓ
of statementsdeductively entailsa statementα by some inference calculus if
there is aformal proof of α from Γ by that calculus, i.e. a finite sequence of
statements withα as its last element such that each element of the sequence
either belongs toΓ or can be inferred from some of its predecessors by one of
the inference schemes of the calculus. If an inference scheme has no premises,
its conclusion is called anaxiom scheme.

The following inheritance calculusIC0 is easily proved to be sound with
respect to standard predicate logic.

A is-aA
(reflexivity)

A is-aB B is-aC
A is-aC

(transitivity)

A is-not-aB
B is-not-aA

(symmetry)
A is-aB B is-not-aC

A is-not-aC
(chaining)

That is, if a simple inheritance theoryΓ deductively entails an inheritance or
exclusion statementα by IC0 thenΓ entailsα by any (sound and complete)
inference calculus for first-order logic. In particular, for every modelM of Γ,

if Γ ⊢IC0
p is-aq then M(p) ⊆M(q),

if Γ ⊢IC0
p is-not-aq then M(p) ∩M(q) = ∅,

where ‘⊢IC0
’ stands for ‘entails byIC0’.

As usual, the question of completeness is slightly more intriguing. Call an
inheritance calculus(strongly) completeiff for each simple inheritance theory
Γ, any inheritance or exclusion statement first-order provable from Γ is prov-
able fromΓ by the calculus in question. The above calculus is easily seen to be
incomplete. Consider for example the theory over two predicatesa andb that
consists of the sole exclusion statementa is-not-aa. Then botha is-ab and
a is-not-ab are first-order deducible10 but neither is entailed byΓ. The crucial
point here is the presence of a predicate (or concept) which is not satisfiable.
This gap can easily be closed by adding the following inference schemes to
IC0 (which are of course instances ofex falso quodlibet):

10If ∀(A→¬A) then∀(¬A ∨ ¬A) and thus∀¬A, which implies that∀(¬A ∨ B) as well as
∀(¬A ∨ ¬B), that is,∀(A→B) and∀(A→¬B); see Section 3.1.1 for an explanation of the
variable-free notation. In terms of models: ifa is-not-aa∈Γ thenM(a) is necessarily the empty
set; therefore,M(a) ⊆ M(b) andM(a) ∩M(b) = ?.
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A is-not-aA
A is-aB

A is-not-aA
A is-not-aB

(inconsistency)

The inheritance calculusIC obtained that way turns out to be complete.
One way of proving the completeness ofIC is to employ the canonical

modelMΓ of a simple inheritance theoryΓ, which has the following key prop-
erty:

(2.12)
if MΓ(p) ⊆ MΓ(q) then Γ ⊢IC p is-aq,

if MΓ(p) ∩ MΓ(q) = ∅ then Γ ⊢IC p is-not-aq.

Proof. LetXp be the set{q | Γ ⊢IC p is-aq}. By reflexivity,p∈Xp; by tran-
sitivity, Xp is Γ-closed. Hence, ifXp is consistent thenXp is the least satisfier
s(p) of p. If Xp is inconsistent, it has membersr ands such thatr is-not-as
belongs toΓ. Therefore, sinceΓ entailsp is-not-ar and p is-not-as by defini-
tion ofXp, Γ entailsp is-not-ap by symmetry and chaining, and thus, by in-
consistency,p is-aq and p is-not-aq for everyq; in particular,Xp = Σ. Now
supposeMΓ(p) is empty. ThenXp is inconsistent. SoΓ entails p is-aq and
p is-not-aq for everyq. Correspondingly, ifMΓ(q) is empty thenXq is incon-
sistent; henceΓ entailsq is-not-aq and thusp is-not-aq. Finally, if MΓ(p) is
nonempty andMΓ(p) ⊆ MΓ(q) thenXp is consistent andXp =s(p)∈MΓ(q),
i.e.,q∈Xp.

Notice the connection to the canonical inheritance networkΓ(C(Γ)) of
C(Γ). By (2.4),Γ(C(Γ)) has anISA link from p to q iff MΓ(p) ⊆ MΓ(q), that
is, by (2.12), iffΓ entailsp is-aq. Similarly,Γ(C(Γ)) has anISNOTA link from
p to q iff Γ entailsp is-not-aq.

(2.13) Theorem Reflexivity, transitivity, symmetry, chaining, and inconsis-
tency constitute a sound and strongly complete inheritancecalculus.

Proof. Supposep is-aq is deducible fromΓ by first-order logic. SinceMΓ is a
model ofΓ, it follows by soundness of first-order logic thatMΓ(p) ⊆ MΓ(q).
Thus, according to (2.12),Γ ⊢IC p is-aq. Similar for p is-not-aq.

2.2.4 Discussion

There has been some debate about the adequacy of translatinginheritance net-
works into first-order theories. Pat Hayes (1979) is a well-known proponent;
Thomason, Horty, and Touretzky (1987) on the other hand speak of a “mis-
taken folk theorem”.11 Their argument is based on a counterexample like ours

11See also Carpenter and Thomason 1990 or Horty 1994.
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above for showing the incompleteness of the calculusIC0. It differs insofar as
it uses a singular concept, that is, anameof single entity, whose classification
within the network gives rise to contradictions. Accordingto Thomason, Horty,
and Touretzky, the inconsistency rule is inadequate for handling contradictory
information.

From our point of view an inheritance network is an assumablytrue theory
about the entities of a certain domain; it can serve as background knowledge
for information processing tasks. An inconsistent theory then simply is a false
theory, which has to be revised. (Labeling some hypotheses explicitly as de-
feasible is a different thing.) It is nevertheless possiblefrom this perspective
that in the course of an actual application of this knowledgeas part of some act
of perception, an entity might get classified in an inconsistent manner, due to
contradictory evidence (which e.g. could be due to some spoiled reception pro-
cess). For handling such information, the framework ofrelevance logic,12 for
example, could probably be put to use. It is of course a question of reliability
whether to revise the actual perceptual information or the knowledge base.

Another objection might question not the adequacy of the reduction to
predicate logic but its necessity. To some it may be more in accordance with
standard practice to define a denotational semantics for inheritance statements
without explicit translation into an interpreted language: p is-aq holds inM iff
M(p) ⊆M(q), and similar forp is-not-aq. Soundness and completeness of an
inheritance calculus is then defined with respect to this semantics. The “Truth
Lemma” (2.12) again does the work: Ifp is-aq holds in every model ofΓ then
in particular in the canonical modelMΓ, which implies thatΓ entailsp is-aq.
Notice though that this definition is not an arbitrary stipulation but does im-
plicitly rest on the intended meaning ofis-a and is-not-a. A reformulation of
is-aandis-not-awithin predicate logic simply makes this explicit.

2.3 Inheritance and Linguistic Classification

Let us ask to what degree simple inheritance with binary exclusions is able to
cover the examples of linguistic classification presented in Chapter 1. Consider
taxonomic trees: simple inheritance corresponds to the hyponym (or daughter)
relation whereas binary exclusions allow to express that co-hyponyms (or sis-
ters) are incompatible. Exhaustiveness, on the other hand,escapes a formal-
ization by simple inheritance because disjunction is not available. Notice that
(without exhaustiveness) every (nonempty) consistently closed set of a taxo-
nomic tree has exactly one maximally specific member; vice versa, every prim-
itive concept of the tree is the most specific member of a consistently closed
set (cf. Section 1.4).

To illustrate these observations by a simple example, consider the subclas-

12See e.g. Dunn 1986.
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determinative

definite

demonstr. possessive

indefinite
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FIGURE 14 Simple inheritance tree and its canonical universe

sification of determinative pronouns in the taxonomic tree of Figure 3. The
corresponding inheritance network and its canonical universe are respectively
depicted on the left and the right of Figure 14, with maximally specific ele-
ments in boldface.

As in the caseAND /OR trees and systemic networks, simple inheritance and
exclusion statements again allow to express subordinationand incompatibility.
More precisely, since subordination in systemic networks means that the ele-
ments of a choice systemP imply the entry condition ofP , the latter must not
contain disjunctions in order to be expressible by simple inheritance. (Con-
junctions, in contrast, pose no problem because constraints with conjunctive
conclusion can be split into simple inheritance statements: ϕ impliesψ1 ∧ ψ2

just in caseϕ impliesψ1 andψ2; cf. Section 3.3.1.) Recall from Section 1.3
that an exhaustive classification by a systemic network requires in addition
that the disjunction of the elements ofP is implied by the entry condition of
P . This is clearly beyond the scope of simple inheritance. Dueto the lack of
conjunction, even the restricted form of exhaustiveness mentioned at the close
of Section 1.4 is not available: it is not possible to expressby simple inheri-
tance statements that a concept, e.g.child, is a defined concept, i.e., is implied
by the conjunction of its immediate superordinates, hereimmatureandhuman
(cf. Figure 6).

In spite of these restrictions, Carpenter and Pollard (1991) consider simple
inheritance with binary exclusion as adequate for capturing “the logic of lin-
guistic classification”. In order to cope with defined concepts and closed world
reasoning they stipulate additional modifications of the canonical universe of
the given simple inheritance theory. We briefly review theirapproach by means
of the following example, which is essentially Carpenter and Pollard’s.
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(2.14) ExampleSupposeΣ is a set of (primitive) conceptsa, b, c, d, e, f . Let
Γ be the simple inheritance theory overΣ that is graphically depicted on the
lower left of Figure 15; the canonical universeC(Γ) of Γ is shown on the right,
with maximally specific elements in boldface. In the terminology of Carpenter
and Pollard, the elements ofC(Γ) are theconjunctive conceptsof the simple
inheritance theoryΓ.13 The framed elements ofC(Γ) are the least satisfiers of
members ofΣ; they can be read off from the specialization diagram ofC(Γ) as
those elements with exactly one element immediately below them (cf. Section
4.2.1).

a b c

d e

f

?

{f}

{e, f}{d, f}

{, e, f}{d,e, f}{a, d, f}

{,d, e, f}{b, d, e, f}{a, d, e, f}

{a, , d, e, f}{a, b, d, e, f}

FIGURE 15 Simple inheritance network and its canonical universe

Recall from Section 1.4 that a concept is calleddefinedif it is implied
by the conjunction of its immediate superordinates. In the above example, the
conceptb is a potential candidate for a defined concept; to considerb as defined
means to assume thatb is implied by the conjunction ofd ande. (If this is the
case thenb is equivalentto the conjunction ofd ande because the implication
of d ande by b is already part of the simple inheritance theory.) Consequently,
if b is regarded as defined, every entity type satisfyingd and e should also
satisfyb; hence every consistently closed set containingd ande should also
containb. In other words, takingb as defined disqualifies certain conjunctive
concepts as being consistently closed. Concretely, if the conjunction ofd and

13In Carpenter and Pollard 1991, the specialization relationis borne by more specific elements
to less specific ones, which is dual to our definition (and thatof Carpenter 1992, Chap. 2).
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e impliesb, the sets{d, e, f}, {a, d, e, f}, {c, d, e, f}, and{a, c, d, e, f} have
to be eliminated from the canonical universe displayed in Figure 15.

To take this sort of constraint into account, Carpenter and Pollard introduce
an additional condition a conjunctive conceptX must satisfy: ifp is a defined
concept and everyq with p ISA q belongs toX then so doesp. However, this
approach blurs the simple picture that entity types are members of the canoni-
cal universe of a certain type of (first-order) theory. We shall see in Chapter 3
how to extend this picture straightforwardly from simple inheritance theories
to Horn theories, where constraints involving conjunctions are part of the the-
ory. The additional condition given by Carpenter and Pollard will then become
a consequence of the definition of the canonical model of a Horn theory.

Let us finally turn to closed world reasoning. Carpenter and Pollard call a
conceptclosed, if it implies the disjunction of its immediate subconcepts. In
order to handle constraints with disjunctions, they introducedisjunctive con-
ceptsas sets of conjunctive concepts that are (upwards) closed with respect to
specialization. That is, a subsetX of C(Γ) is a disjunctive concept if whenever
X ∈X andX ⊆ Y ∈C(Γ) thenY ∈X . Clearly the disjunctive concepts form
a distributive subset lattice overC(Γ). Moreover notice that specialization be-
tween disjunctive concepts isreverseset inclusion; for disjunction behaves
dually to conjunction with respect to specialization.

In the presence of closed concepts, every disjunctive conceptX is required
to satisfy the additional condition that, for everyX ∈X , if p∈X is closed then
there is aq∈X such thatq ISA p. We illustrate this definition by a simplistic
example (which is again Carpenter and Pollard’s):

(2.15) ExampleConsider the minimalistic taxonomy presented on the right
of Figure 16 in form of an inheritance network; it says that words and phrases
are (linguistic) signs and nothing is both a word and a phrase. Its canon-
ical universe is shown in the middle, with the conjunctive concepts repre-
sented by nonredundant concept sets (i.e. with{word} and{phrase} instead
of {word, sign} and{phrase, sign}). The diagram on the right of Figure 16
depicts the corresponding lattice of disjunctive concepts, where the framed el-
ements indicate the embedding of the canonical universe into this lattice. Treat-
ing the conceptsign as closed, in contrast, gives rise to the lattice displayed in
the middle of Figure 17. For, according to the above definition, the conjunc-
tive concept{sign} is disqualified as a member of a disjunctive concept since
{sign} contains a closed concept but none of its immediate subconcepts.

Let us notice two things. First, it is obviously not necessary to employ dis-
junctive concepts in order to specify the effect of disjunctive constraints on
conjunctive concepts. Indeed, the condition given by Carpenter and Pollard is
a constraint on conjunctive concepts in the first place:{sign} does not sat-
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word phrase

sign

?

{sign}

{word} {phrase}

?

{{word}} {{phrase}}

{{word}, {phrase}}

{{sign}, {word}, {phrase}}

{?, {sign}, {word}, {phrase}}

FIGURE 16 Words and phrases

?

{word} {phrase}

?

{{word}} {{phrase}}

{{word}, {phrase}}

{?, {word}, {phrase}} [Λ]

[word] [phrase]

[word ∨ phrase]

[V]

FIGURE 17 More words and phrases

isfy the constraint thatsign implies the disjunction ofword andphrase. Hence
the canonical universe of the simple inheritance theory of Figure 16 extended
by this disjunctive constraint is as depicted on the left of Figure 17, whereas
the lattice of disjunctive concepts in the middle is just thesystem of upwards
closed sets of this canonical universe. In Chapter 5, we willmake precise in
what sense a theory with disjunctive statements determinesa canonical uni-
verse.

The second observation is concerned with the status of disjunctive con-
cepts. As said before, we can do without them if we are interested in the generic
entities of a classificational theory, be it a simple inheritance theory or one with
conjunctive and disjunctive statements. There are two waysdisjunctive con-
cepts can be made use of. One is the modeling of non-determinism: disjunctive
concepts represent the sets of entity types that are “informationally” different
with respect to the given theory. Since we do not consider non-deterministic
processing, we will not pursue this approach further (but see (2.16) below).

The other option is to take disjunctive concepts aslogical disjunctions of
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conjunctions of primitive concepts (or predicates). Then{{word}, {phrase}}
is for word ∨ phrase(whereas{{word, phrase}} is for word ∧ phrase). From
this perspective, the distributive lattice of disjunctiveconcepts can be identi-
fied with the order dual of theLindenbaum algebraof the given theory: each
disjunctive concept represents a set of predicates which are pairwise equiv-
alent with respect to the theory in question; see the diagramon the right of
Figure 17 (where the predicatesV andΛ are respectively satisfied by every-
thing and nothing in the universe of discourse). Notice thatone can recover
the entity types from this lattice by picking out all elements with exactly one
element immediately below them. See Chapters 6 and 7 for a detailed account
of these matters.

(2.16) Remark(Upper power domain) In the previous discussion, the set
Σ of primitive concepts was implicitly presumed to befinite. SupposeΓ is
a set of statements with finite conjunctions and disjunctions (i.e. an observa-
tional theory in the sense of Chapter 5). The indicated modeling of non-deter-
minism employs the so-calledupper (or Smyth) power domainconstruction.
We have seen that for finiteΣ, the upper power domain ofC(Γ) can be identi-
fied with the order dual of the Lindenbaum algebraL(Γ) of Γ, where the latter
can be constructed by taking the upwards closed subsets ofC(Γ) ordered by
set inclusion. For infiniteΣ, however, the relation between the power domain
and the Lindenbaum algebra is more complicated. If we restrict ourselves to
finitistic theories (see Chapter 7), the situation is as follows: The canonical
universeC(Γ) is a coherent algebraic domain, the Lindenbaum algebraL(Γ)
is given by the upwards closed subsets ofC(Γ) that are generated by finite
sets of compact elements, and the upper power domain ofC(Γ) is the ideal
completion of the order dual ofL(Γ). (For a general definition of the upper
power domain, the reader is referred to Vickers 1989, Gunterand Scott 1990,
or Abramsky and Jung 1994. It should be added that in the latter two refer-
ences, the empty set is omitted from the upper power domain.)
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Horn Theories

Whereas Carpenter and Pollard (1991) formalize lexical hierarchies and sys-
temic networks by simple inheritance networks, it is our rationale to express
the latter as well as the former within the framework of observational logic,
which can be seen as a sublanguage of standard predicate logic. Observational
logic in general will be treated in Part II; the present chapter is confined to
statements without disjunction – so-called Horn statements;

In Section 3.1, we reformulate inheritance statements as Horn statements
and introduce a standard model-theoretic semantics for thelatter. The canoni-
cal model of a Horn theory is defined in Section 3.2. We describe it as a subset
system over the set of primitive predicates and characterize the subset systems
that arise that way. Section 3.3 presents a sound and complete inference cal-
culus for Horn statements. In Section, 3.4 we apply the framework to defined
concepts in simple inheritance theories; in addition, we generalize binary ex-
clusion statements to finitary ones.

3.1 From Inheritance to Horn
Recall from Section 2.2 that simple inheritance theories consist of universally
quantified conditionals of the form

∀x(px→ qx) and ∀x(px→¬qx),

wherep andq are (primitive) monadic predicates. In Section 2.2, the twopred-
icate operators ‘is-a’ and ‘is-not-a’ have been introduced for representing both
types of statements in a variable free form that resembles closely the original
notation of simple inheritance networks.

3.1.1 Inheritance Statements Reformalized

In the following we make use of the predicate operators ‘�’, ‘ ¬’, ‘ ∧’, ‘ →’,
‘∀’ etc. The operator ‘∧’, for instance, takes two monadic predicates ‘A’ and
‘B’ to the monadic predicate ‘{x | Ax ∧Bx}’; correspondingly, ‘¬A’ stands

39
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for ‘{x | ¬Ax}’. The notation ‘{x | . . . x . . .}’ indicatespredicate abstraction;
it can be read as ‘anx such that . . .x . . . ’.1 (It is important to keep in mind
that predicate abstraction is a purely syntactic issue – though the notation may
evoke set-theoretic associations.) The operator ‘∀’ takes a monadic predicate
‘A’ to the statement ‘∀x(Ax)’, whereas ‘A � B’ stands for ‘∀(A→B)’, that
is, for ‘∀x(Ax→Bx)’.

Using the predicate operators ‘�’ and ‘¬’, inheritance statements can be
written in the form ‘p � q’ and ‘p � ¬q’. Alternatively, one can introduce a
“constant” monadic predicate (a “zero-place operator”) ‘Λ’ that denotes noth-
ing in any universe of discourse. Then ‘p ∧ q � Λ’ can take the place of
‘p � ¬q’. The sole remnant of negation is now incorporated into the predi-
cate ‘Λ’. Put differently, ‘Λ’ is equivalent to ‘¬V’, where ‘V’ is a monadic
predicate denoting everything of the domain of discourse inquestion. The at-
tentive reader might object that introducing ‘V’ and ‘Λ’ means to lapse back
to the attitude criticized in Section 2.2.4 of stipulating uninterpreted expres-
sions. However, one candefine‘V’ as ‘{x | x= x}’, and consequently ‘Λ’ as
‘{x | ¬(x= x)}’, thereby working withinpredicate logic with identity.2

3.1.2 Horn Statements and Horn Theories

By taking conjunction as an unrestricted operator, the above reformulation of
simple inheritance statements gives rise to statements of the general formϕ �
ψ, whereϕ andψ are arbitraryconjunctivepredicates over a given setΣ of
primitive monadic predicates; that is,ϕ andψ are inductively built by finite
conjunction from members ofΣ ∪ {V,Λ}. We speak of such statements as
(universal monadic) Horn statementsoverΣ.3 The predicatesV andΛ are in
the following always assumed not to be members ofΣ. A Horn theoryoverΣ
is a set of Horn statements overΣ.

For Horn theories we have the standard notions of first-orderinterpretation
and model: a set-theoreticinterpretation(or interpretation in the categorySet

of sets, orSet-valued interpretation) of the vocabularyΣ consists of a setU ,
the universe, and aninterpretationor denotation functionM that takes each
member ofΣ to a subset ofU . The functionM can be extended toV and
Λ by taking them toU and ∅, respectively, and inductively to conjunctive
predicates:

(3.1) M(ϕ ∧ ψ) = M(ϕ) ∩M(ψ).
1Cf. Quine 1982, Sect. 21.
2The abbreviations ‘V’ and ‘Λ’ for the predicate abstracts ‘{x | x= x}’ and ‘{x | ¬(x= x)}’

are used e.g. in Quine 1951.
3Named after Alfred Horn. It is easily seen that Horn statements are logically equivalent to

finite conjunctions ofuniversal Horn clauses, i.e. of statements of the form∀(α1 ∨ . . . ∨ αn),
where eachαi is either of the formp or ¬p, with p primitive, and at most one of theαi’s is a
negated primitive.
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A statementϕ � ψ holdsor is true with respect toM iff M(ϕ) ⊆ M(ψ).
A modelof a Horn theory is an interpretation of its vocabulary with respect to
which each of its statements is true. As mentioned in Section2.2, an interpreta-
tion function can also be defined in terms ofsatisfaction: x � ϕ iff x∈M(ϕ).
In particular, (3.1) becomes:

(3.2) x � ϕ ∧ ψ iff x � ϕ and x � ψ.

Furthermore, every member of the universe satisfiesV, and none satisfiesΛ.

3.2 The Canonical Universe
3.2.1 Canonical Model and Universe

Let Γ be a Horn theory over a setΣ of primitive monadic predicates. Our pri-
mary interest is again in the set of entity types determined by Γ. As before,
these entities can be thought of as consistently closed setsof primitive pred-
icates. Satisfaction is defined as in Section 2.1: a subsetX of Σ satisfies a
memberp of Σ iff p∈X . To repeat the inductive extension of satisfaction to
conjunctive predicates: every subset ofΣ satisfiesV, no subset satisfiesΛ, and
a subset satisfiesϕ ∧ ψ iff it satisfiesϕ andψ. An immediate consequence is
that two subsetsX andY of Σ are identical iff they satisfy the same predicates
overΣ; in terms of set inclusion:

(3.3) X ⊆ Y iff ∀ϕ(X � ϕ → Y � ϕ).

Proof. X ⊆ Y just in casep∈Y wheneverp∈X , i.e., iff Y satisfies a member
p of Σ wheneverX satisfiesp. The case ofV andΛ is trivial sinceX 2 Λ and
Y � V. We proceed by term induction: SupposeX ⊆ Y . If X � ϕ ∧ ψ then
X satisfiesϕ andψ, which both, by induction hypothesis, are satisfied byY ;
henceY � ϕ ∧ ψ.

We call a subsetX of Σ (consistently) closed with respect toϕ � ψ if
X satisfiesψ wheneverX satisfiesϕ. In particular,X is consistently closed
with respect toϕ � Λ iff X does not satisfyϕ. Let C(Γ) be the set of those
subsets ofΣ that are consistently closed with respect to every statement of the
theoryΓ. It follows from the definition of consistently closed sets thatC(Γ)
is the universe of a modelMΓ of Γ, whose interpretation function takes each
memberp of Σ to the set of consistentlyΓ-closed sets satisfyingp, i.e.

MΓ(p) = {X ∈C(Γ) | p∈X}.

The modelMΓ is henceforth called thecanonical model ofΓ, its universe
C(Γ) is referred to as thecanonical universe ofΓ. As in Section 2.1.1, we
speak of set inclusion onC(Γ) asspecialization.
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(3.4) RemarkSatisfaction ofV can be handled by membership too. Then,
however, only subsets ofΣ∪{V} containingV are permitted since every subset
is required to satisfyV. ConsequentlyV belongs to every member ofC(Γ) in
this case.

3.2.2 A Universal Property

SupposeΓ is a Horn theory overΣ andM is a model ofΓ with universeU . Let
εM be the function that takes each memberx of U to the set of those members
of Σ which are satisfied byx:

εM (x) = {p∈Σ | x∈M(p)}.

The functionεM has the following property: for everyx∈U and every con-
junctive predicateϕ overΣ,

(3.5) x∈M(ϕ) iff εM (x)∈MΓ(ϕ).

Proof. We first show by term induction thatx∈M(ϕ) iff εM (x) � ϕ. In case
ϕ belongs toΣ ∪ {V,Λ}, there is nothing to show. By (3.1) and induction
hypothesis,x∈M(ϕ ∧ ψ) iff εM (x) satisfiesϕ andψ and henceϕ ∧ ψ. Now
supposeϕ � ψ belongs toΓ andεM (x) � ϕ. Thenx∈M(ϕ) ⊆ M(ψ), and
thusεM (x) � ψ. Therefore,εM (x) is consistentlyΓ-closed.

In particular,εM is a homomorphism of models fromM to MΓ.4 A further
consequence of (3.5) is that the canonical model isuniversalin the sense that
if MΓ(ϕ) ⊆ MΓ(ψ) thenM(ϕ) ⊆ M(ψ) for every modelM of Γ; for if
x∈M(ϕ) thenεM (x)∈MΓ(ϕ) ⊆ MΓ(ψ) and hencex∈M(ψ). This univer-
sal property is equivalent to the following condition, where⊢ is the entailment
relation given by any sound and complete inference calculusfor first-order
logic with identity:

if MΓ(ϕ) ⊆ MΓ(ψ) then Γ ⊢ ϕ � ψ.

Predicates that are coextensive with respect to the canonical model ofΓ are
thus first-order equivalent moduloΓ; in short, the canonical model satisfies
equivalence of coextensives.

Let us call a model ofΓ genericif it is isomorphic to the canonical model
of Γ. By (3.3), any two generic entities, i.e. any two members of the generic
universe, are identical whenever they satisfy the same set of predicates. So,

4A homomorphism of modelsfromM toN is a functionf from universe to universe such that
f(M(p)) ⊆ N(p), i.e. if x

�

p thenf(x)
�

p, for every memberp of Σ.
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“the” generic model can be said to satisfyidentity of indiscernibles. Now ob-
serve that, as a consequence of (3.5), aΓ-modelM satisfies identity of in-
discernibles just in caseεM is one-to-one, i.e. is anembedding of models. In
other words, the generic universe ofΓ is “as large as possible” subject to the
condition that indiscernibles are identical. (Concerningthe question as to what
degree equivalence of coextensives determines genericity, the reader is referred
to Osswald 2003b.)

3.2.3 Characteristic Functions and Truth Values

Before we turn to the ordering structure on the canonical universe given by
specialization, i.e. by set inclusion, let us notice that there are other canonical
ways to define a universe with the desired properties. Because of the one-to-
one correspondence between subsets ofΣ and theircharacteristic functions,
i.e. functions with arguments inΣ and values in a fixed set of two elements, the
latter can equally well be employed for representing entitytypes. In particular,
if one takes the two values to be the subsets of a singleton set, that is, to be
either the empty set or the singleton set itself, then the characteristic functions
are interpretations ofΣ with the singleton set as its universe. Members ofC(Γ)
then correspond to those characteristic functions that are(first-order) models
of Γ. A possible view on this representation is that each entity type is the sole
inhabitant of a universe of discourse satisfying exactly those predicates that
characterize that entity type.

It is probably more in accordance with standard practice to regard the two
possible values astruth valuesand the characteristic functions astruth-valued
interpretationsandmodels, respectively. This however means to switch from
predicate logic to propositional logic; members ofΣ are now treated as state-
ments and not as predicates. Conceptually, the truth-valued models represent
different “possible worlds”, in which certain members ofΣ are true, subject to
the statements ofΓ. The canonical universe ofΓ therefore consists of all pos-
sible worlds compatible withΓ. This close connection to propositional models
is of course due to the fact that the logic of universal monadic Horn statements
coincides with the logic of propositional Horn statements.

3.2.4 Inductive Intersection Systems and Least Satisfiers

As with simple inheritance theories, the canonical universe of Horn theories
turns out to have the property that every nonempty subset hasan infimum, i.e.
a greatest lower bound, which is given by intersection. Likewise, suprema do
not exist in general because of possible inconsistencies. If existent, however,
suprema need not necessarily be given by set union, in contrast to simple in-
heritance – cf. (2.3). For it can happen that the antecedent of a Horn statement
is satisfied by the union

⋃
S of a setS of closed sets but not by any member

of S. On the other hand, suprema ofupwards directedsets exist and coincide
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with union. These facts are consequences of the following observation:

(3.6) Lemma SupposeS is a subset system overΣ andϕ is a conjunctive
predicate overΣ.

(i) If S is nonempty then
⋂
S � ϕ iff X � ϕ for every memberX of S.

(ii) If S is upwards directed then
⋃
S � ϕ iff X � ϕ for some member

X of S.

Proof. By term induction. (i) IfS is nonempty then it is not the case that
every member ofS satisfiesΛ. Thus

⋂
S � Λ iff every member ofS satisfies

Λ. Furthermore,
⋂
S � p∈Σ iff p∈

⋂
S, that is, iffp∈X for every memberX

of S. By induction hypothesis,
⋂
S � ϕ ∧ ψ iff every memberX of S satisfies

ϕ andψ and thusϕ ∧ ψ. (ii)
⋃
S � p∈Σ iff p∈

⋃
S, that is, iff p∈X for

some memberX of S. By induction hypothesis,
⋃
S � ϕ ∧ ψ iff for some

membersX andY of S, X � ϕ andY � ψ. If S is upwards directed, there
is a memberZ of S includingX andY , which satisfiesϕ ∧ ψ according to
(3.3).

A subset system overΣ that is closed with respect to intersection of non-
empty subsets is called anintersection system overΣ. A subset system is called
inductiveif it is closed with respect to union of upwards directed subsets.

(3.7) Theorem The canonical universe of a Horn theory overΣ is an induc-
tive intersection system overΣ.

Proof. Let Γ be a Horn theory overΣ andS a nonempty subset ofC(Γ).
Supposeϕ � ψ belongs toΓ. By (3.6)(i), if

⋂
S � ϕ then every memberX

of S satisfiesϕ and henceψ; thus
⋂
S � ψ. A similar argument applies to

directed union.

Consequently, every nonempty subset ofC(Γ) has an infimum inC(Γ). In
particular, ifC(Γ) is nonempty, it has a least element.5 Notice that this least
element is not necessarily the empty set: in caseΓ has statements of the form
V � ϕ, every member ofC(Γ) is required to satisfyϕ. Furthermore, every
subsetC(Γ) with upper bounds inC(Γ) has a least upper bound inC(Γ),
namely the intersection of all upper bounds. It should be stressed once more
that in general this least upper bound is not given by set union.

(3.8) Example (Non-distributivity) SupposeΣ is a set of three primitive
predicatesa, b, andc. Let Γ be the theory overΣ consisting of the statements

5 The canonical universeC(Γ) is empty just in caseΓ entailsV � Λ.
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a � b and b ∧ c � a and letΓ′ be the theory with statementsa ∧ b � c,
a ∧ c � b, andb ∧ c � a. The respective canonical universes are depicted in
Figure 18. They both are non-distributive subset lattices.Notice that in both
cases the least upper bound of{{b}, {c}} is not{b, c} but{a, b, c}.

C(Γ)

?

{c}

{b}

{a, b}

{a, b, c}
C(Γ′)

?

{a} {b} {c}

{a, b, c}

FIGURE 18 Non-distributive canonical universes

We will see below that Horn theories are characterized by (3.7) in much the
same way as simple inheritance networks are characterized by (2.3). In order to
show this, as well as for later use, we introduce the least satisfier of a satisfiable
predicate (cf. Section 2.1). SupposeU is an inductive intersection system over
Σ. If a conjunctive predicateϕ overΣ is satisfiable inU , i.e., if ϕ is satisfied
by some member ofU , the set{X ∈U | X � ϕ} is nonempty. Its intersection
is therefore a member ofU , called theleast satisfiers(ϕ) ofϕ in U :

(3.9) s(ϕ) =
⋂
{X ∈U |X � ϕ}.

Consequently, for all membersX of U ,

(3.10) X � ϕ iff s(ϕ) ⊆ X .

(3.11) Lemma Let U be an inductive intersection system overΣ. Then, for
each subsetX of Σ satisfying only predicates that are satisfiable inU , the
set{s(ϕ) |X � ϕ} is upwards directed inU and

X ⊆
⋃
{s(ϕ) |X � ϕ}.

Moreover,X belongs toU iff X =
⋃
{s(ϕ) |X � ϕ}.

Proof. By (3.10) and (3.2),s(ϕ ∧ ψ) includes boths(ϕ) ands(ψ). So the set
{s(ϕ) | X � ϕ} is upwards directed. Its union includesX , by (3.3). The last
claim of the Lemma follows by (3.10).
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Let us now prove the inverse of (3.7), as promised above. If there is a Horn
theoryΓ whose canonical universe is identical to a given inductive intersection
systemU then, by definition,MΓ(ϕ) = {X ∈U | X � ϕ}. A Horn statement
ϕ � ψ thus holds inMΓ just in case every member ofU satisfyingϕ satisfies
ψ. In other words, every Horn theoryΓ overΣ with canonical universeU is
equivalent to the theoryΓ(U) overΣ which is defined as follows:

(3.12) pϕ � ψq ∈Γ(U) iff ∀X ∈U (X � ϕ → X � ψ).

In caseϕ is not satisfiable, (3.12) gives rise to statementsϕ � ψ for every
conjunctive predicateψ. In fact,ϕ is not satisfiable iffϕ � Λ belongs toΓ(U).
If ϕ is satisfiable then, by (3.6)(i), we can put (3.12) more succinctly as:

(3.13) pϕ � ψq ∈Γ(U) iff s(ϕ) � ψ.

We want to show that every inductive intersection systemU is the canoni-
cal universe of the Horn theoryΓ(U), i.e. U = C(Γ(U)). Obviously,U ⊆
C(Γ(U)). Now supposeX is a member ofC(Γ(U)). SinceX does not satisfy
any predicate not satisfiable inU , it follows by (3.11) that

⋃
{s(ϕ) | X � ϕ}

belongs toU and includesX . Furthermore, by (3.13) and (3.3),s(ϕ) ⊆ X
wheneverX � ϕ. Thus,X =

⋃
{s(ϕ) |X � ϕ}∈U . All in all, C(Γ(U)) =U .

In particular:

(3.14) Theorem Every inductive intersection system overΣ is the canonical
universe of a Horn theory overΣ.

3.2.5 Closure Systems

An intersection systemU overΣ is called aclosure systemif Σ belongs toU .6

Let us consider the theoryΓ(U) determined by an inductive closure systemU
as defined by (3.12). Observe that a conjunctive predicateϕ overΣ is satisfied
byΣ just in caseϕ isΛ-free, i.e. contains no occurrence ofΛ. Hence, according
to (3.12) and sinceΣ∈U , no statementϕ � ψ of Γ(U) is such thatϕ but not
ψ is Λ-free. Moreover, removing any statement fromΓ whose antecedent is
not Λ-free does not affect the canonical universe. So every inductive closure
system is the canonical universe of aΛ-free Horn theory. On the other hand,
Σ belongs to the canonical universe of everyΛ-free Horn theory overΣ. Put
together:

(3.15) Theorem The canonical universe of aΛ-free Horn theory overΣ is
an inductive closure system overΣ, and every such subset system overΣ
arises that way.

6With
T

?= Σ, a closure system is a subset system that is closed with respect to arbitrary
intersection; cf. footnote 3 on page 25
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SupposeU is a closure system overΣ. Then for each subsetY of Σ there
is a least member ofU with subsetY , theclosurecl(Y ) of Y in U , which is
given by intersection:

(3.16) cl(Y ) =
⋂
{X ∈U | Y ⊆ X}.

One straightforwardly verifies thatcl is a closure operationon Σ.7 It is well
known, and easy to show, that the image of each closure operation onΣ is a
closure system overΣ, and that this relationship between closure systems and
closure operations is one-to-one.8

Call a closure operationinductiveif it corresponds to an inductive closure
system. There are several equivalent conditions for a closure operation to be
inductive. One is that it preserves unions of directed sets.Another one is that
the operation isfinitary in the sense that the closure of a subsetY of Σ is the
union of the closures of all finite subsets ofY . Let us derive this latter condition
by using least satisfiers. For every subsetY of Σ, by (3.11),

⋃
{s(ϕ) | Y � ϕ}

is a member ofU that includesY and, obviously, it is the least such member;
hence:

cl(Y ) =
⋃
{s(ϕ) | Y � ϕ}.

Now observe thats(ϕ) is the closure of the finite set⌊ϕ⌋ of all members ofΣ
occurring inϕ.

It is instructive to construct the closure operationcl given by the canonical
universe of aΛ-free Horn theoryΓ directly in terms ofΓ, which can be done
as follows. Consider the functiond on℘(U) that takesY to

Y ∪
⋃
{⌊ψ⌋ | ⌊ϕ⌋ ⊆ Y ∧ pϕ � ψq∈Γ}.

Then, by definition,X ∈C(Γ) iff d(X) =X . That is,C(Γ) is the set offix-
pointsof the (extensive and monotone) functiond. Hence, sinced is finitary, it
follows by standard fixpoint arguments that

cl(Y ) =
⋂
{X | Y ⊆ X = d(X)} =

⋃
{dn(Y ) | n > 0}.

So, starting with an arbitrary subset ofΣ, we inductively arrive at itsΓ-closure
by closing it successively with respect to all statements ofΓ.

7A closure operationon Σ is a functionc on ℘(Σ) such thatX ⊆ c(X) (extensivity),
c(c(X)) ⊆ c(X) (idempotency), andc(X) ⊆ c(Y ) wheneverX ⊆ Y (monotonicity).

8See e.g. Davey and Priestley 1990, Chap. 2 and 3 for a more extensive treatment of these and
the following issues.
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Finally notice that every inductive intersection systemU over Σ can be
made into a closure system by addingΣ ∪ {Λ} to U . (Strictly speaking, we
switch from a system overΣ to one overΣ∪{Λ}.) From a conceptual point of
view, this means to add a single inconsistent element. Satisfaction ofΛ is then
handled by membership:Σ ∪ {Λ} is the only set satisfyingΛ. One technical
advantage of this move is thatΣ ∪ {Λ} can serve as the least satisfier of pred-
icates not satisfiable inU . This is compatible with (3.9) if the intersection of
the empty set is defined to beΣ∪{Λ}. Consequently (3.13) holds for arbitrary
predicatesϕ.

3.3 Monadic Horn Logic

As in the case of simple inheritance we are interested in an inference calcu-
lus for Horn statements that is sound and complete with respect to first-order
entailment.

3.3.1 The CalculusHC

Consider the setHC of inference schemes presented in Figure 19. (R) isreflex-
ivity, (T) is transitivity, (I∧), (E1

∧), and (E2∧) are introductionandelimination
of conjunction, (Q) isde nihilo quodlibet, and (U) isuniversality. These infer-
ence schemes are easily seen to be valid with respect to first-order logic (with
identity).

A � A
(R)

Λ � A
(Q)

A � V
(U)

A � B A � C
A � B ∧ C

(I∧)
A � B ∧ C
A � B

(E1
∧)

A � B ∧C
A � C

(E2
∧)

A � B B � C
A � C

(T)

FIGURE 19 The calculusHC

As an illustration, Figure 20 shows a proof of the chaining rule of simple
inheritance byHC, which says that ‘A � B’ and ‘B ∧ C � Λ’ together
deductively entail ‘A ∧ C � Λ’. (Notice that the proof goes through for an
arbitrary predicate in place ofΛ.)
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1: A � B
2: B ∧ C � Λ
3: A ∧ C � A ∧ C (R)
4: A ∧ C � A (E1

∧) 3
5: A ∧ C � C (E2

∧) 3
6: A ∧ C � B (T) 4, 1
7: A ∧ C � B ∧C (I∧) 6, 5
8: A ∧ C � Λ (T) 7, 2

FIGURE 20 Formal proof ofISNOTA chaining byHC

3.3.2 Completeness ofHC

SupposeΓ is a Horn theory overΣ. Since the calculusHC is sound with respect
to first-order logic, it holds for every modelM of Γ that

(3.17) if Γ ⊢HC ϕ � ψ then M(ϕ) ⊆M(ψ).

The key to prove the completeness ofHC is to show that whenever the least
satisfiers(ϕ) of ϕ in C(Γ) satisfies some predicateψ thenΓ entailsϕ � ψ by
HC; that is,

(3.18) if s(ϕ) � ψ then Γ ⊢HC ϕ � ψ.9

Proof. LetXϕ be the set of all membersp of Σ ∪ {Λ} with Γ ⊢HC ϕ � p.
We first show by term induction thatXϕ � ψ iff Γ ⊢HC ϕ � ψ. If ψ belongs
to Σ ∪ {Λ}, there is nothing to show. The caseψ= V is covered by (U). Now
supposeψ = ψ1 ∧ ψ2. By induction hypothesis,Xϕ � ψ1 ∧ ψ2 iff Γ entails
ϕ � ψ1 and ϕ � ψ2 by HC, that is, according to (I∧), (E1

∧), and (E2∧), iff
Γ ⊢HC ϕ � ψ1 ∧ ψ2. Using this result we prove thatXϕ = s(ϕ): It follows
by (R) thatXϕ satisfiesϕ, and by (T) and (Q) thatXϕ either isΣ ∪ {Λ} or
belongs toC(Γ). ThereforeXϕ = s(ϕ).

By (3.17) and (3.18), and sinces(ϕ) � ψ iff MΓ(ϕ) ⊆ MΓ(ψ),

(3.19) MΓ(ϕ) ⊆ MΓ(ψ) iff Γ ⊢HC ϕ � ψ.

(3.20) Theorem The calculusHC is sound and strongly complete with re-
spect to first-order entailment.

9Here we take advantage of the modified definition of the least satisfier introduced at the end
of Section 3.2.5: ifϕ is not satisfiable inC(Γ) thens(ϕ) = Σ ∪ {Λ}, and vice versa.
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Proof. If Γ ⊢ ϕ � ψ then, by soundness of predicate logic,MΓ(ϕ) ⊆ MΓ(ψ).
Hence, by (3.19),Γ ⊢HC ϕ � ψ.

SinceHC is complete, one can prove completeness of other sound infer-
ence calculi for Horn statements by showing that they are complete with re-
spect toHC. In other words, it suffices to show that every inference scheme of
HC can be replaced by a proof in the calculus in question. For example, con-
sider the following two inference schemes, calledweakening(W) (or mono-
tonicity) and cut (C), which are obviously sound with respect to first-order
logic.

A � B
C ∧A � B

(W)
A � B A ∧B � C

A � C
(C)

It is immediate that weakening and cut imply transitivity:

A � B
B � C

A ∧B � C
(W)

A � C
(C)

So, if the inference scheme (T) ofHC is replaced by (W) and (C), the resulting
calculus is again complete.

3.4 Applications
Simple inheritance theories with binary exclusions provide a first example
of Horn theories. As shown in Section 3.1.1, every such theory corresponds
to a Horn theory over the same set of primitive predicates, with p � q and
p ∧ q � Λ respectively in place ofp is-aq andp is-not-aq.

3.4.1 Defined Concepts

In Sections 1.4 and 2.3, a primitive concept or predicate hasbeen calleddefined
if it is implied by the conjunction of its immediate superordinates. Whereas the
condition that a conceptp is defined cannot be expressed by simple inheritance
statements, it clearly poses no problems for Horn statements – at least if the
number of immediate superordinates ofp is finite: take the statementϕ � p,
whereϕ is the conjunction of all immediate superordinates ofp. Obviously,
a setX of primitives is closed with respect toϕ � p just in caseX meets
the condition of Section 2.3 that Carpenter and Pollard impose on conjunctive
concepts with defined concepts.

To give an example, consider the simple inheritance networkΓ of (2.14),
here repeated on the left of Figure 21. As a Horn theory,Γ consists of the
statements
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a � d, b � d ∧ e, c � e, d � f , e � f , b ∧ c � Λ,

where we have put the two statementsb � d andb � e into one, by introduc-
tion of conjunction (I∧). Now suppose the predicatesb andf are defined ones.
Then the Horn theoryΓ has to be extended by the statementsd ∧ e � b and
V � f . (Sincef has no superordinates, to regardf as defined means thatf is
implied by the conjunction of the empty set, i.e. byV.) The canonical universe
of this extended theory is shown on the right of Figure 21.

a b c

d e

f

{f}

{e, f}{d, f}

{c, e, f}{a, d, f} {b, d, e, f}

{a, b, d, e, f}

FIGURE 21 Simple inheritance theory with defined concepts

3.4.2 Finitary Exclusions

A natural generalization of binary exclusions is to allow finitary ones. The
corresponding theoryΓ then consists of statements of the form

p � q and p1 ∧ . . . ∧ pn � Λ.

Notice that the only effect ofunaryexclusions, i.e. of statements of the form
p � Λ, with p∈Σ, is to prevent some of the primitives from appearing in
consistently closed sets at all.

(3.21) Proposition The canonical universe of a simple inheritance theory with
exclusions is an inductive intersection system which is closed with respect
to bounded union.

Proof. LetS be a bounded subset ofC(Γ). We need to show that
⋃
S ∈C(Γ).

If p � q belongs toΓ andp∈
⋃
S then, for some memberX of S, p∈X

and henceq∈X ⊆
⋃
S. Supposep1 ∧ . . . ∧ pn � Λ belongs toΓ. Then

{p1, . . . , pn} 6⊆
⋃
S, because otherwise there are membersX1, . . . , Xn of S,

with pi ∈Xi, which are by assumption included by someY ∈C(Γ).
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Since binary exclusion corresponds to subset systems that are closed with
respect to pairwise bounded union (see (2.3) and (2.8)), onemight expect that
the respective property corresponding to finitary exclusion is being closed with
respect to union of finitely bounded subsets, wherefinitely boundedmeans that
all nonempty finite subsets are bounded; indeed:

(3.22) Lemma A subset system is closed with respect to finitely bounded
union iff it is inductive and closed with respect to bounded union.

Proof. Let U be a subset system andS a nonempty subset ofU . Observe that⋃
S is identical to the union of the directed set{

⋃
F |F ⊆ S finite}. Suppose

S is finitely bounded andU is inductive and closed with respect to bounded
union. Then

⋃
S ∈U . Conversely, supposeU is closed with respect to finitely

bounded union. IfS is directed or bounded then all nonempty finite subsets of
S are bounded. Hence

⋃
S ∈U .

The classification (3.21) again works the other way around aswell. Sup-
poseU is an inductive intersection system overΣ with bounded unions. Con-
sider the theoryΓ(U) overΣ such that

pp � qq ∈Γ(U) iff ∀X ∈U (p∈X→ q∈X),

pp1 ∧ . . . ∧ pn � Λq ∈Γ(U) iff ∀X ∈U ({p1, . . . , pn} 6⊆ X).

We prove thatC(Γ(U)) = U . ClearlyU ⊆ C(Γ(U)). As for the reverse in-
clusion, first observe that each memberX of C(Γ(U)) is the union of the set
{s(p) | p∈X} of least satisfiers of members ofX ; cf. the proof of (2.5). It re-
mains to check that{s(p) |p∈X} is finitely bounded. LetF = {p1, . . . , pn} be
a finite subset ofX . SinceX is consistent,p1∧. . .∧pn � Λ does not belong to
Γ(U). HenceF is included in some memberY ofU ; thus

⋃
{s(p) |p∈F} ⊆ Y .

SoX =
⋃
{s(p) | p∈X} belongs toU becauseU is closed with respect to

finitely bounded union. To summarize:

(3.23) Theorem The canonical universe of a simple inheritance theory with
exclusions is an intersection system that is closed with respect to finitely
bounded union, and every such subset system arises that way.

By the same line of reasoning that has led us to (2.8), we can conclude:

(3.24) Corollary The canonical universe of an exclusion theory is closed
with respect to the formation of subsets and finitely boundedunion, and
every such subset system arises that way.
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Scott Domains

Our characterization of the generic universe determined byan inheritance net-
work or a Horn theory hitherto depends on the representationof entity types
by consistently closed sets. It is also possible to give a description in purely
order-theoretic terms, that is, a description that does notdepend on specific
representations but only on properties of the generic universe as a(partially)
ordered set.

It is well-known that inductive intersection systems are categorically equiv-
alent to Scott domains.1 We derive this result in Section 4.1 by identifying the
least satisfiers of conjunctive predicates as the compact elements of the ge-
neric universe. In Section 4.2, several versions of simple inheritance theories
are classified with respect to their domains. Restriction tosimple inheritance
is shown to enforce the corresponding domains to be completely distributive,
whereas pure exclusion theories imply atomicity.

4.1 Horn Theories and Scott Domains
4.1.1 Bounded-Complete Dcpos

According to (3.7), the generic universe of a Horn theory is adirected-complete
(partially) ordered set (dcpo), with infima for all nonempty subsets. The lat-
ter requirement is equivalent to the condition that every subset with an upper
bound has a least upper bound:

(4.1) Lemma An ordered set has infima for all nonempty subsets iff it has
suprema for all bounded subsets.

Proof. SupposeP is an ordered set with infima for nonempty subsets. Then
the supremum of a subsetS of P with upper bounds is the infimum of the set
of all upper bounds ofS. Vice versa, ifP has suprema for bounded subsets
then the infimum of a nonempty subsetS of P is the supremum of the set

1See e.g. Davey and Priestley 1990, Chap. 3.
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{y∈P | ∀x∈S(y ⊑ x)} of all members ofP below or equal to every member
of S.

In particular, every nonempty ordered set with suprema for all bounded
subsets has a least element. In the presence of directed completeness, it is
enough to require suprema for boundedfinite subsets to get suprema for all
bounded subsets:

(4.2) Lemma If a dcpo has suprema for bounded finite subsets, it has suprema
for all bounded subsets.

Proof. SupposeD is a dcpo with suprema for bounded finite subsets. LetS be
a bounded subset ofD. Then

⊔
F exists for every finite subsetF of S. Clearly

the set{
⊔
F | F ⊆ S finite} is directed and its supremum is one ofS.

We call a dcpobounded-completeif it has suprema for all bounded finite
subsets (and thus for all bounded subsets). It is instructive to check that in the
finite case, bounded-completeness is all that is needed for an ordered set to be
the generic universe of a Horn theory. By (3.14), it suffices to show that such an
ordered set is order-isomorphic to an inductive intersection system. Notice that
a finite ordered set is necessarily directed-complete sinceeach of its directed
subsets has a greatest member.

We can employ the following simple method to represent an arbitrary or-
dered setP by an intersection system overP . The idea is to represent each
memberx of P by the subset↓x= {y | y ⊑ x} of P . Since↓x ⊆ ↓y iff x ⊑ y,
we have thatP is order-isomorphic to the subset system{↓x | x∈P}. More-
over, if S is a nonempty subset ofP with an infimum inP , then the infimum
↓(
d

S) of {↓x | x∈S} is given by intersection:

(4.3) {y | y ⊑
d

S} = {y | ∀x∈S(y ⊑ x)} =
⋂
{↓x | x∈S}.

So every ordered setP is isomorphic to an intersection system overP .
SupposeP is finite. If S is a directed subset ofP then

⊔
S belongs toS.

It follows that

{y | y ⊑
⊔
S} = {y | ∃x∈S(y ⊑ x)} =

⋃
{↓x | x∈S}.

Hence, for finiteP , suprema of directed subsets of{↓x | x∈P} are given by
union. So every finite ordered set with infima for nonempty subsets is isomor-
phic to an inductive intersection system. Together with (4.1) and (3.14), we
have:
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(4.4) Proposition Every finite, bounded-complete ordered setP is the ge-
neric universe of a Horn theory overP .

For infinite ordered sets, however, this approach fails in two respects: first,
there are bounded-complete dcpos that do not represent the generic universe
of any Horn theory, and second, the given representation of ordered sets by
subset systems may not yield the desired result. The latter type of failure is
demonstrated by the following example.

(4.5) ExampleSupposeΣ is a countable set{a1, a2, a3, . . .} of primitive
predicates. Consider the theoryΓ over Σ with axiomsan+1 � an for every
n. LetAn be the set{am |m 6 n}, with n > 0. Then

C(Γ) = {An | n∈N0} ∪ {Σ}.

Observe that the subset{↓An | n∈N} of {↓X |X ∈C(Γ)} is directed but its
union{An | n∈N0} differs from its supremum↓Σ. So, suprema of directed
subsets of{↓X |X ∈C(Γ)} are not necessarily given by union.

The next example indicates why certain bounded-complete dcpos fail to
represent the generic universe of a Horn theory.

(4.6) ExampleLet Σ be{a1, a2, a3, . . .}. Consider the subset system overΣ
that consists of the setsΣ, B = {an | n > 1}, andAn = {am | m 6 n}, for
all n ≥ 0; see Figure 22. This bounded-complete ordered set is obviously
directed-complete. Now suppose there is an inductive intersection system with
an inclusion ordering as depicted in Figure 22 (withΣ, An, andB arbitrary
otherwise). Then

⋃
{An |n∈N}=Σ andAn∩B=A0 for everyn, contrary

to the assumption thatΣ ∩B =B 6= A0.

Σ

A2

A1

A0

B

FIGURE 22 A non-algebraic bounded-complete dcpo
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4.1.2 Compact Elements and Algebraicity

Concerning the representation problem, let us elucidate ingeneral terms what
is wrong with Example (4.5). Suppose a dcpoD is an inductive intersection
system overΣ. LetK be the set of all elements ofD that are least satisfiers of
conjunctive predicates overΣ. According to (3.11), every memberx of D is
the union of the directed set{y∈K | y ⊑ x} ( = ↓x∩K) of all members ofK
below or equal tox, that is,

(4.7) ↓x ∩K is directed and x =
⊔

(↓x ∩K).

Now, if x is not itself inK, as e.g.Σ in Example (4.5), thenx is a member
of ↓x but not of

⋃
{↓y | y∈ (↓x ∩K)}; hence↓ does not preserve directed

suprema.
The solution is to representx not by ↓x but by ↓x ∩ K. The resulting

subset system{↓x ∩ K | x∈D} is order-isomorphic toD because, by (4.7),
x= y whenever↓x ∩ K = ↓y ∩ K. To see that this representation ofD as a
subset system takes suprema of directed subsets to unions, observe first the
following consequence of (3.10) and (3.6)(ii): for every memberx of K and
every directed subsetS of D,

(4.8) if x ⊑
⊔
S then ∃y∈S(x ⊑ y).

Consequently,

↓(
⊔
S) ∩K = {x∈K | x ⊑

⊔
S}

= {x∈K | ∃y∈S(x ⊑ y)} =
⋃
{↓y ∩K | y∈S}.

Furthermore, since all nonempty subsets ofD have infima, it follows in the
same way as (4.3) that the infimum of each nonempty subset of{↓x∩K |x∈D}
is given by intersection.

So we succeeded in representing a dcpoD that is known to be isomorphic
to an inductive intersection system by an inductive intersection system over the
subsetK of D. Our aim is to characterizeD andK in order-theoretic terms.
For that purpose, notice that every memberx of D that satisfies (4.8) belongs
toK; for by (4.7) and (4.8), there is a membery of ↓x ∩K such thatx ⊑ y;
hence,x= y∈K.

SupposeD is an arbitrary dcpo. A memberx of D that satisfies (4.8) for
every directed subsetS of D is calledcompact. Let k(D) be the (ordered) set
of compact elements ofD. The dcpoD is said to bealgebraic if k(D) is a
basisofD in the sense that↓x∩ k(D) is directed with supremumx, for every
elementx of D.2 The preceding discussion shows that an algebraic dcpoD is

2The general definition of a basis of a dcpo uses the so-calledorder of approximation; cf.
Abramsky and Jung 1994, Sect. 2.2. Dcpos with basis are said to becontinuous.
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isomorphic to the subset system{↓x∩k(D) |x∈D} overk(D), where directed
suprema are given by union.

Moreover, we have seen, first, that every inductive intersection system is an
algebraic dcpo with infima for nonempty subsets, and second,that every such
dcpoD is isomorphic to an inductive intersection system overk(D). Since
by (4.1) and (4.2), having infima for nonempty subsets means to be bounded-
complete, the ordered sets that can be represented by inductive intersection
systems are precisely the bounded-complete algebraic dcpos, which are also
known asScott domains(or Scott-Ershov domains).3 To summarize:

(4.9) Theorem

(i) Every inductive intersection system is a Scott domain.

(ii) If D is a Scott domain then{↓x∩k(D) |x∈D} is an inductive inter-
section system overk(D) and the function that takesx to ↓x ∩ k(D)
is an order isomorphism.

Reconsider Example (4.6) under this perspective:B is neither compact
sinceB ⊑

⊔
{An |n∈N} butB 6⊑ An for everyn; nor isB the supremum of

any directed set of compact elements. Hence Figure 22 depicts a non-algebraic
bounded-complete dcpo.

We have thus arrived at a characterization of the generic universe of Horn
theories in purely order-theoretic terms. Algebraicity isa necessary and suffi-
cient condition for a bounded-complete dcpo to be the generic universe of a
Horn theory:

(4.10) Theorem The generic universe of a Horn theory is a Scott domain and
every Scott domain arises that way.

The same line of reasoning can be applied toΛ-free Horn theories and
inductive closure systems; cf. Section 3.2.5. The only difference to the previous
case is that an inductive closure system has a greatest element. By (4.1) and
(4.9), we get:

(4.11) Theorem Every inductive closure system is a complete algebraic lat-
tice. Vice versa, every complete algebraic latticeD is isomorphic to an
inductive closure system overk(D), namely{↓x ∩ k(D) | x∈D}.

The generic universes ofΛ-free Horn theories are thus precisely the com-
plete algebraic lattices.

3We allow a Scott domain to be empty in order to cover the case ofan empty canonical universe;
see footnote 5 on page 44.
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4.1.3 Countability

An algebraic dcpo with countably many compact elements is said to becount-
ably basedor ω-algebraic.

(4.12) Theorem The generic universe of a Horn theory over a countable set
of primitives is a countably based Scott domain and every such domain
arises that way.

Proof. The set of conjunctive predicates over a countable set of primitives is
countable (because the set of finite sequences over a countable set is count-
able). Hence the set of least satisfiers of conjunctive predicates is countable in
turn.

It can be shown that every member of anω-algebraic domainD is the
supremum of anω-chainof compact elements, i.e. the supremum of a count-
able subset{xn | n∈N} of k(D) such thatxn ⊑ xn+1 for everyn.4 So, by
(4.12), every generic entity of a Horn theory with countablevocabulary is the
“limit” (the supremum) of a specialization sequence (anω-chain) consisting of
least satisfiers of conjunctive predicates.

4.1.4 Ideal Completion

In this Section we briefly review a standard result accordingto which the rep-
resentation of a Scott domainD as an inductive intersection system overk(D)
coincides with the ideal completion ofk(D). More generally, every algebraic
dcpoD is isomorphic to the ideal completion ofk(D).

An ideal of an ordered setP is a nonempty subset ofP that is directed
and downwards closed. The setI(P ) of ideals ofP , ordered by set inclusion,
is called theideal completionof P .

(4.13) Proposition If P is an ordered set thenI(P ) is an algebraic dcpo.
Moreover,k(I(P )) = {↓x | x∈P} ≃ P .

Proof. 5 The union of a directed set of ideals is clearly an ideal in turn. So
I(P ) is directed complete, and directed suprema are given by set union. Notice
that↓x∈ I(P ) for all x∈P , and that, for everyI ∈ I(P ), the set{↓x | x∈ I} is
directed andI =

⋃
{↓x | x∈ I}. Consequently, ifI is compact inI(P ), there

is anx∈ I such thatI = ↓x. Moreover,↓x is compact for everyx∈P , because
whenever↓x ⊆

⋃
S, with S ⊆ I(P ) directed, thenx∈ I, for someI ∈S, and

hence↓x ⊆ I. So the compact elements ofI(P ) are those of the form↓x,

4See e.g. Vickers 1989, p. 126.
5Adapted from Vickers 1989, pp. 116f.
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with x∈P . In addition, it follows thatI(P ) is algebraic. Finally,P is order-
isomorphic tok(I(P )) since the function fromP to I(P ) that takesx to ↓x is
one-to-one.

LetD be an algebraic dcpo. Recall from Section 4.1.2 thatD can be repre-
sented by the subset system{↓x ∩ k(D) | x∈D} overk(D). Since the subset
↓x ∩ k(D) of k(D), with x∈D, is by definition directed and clearly down-
wards closed, it is an ideal ofk(D). On the other hand, every idealI of k(D)
coincides with↓(

⊔
I) ∩ k(D). Thus

{↓x ∩ k(D) | x∈D} = I(k(D)).

So the representation ofD by {↓x∩ k(D) |x∈D} is just the ideal completion
of k(D). Consequently:

(4.14) Proposition If D is an algebraic dcpo thenD ≃ I(k(D)).

Since an algebraic dcpoD is determined by the ordered setk(D) of its
compact elements, one can try to characterize properties ofthe former by prop-
erties of the latter. In particular, ifD is a Scott domain then the supremum of
two compact elements ofD, if existent, is compact in turn; that is,k(D) is a
conditional join semilattice:

(4.15) Lemma If D is a nonempty Scott domain thenk(D) is a conditional
join semilattice with least element.

Proof. One way to prove this simple fact is to employ the order-theoretic defi-
nition of compactness. We leave this as an exercise to the reader. Alternatively,
one can use the representation ofD as an inductive intersection systemU over
some setΣ; see Section 4.1.2. Recall that the compact elements ofU are the
least satisfiers of conjunctive predicates overΣ. Given two such least satisfiers
s(ϕ) ands(ψ) which are both included in an element ofU , thens(ϕ ∧ ψ) is
the supremum ofs(ϕ) ands(ψ).

In order to show that the ideal completion of a conditional join semilattice
with least element is a Scott domain, we need the following fact:

(4.16) Lemma SupposeD is an algebraic dcpo with least element and every
bounded two-element subset ofk(D) has a supremum inD. ThenD is a
Scott domain.
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Proof. 6 We need to show that every bounded subsetS of D has a supremum
in D. LetK be the set{y∈k(D) | ∃x∈S(y ⊑ x)}. By assumption, every fi-
nite subsetF of K has a supremum inD. HenceK has a supremum inD,
namely the supremum of the directed set{

⊔
F | F ⊆ K finite}. We show that⊔

K is the supremum ofS. If x∈S then↓x ∩ k(D) ⊆ K and consequently
x=

⊔
(↓x∩k(D)) ⊑

⊔
K. So

⊔
K is an upper bound ofS. Since every upper

bound ofS is also an upper bound ofK, it follows that
⊔
K is the least upper

bound ofS.

Now supposeP is a conditional join semilattice with least element. We
claim thatI(P ) is a Scott domain. According to (4.16) and (4.13), it sufficesto
show that, for allx, y∈P , if the set{↓x, ↓y} is bounded, it has a supremum in
I(P ). SupposeI ∈ I(P ) is an upper bound of{↓x, ↓y}. Thenx⊔y∈I sinceI is
directed and downwards closed. Hence↓(x ⊔ y) is the supremum of{↓x, ↓y}.

All in all, we have proved the following characterization ofScott domains
in terms of their compact elements:

(4.17) Theorem

(i) If D is a nonempty Scott domain thenk(D) is a conditional join
semilattice with least element andD ≃ I(k(D)).

(ii) If P is a conditional join semilattice with least element thenI(P ) is
a Scott domain andk(I(P )) ≃ P .

Note that a nonempty downwards closed subsetI of a conditional join
semilatticeP is an ideal ofP (as an ordered set) just in casex⊔y∈ I whenever
{x, y} ⊆ I is bounded. (In particular, this shows that the ideals of a lattice
viewed as an algebra are the ideals of the lattice as an ordered set.)

(4.18) Remark(Lindenbaum algebra)SupposeD is the generic universe of
a Horn theoryΓ overΣ. The compact elements ofD correspond to the least
satisfiers inD of conjunctive predicates overΣ. Hence each element ofk(D)
represents a class of satisfiable predicates that are equivalent with respect to
Γ. Put differently, the order dual ofk(D), “lifted” by adjoining a least ele-
ment forΛ, is a meet semilattice that represents theLindenbaum algebraof
Γ. (Beware, the Lindenbaum algebra defined in Chapter 6, whichincorporates
disjunction too, is the bounded distributive lattice freely generated by this meet
semilattice.)

4.2 Domains of Simple Inheritance
We now go on to classify the generic universes of the various versions of simple
inheritance theories in order-theoretic terms.

6Adapted from Stoltenberg-Hansen et al. 1994, p. 58.



4.2 Domains of Simple Inheritance 61

4.2.1 Coprimeness and Distributivity

Let us begin with the general version introduced in Section 3.4.2, which is
simple inheritance plus (finitary) exclusion. Recall that the canonical universe
U of such a theory overΣ is an intersection system which is closed with respect
to finitely bounded union, that is, by (3.22), an inductive intersection system
that is closed with respect to bounded union.

SupposeD is a dcpo isomorphic toU . LetP be the subset ofD that corre-
sponds to the set{s(p) | p∈Σ} of least satisfiers of primitive predicates inU .
We know from Section 3.4.2 that every memberx ofD is the supremum of the
set{y∈P | y ⊑ x}; that is:

(4.19) x =
⊔

(↓x ∩ P ).

Moreover, for every memberx of P and everyboundedsubsetS of D, we
have that

(4.20) if x ⊑
⊔
S then ∃y∈S (x ⊑ y).

Proof. SupposeS is a bounded subset ofU such thats(p) ⊆
⋃
S. Thenp∈Y

for someY ∈S and hences(p) ⊆ Y .

A memberx of a dcpoD that satisfies property (4.20) for every bounded
subsetS of D is calledcompletely coprime(or completely⊔-prime). (Notice
that the least element⊥ ofD, if existent, isnotcompletely coprime, because∅
is bounded and⊥=

⊔
∅.) Letp(D) be the set of completely coprime elements

of D. A bounded-complete dcpoD is calledcoprime-algebraicif each of its
members is the supremum of a subset ofp(D).

We have seen above that the generic universe of a simple inheritance theory
with exclusions is a coprime-algebraic Scott domain. The converse also holds
because every such domain can be represented by an intersection system that
is closed with respect to finitely bounded union:

(4.21) Theorem

(i) Every intersection system that is closed with respect to finitely bound-
ed union is a coprime-algebraic Scott domain.

(ii) Every coprime-algebraic Scott domainD is isomorphic to the subset
system{↓x∩ p(D) | x∈D} overp(D), which is closed with respect
to nonempty intersection and finitely bounded union.

Proof. We need to verify (ii). LetD be a coprime-algebraic Scott domain.
SupposeS is a subset ofD such that{↓x ∩ p(D) | x∈S} is finitely bounded.
ThenS is finitely bounded. Hence

⊔
S∈D becauseD is a Scott domain. By

(4.20), it follows that
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↓(
⊔
S) ∩ p(D) = {x∈p(D) | x ⊑

⊔
S}

= {x∈p(D) | ∃y∈S(x ⊑ y)} =
⋃
{↓y ∩ p(D) | y∈S}.

Moreover, sinceD has infima for all nonempty subsets,{↓x ∩ p(D) | x∈D}
is closed with respect to nonempty intersection.

Next we characterize coprime-algebraic Scott domains as ideal comple-
tions of the ordered set of their compact elements. An element x of a dcpoD
is calledcoprimeif it satisfies property (4.20) for allfinite bounded subsetsS
ofD.

(4.22) Proposition If D is a coprime-algebraic Scott domain then every ele-
ment ofk(D) is a finite join of coprimes ofk(D).

Proof. According to (4.21)(ii), it suffices to consider the case thatD is an in-
ductive intersection systemU overΣ which is closed with respect to bounded
union. Recall that every compact element ofU is a least satisfier of a conjunc-
tive predicatep1 ∧ . . .∧ pn overΣ. But the least satisfier ofp1 ∧ . . .∧ pn in U
is s(p1) ∪ . . . ∪ s(pn).

(4.23) Lemma An element of a Scott domainD is completely coprime inD
iff it is compact inD and coprime ink(D).

Proof. Supposex∈k(D) is coprime ink(D), andx ⊑
⊔
S for some bounded

S ⊆ D. Let K be {y∈k(D) | ∃z∈S(y ⊑ z)}. Then
⊔
S is the supremum

of the directed set{
⊔
F | F ⊆ K finite}; cf. the proof of (4.16). Sincex is

compact,x ⊑
⊔
F for some finite subsetF of K. Hence, sincex is coprime

in k(D), there is ay∈F with x ⊑ y. Sox ⊑ z for somez∈S. The rest is
obvious.

In combination with (4.17)(ii) and the fact that every element of a Scott
domain is the supremum of compact ones, we can conclude:

(4.24) Proposition If P is a conditional join semilattice with least element
such that every element ofP is a finite join of coprimes thenI(P ) is a
coprime-algebraic Scott domain andp(I(P )) = {↓x | x∈P coprime}.

(4.25) ExampleLet Σ be{a, b} ∪ {c1, c2, . . .} and letΓ be the simple inher-
itance theory overΣ given by the statements

a ∧ b � Λ, a � cn, b � cn, cn+1 � cn (n > 1).
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The canonical universe ofΓ is depicted by Figure 23. Its only non-compact
member is{c1, c2, . . .}, and every compact element besides∅ is completely
coprime. This example shows that even in the case of simple inheritance the
set of least satisfiers need not be closed with respect to intersection.

{b} ∪ {c1, c2, c3, . . .}{a} ∪ {c1, c2, c3, . . .}

{c1, c2, c3, . . .}

{c1, c2}

{c1}

?

FIGURE 23 Non-compact meet of compact elements

Coprime-algebraic Scott domains correspond to subset systems where in-
fima and suprema, if existent, are given by intersection and union, respectively.
Since set union distributes over set intersection and vice versa, it seems reason-
able to expect that these domains can be characterized in terms ofdistributivity.
We say that a Scott domainD is completely distributiveif ↓x is completely dis-
tributive for everyx∈D. (Notice that↓x is by definition a complete sublattice
ofD.) For a proof of the following characterization see Winskel(1988).

(4.26) Theorem A Scott domain is coprime-algebraic iff it is completely dis-
tributive.

In general, the representation of a coprime-algebraic Scott domainD as a
subset system overp(D) is much more parsimonious than the representation
as a subset system overk(D) via (4.9)(ii). For instance, ifp(D) is a finite
antichain thenk(D) (= D) is isomorphic to the power set lattice overp(D)
and hence exponential in size.

(4.27) ExampleConsider the bounded-complete ordered set on the left of
Figure 24. It is distributive and hence coprime-algebraic with coprimesx1,
x2, x3, andx5. The diagram on the right shows its representation as a subset
system over{x1, x2, x3, x5}, which is the canonical universe of the inheritance
theory{x3 � x1, x5 � x2, x3 ∧ x5 � Λ}.

Let us now turn from (finitary) exclusions to simple inheritance with bi-
nary exclusions or no exclusions at all. Call a dcpopairwise-completeif it has
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x0

x1 x2

x3 x4 x5

x6 x7

?

{x1} {x2}

{x1, x3} {x1, x2} {x2, x5}

{x1, x2, x3} {x1, x2, x5}

FIGURE 24 Representation of bounded-complete distributive orderedset

suprema for all subsets with pairwise bounded elements.7 We know from Sec-
tion 2.1.1 that the generic universe of a simple inheritancetheory with binary
exclusions is a pairwise-complete coprime-algebraic dcpo. On the other hand,
it is easily seen that (4.21)(ii) takes pairwise-complete coprime-algebraic dc-
pos to subset systems that are closed with respect to nonempty intersection and
pairwise bounded union. So the generic universes of simple inheritance the-
ories with binary exclusions are precisely the pairwise-complete completely
distributive Scott domains. In the absence of exclusions, finally, we get the
complete completely distributive algebraic lattices. Thegiven classification of
simple inheritance theories is summarized in rows three to five of Table 1 at
the end of this chapter.

(4.28) Remark(Event structures) Simple inheritance with (binary) exclu-
sion appears in another guise in Winskel’s theory ofevent structures, which are
formal models for processes of concurrent computation (seee.g. Winskel 1988,
Zhang 1991, Winskel and Nielsen 1995). In this context, members of Σ de-
noteevents, ISA becomescausal dependency, andISNOTA indicatesconflicts;
elements of the canonical universe areconfigurationsand specialization cor-
responds to atransition relation between configurations. In addition, it is as-
sumed that each member ofΣ bears the transitive closure of causal dependency
only to finitely many other members ofΣ. The corresponding domains are the
pairwise-completedI-domains, where ‘d’ means distributivity and ‘I’ says that
there are only finitely many elements below each compact element.

4.2.2 Atomicity

Completeness of the generic universe means lack of exclusions. Let us con-
sider the complementary case of exclusions without inheritance. According to
(3.24), the canonical universe of an exclusion theory is closed with respect to
subsets and finitely bounded union.

7 Pairwise-completeness is also known ascoherence(but see footnote 3 on page 128).
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Suppose a dcpoD is the generic universe of an exclusion theory. Then an
elementx of D is completely coprime iff it is anatom, that is, iff

x 6= ⊥ and if ⊥ 6= y ⊑ x then y = x.

Proof. Let U be a subset system overΣ that is closed with respect to subsets
and finitely bounded union. An element ofU is completely coprime iff it is the
least satisfiers(p) of some satisfiable memberp of Σ. SinceU is closed with
respect to subsets,s(p) = {p}. But the singleton subsets ofU are precisely the
atoms ofU .

Since the completely coprimes ofD are the atoms ofD and because of (4.19),
every elementx ofD is the supremum of the set of atoms below or equal tox:

x =
⊔

(↓x ∩ a(D)),

wherea(D) is the set of atoms ofD. A dcpoD whose elements have this
property is calledatomic.8

(4.29) Theorem

(i) Every subset system that is closed with respect to subsets and finitely
bounded union is a bounded-complete atomic dcpo with completely
coprime atoms.

(ii) If D is a bounded-complete atomic dcpo with completely coprime
atoms, thenD is isomorphic to the subset system{↓x∩a(D) |x∈D}
overa(D), which is closed with respect to subsets and finitely bound-
ed union.

Proof. It remains to prove (ii). LetD be a bounded-complete atomic dcpo
with a(D) ⊆ p(D). Thenp(D) = a(D). For supposex∈p(D); sincex is the
supremum of atoms, there is an atomy such thatx ⊑ y; hencex= y. SoD
is coprime-algebraic and (4.21)(ii) implies that{↓x ∩ a(D) | x∈D} is closed
with respect to finitely bounded union. In order to see that{↓x∩a(D) |x∈D}
is closed with respect to subsets, it suffices to show that forevery two bounded
setsX andY of atoms, whenever

⊔
X =

⊔
Y thenX = Y . But if x ⊑

⊔
Y

for somex∈X thenx= y for somey∈Y .

As for the compact elements of a bounded-complete atomic dcpoD with
completely coprime atoms, we have that every element ofk(D) is a finite join

8Some authors use ‘atomistic’ instead of ‘atomic’.
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of atoms. Moreover, it follows that the meet of two compact elements is com-
pact in turn and that join and meet ink(D), if existent, satisfy the distributivity
law. Sok(D) is a meet semilattice with finite bounded joins, which is distribu-
tive, and every element is a finite join of atoms. Conversely:

(4.30) Proposition SupposeP is a meet semilattice with finite bounded joins,
which is distributive, and every element is a finite join of atoms. Then its
ideal completionI(P ) is a bounded-complete atomic dcpo with completely
coprime atoms.

Proof. By (4.24), it suffices to show that every atomx of P is coprime. Sup-
posex ⊑ y ⊔ z with y, z∈P . Thenx=x⊓ (y ⊔ z)= (x⊓ y)⊔ (x⊓ z). Hence
x ⊓ y ⊑ x andx ⊓ z ⊑ x. Sincex is an atom,x ⊓ y= x or x ⊓ z = x, that is,
x ⊑ y or x ⊑ z.

Horn

inheritance
+ exclusion

exclusion

Λ-free Horn
+ bin. exclusion

inheritance
+ bin. exclusion

binary
exclusion

Λ-free Horn

inheritance

?

bounded-complete algebraic dcpo
(Scott domain)

completely
distributive

atoms =
completely
coprimes

pairwise-complete

complete lattice

FIGURE 25 Inheritance theories vs. domain properties

When exclusion is restricted to binary exclusion, the corresponding do-
mains are pairwise-complete. In the case offull binary exclusion, i.e. if all
pairs of primitive predicates are excluded, we get aflat domain, that is, every
element except the least one is an atom. Table 1 provides an overview of the
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classification of Horn and inheritance theories given so far. For a condensed
version see Figure 25, which illustrates how an increasing restriction of ex-
pressivity gives rise to additional properties of the generic universe.

We close this section with another order-theoretic characterization of the
generic universe of exclusion theories. A bounded-complete dcpoD is said to
satisfyatomic separationif for every two of its elementsx andy, with x 6⊑ y,
there is an atomz of D such thatz ⊑ x andz 6⊑ y. The effect of atomic
separation becomes more transparent in the following equivalent formulation:

if ∀z∈a(D) (z ⊑ x→ z ⊑ y) then x ⊑ y.

That is, if↓x∩ a(D) ⊆ ↓y∩ a(D) thenx ⊑ y. In particular, atomic separation
implies thatx=

⊔
(↓x ∩ a(D)), for everyx∈D, and hence thatD is atomic.

Conversely, ifD is atomic, it clearly satisfies atomic separation. Therefore:

(4.31) Proposition A bounded-complete dcpo is the generic universe of an
exclusion theory iff it satisfies atomic separation and has completely co-
prime atoms.

(4.32) Remark(Plural lattices) Atomic separation has been used to axiom-
atizeplurality. According to the definition of Link (1998), aplural lattice is
a bottomless join semilattice which satisfies atomic separation and has com-
pletely coprime atoms. That is, a plural lattice is a complete atomic Boolean
algebra minus the bottom element. When viewed from the perspective of plu-
rality, the entity types (except the most general one) determined by an exclu-
sion theory are pluralities built of atomic entity types, where the formation
of pluralities is subject to the exclusion constraints of the theory. The atomic
entity types correspond to the (satisfiable) primitive concepts.
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Γ C(Γ) D ≃ I(P ) ≃ C(Γ) P ≃ k(D)

Horn theory
ϕ � ψ

nonempty intersection
+ upwards directed union
= inductive intersection system

Scott domain=
bounded-complete algebraic dcpo

conditional join semilattice
+ least element (if nonempty)
= ordered set+ finite bounded joins

Λ-free
Horn theory

intersection
+ upwards directed union
= inductive closure system

complete algebraic lattice join semilattice + least element
= ordered set+ finite joins

simple inheritance
+ exclusions
p � q, ϕ � Λ

nonempty intersection
+ finitely bounded union

(bounded+ directed union)

completely distributive Scott domain
= bounded-complete coprime-

algebraic dcpo

ordered set+ finite bounded joins
+ finite coprime decomposition

simple inheritance
+ binary exclusions
p � q, p ∧ q � Λ

nonempty intersection
+ pairwise bounded union

pairwise-complete completely
distributive Scott domain

ordered set+ finite pairwise bounded joins
+ finite coprime decomposition

simple inheritance
p � q

intersection+ union
= complete subset lattice

complete coprime-algebraic lattice ordered set+ finite joins
+ finite coprime decomposition

exclusions
ϕ � Λ

subsets
+ finitely bounded union

bounded-complete atomic dcpo
with completely coprime atoms

meet semilattice+ finite bounded joins
+ finite atom decomposition
+ distributivity

binary exclusions
p ∧ q � Λ

subsets
+ pairwise bounded union
= coherence space

pairwise-complete atomic dcpo
with completely coprime atoms

meet semilattice+ finite pairwise bounded
joins + finite atom decomposition
+ distributivity

empty theory power set lattice complete atomic Boolean lattice distributive lattice
+ finite atom decomposition

full binary exclusion empty set and singleton sets flat domain = atoms + bottom flat ordered set

TABLE 1 Classification of theories by generic universes and vice versa
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5

Observational Theories

As we have seen at the end of Chapter 3, Horn theories are not expressive
enough to fully cover the examples of linguistic classification presented in
Chapter 1. We therefore switch to predicates that are built from primitive
predicates by finite conjunctionand disjunction. Following Vickers (1989,
1999) and Smyth (1992) we call such predicatesobservational.1 The reason
for choosing this terminology is essentially the lack of negation: an absent
property is not regarded as an observable one, whereas the conjunction and the
disjunction of observable properties is observable in turn.

As in Chapters 2 and 3, the main theme of the present chapter isthe in-
terplay between a theory and its ordered generic universe. After introducing
models of observational theories in Section 5.1, we explorethe properties of
their canonical universe in Section 5.2. In Section 5.3 the framework is ap-
plied to choice system theories and the induction of theories from instances.
Finally, in Section 5.4, we reflect on the status of negation and conditionals in
observational theories.

5.1 Theories and Models

5.1.1 Predicates, Statements, and Theories

Let Σ be a set of primitive predicates withV andΛ not among them. The
setT[Σ] of observational predicatesoverΣ is inductively defined to be the
least set that consists of all members ofΣ, of V andΛ, and ofϕ ∧ ψ and
ϕ ∨ ψ wheneverϕ andψ belong toT[Σ]. The predicate operators ‘∧’ and ‘∨’
have their standard first-order meaning; e.g. ‘A ∨ B’ stands for the predicate
abstract ‘{x | Ax ∨Bx}’; the predicates ‘V’ and ‘Λ’ respectively abbreviate
‘{x | x= x}’ and ‘{x | x 6= x}’, cf. Section 3.1.1.

1Alternatively one could call them(propositional finitary) geometric, where ‘geometric’ points
to applications in algebraic geometry; see Vickers 1993, 1999, Mac Lane and Moerdijk 1992,
Chap. X. It should be added that Vickers and Smyth also countinfinite disjunctionsas observable
properties.

71
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In the following we frequently apply theprinciple of term induction, which
has already been widely used in Chapter 3. It says that a certain property holds
of all observational predicates just in case it holds of all primitives, of V and
Λ, and ofϕ ∧ ψ andϕ ∨ ψ whenever it holds ofϕ andψ.

Recall from Section 3.1.1 that ‘A � B’ stands for ‘∀x(Ax→Bx)’. A
(universal monadic) observational statementoverΣ is a statement of the form
ϕ � ψ whereϕ andψ are observational predicates overΣ. It is sometimes con-
venient to use (universally quantified)biconditionalsinstead of conditionals.
In this case, the predicate operator ‘≡’ takes the place of ‘�’, where ‘A ≡ B’
stands for ‘∀x(Ax↔Bx)’. The logical interdependence between ‘≡’ and ‘�’
is as follows:

(5.1)
A ≡ B iff A � B and B � A,

A ≡ A ∧B iff A � B iff A ∨B ≡ B.

An observational theoryoverΣ is a set of observational statements over
Σ. Given two observational theoriesΓ andΓ′ overΣ, we say thatΓ entailsΓ′,
in symbols,Γ ⊢ Γ′, if Γ ⊢ α for everyα∈Γ′. The theoriesΓ andΓ′ are said
to beequivalentiff they entail each other. (Recall that⊢ is entailment by any
sound and complete inference calculus for first-order logicwith identity.)

5.1.2 Term Algebra

Taking up an algebraic perspective one can pair theoperators∧, ∨, Λ, andV
with operations, named by the same symbols, on the setT[Σ] of observational
predicates overΣ. For example,∧ is a two-place operation that takes each pair
〈ϕ, ψ〉 of members ofT[Σ] toϕ∧ψ. The quadruple〈∧,∨,Λ,V〉 of operations
thereby providesT[Σ] with the structure of analgebra of type〈2, 2, 0, 0〉, the
so-calledterm algebra overΣ.

In general, analgebraconsists of acarrier setA and a family〈fi〉i∈I of
operationsonA. If fi has arityki then〈ki〉i∈I is called the(similarity) type
of the algebra. Ahomomorphism of algebrasof the same similarity type is a
functionh of carrier sets, subject to the condition that

h(fi(x1, . . . , xki
)) = fi(h(x1), . . . , h(xki

))

(with corresponding operations of both algebras named by identical symbols).
The term algebraT[Σ] overΣ can be characterized (up to isomorphism)

by the property that every homomorphism fromT[Σ] to an algebra of the same
type is uniquely determined by its effect onΣ. More precisely:

(5.2) Proposition If f is a function fromΣ to an algebraA of type〈2, 2, 0, 0〉,
then there is a unique algebra homomorphismf̂ from T[Σ] toA such that
f̂(p) = f(p) for every memberp of Σ.
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Σ T[Σ]

A

→֒

f f̂

(5.3) Corollary If f is a function fromΣ toA andh is a homomorphism of
algebras fromA toB thenĥ ◦ f = h ◦ f̂ .

Given the situation of (5.2),̂f is said to be the(homomorphic) extensionof
f to T[Σ]. The property (5.2) isuniversalin the sense that it characterizes the
algebraT[Σ] uniquely up to isomorphism. It is common to speak of any such
algebra as “the”〈2, 2, 0, 0〉-algebrafreely generatedby Σ.

5.1.3 Normal Forms

An observational predicateϕ overΣ is said to be inconjunctive normal formif
ϕ is Λ or V orϕ1 ∧ . . .∧ϕm, where eachϕi is a disjunction of primitive pred-
icates. Similarly, a predicate is indisjunctive normal formif it is Λ or V or a
disjunction of conjunctions of primitive predicates. The proof of the following
fact, which uses essentially term induction and distributivity, is standard and
can be adapted from any textbook on classical propositionallogic.

(5.4) Proposition Every observational predicate is equivalent to one in con-
junctive normal form as well as to one in disjunctive normal form.

In particular, every observational theoryΓ is equivalent to one consisting solely
of statementsϕ � ψ whereϕ is in disjunctive normal form andψ is in con-
junctive normal form. Moreover, one can discard statementswith ϕ= Λ or
ψ= V, because such statements are tautologies.

It follows by introduction and elimination of conjunction that if a state-
mentϕ � ψ1 ∧ψ2 of a theoryΓ is replaced by the two statementsϕ � ψ1 and
ϕ � ψ2, the resulting theory is equivalent toΓ. The same is true, according to
introduction and elimination of disjunction, if a statement ϕ1 ∨ ϕ2 � ψ is re-
placed byϕ1 � ψ andϕ2 � ψ. Hence, by term induction, every observational
theoryΓ is equivalent to one that consists solely of statements of the form

p1 ∧ . . . ∧ pm � q1 ∨ . . . ∨ qn,

V � q1 ∨ . . . ∨ qn, and p1 ∧ . . . ∧ pm � Λ,

with pi, qj ∈Σ. In addition, we can assume that each primitive occurs at most
once on either side of a statement. An observational theory consisting solely of
statements of this type is said to havenormal form. Moreover, each primitive



74 5 Observational Theories

can be assumed to occur at most once in the whole statement because other-
wise the statement follows from reflexivity by weakening. Wethen speak of a
reduced normal form.

(5.5) Proposition Every observational theory is equivalent to a theory in (re-
duced) normal form (over the same set of primitives).

5.1.4 Interpretations and Models

Repeating the definitions of Chapter 3, a(set-valued) interpretationof the vo-
cabularyΣ consists of auniverseU and aninterpretation functionM tak-
ing members ofΣ to subsets ofU . Application of (5.2) allows us to state in
a precise way what it means to extendM to T[Σ]. We simply have to con-
sider the power set℘(U) of U as an algebra of type〈2, 2, 0, 0〉 with operations
〈∩,∪,∅, U〉. The homomorphic extension ofM to T[Σ], here also written as
M , satisfies:

M(ϕ ∧ ψ) = M(ϕ) ∩M(ψ),

M(ϕ ∨ ψ) = M(ϕ) ∪M(ψ),

M(Λ) = ∅ and M(V) = U .

Following a long tradition in philosophy and logic, we callM(ϕ) theextension
ofϕ. Instead ofM(ϕ) we also write[ϕ℄M , or [ϕ℄, for short.

The satisfactionrelation � (or �M ) corresponding toM is defined by:
x � ϕ iff x∈M(ϕ). In particular, supplementing (3.2),

(5.6) x � ϕ ∨ ψ iff x � ϕ or x � ψ.

The definition of models of observational theories can be transferred without
changes from that of Horn theories:ϕ � ψ is truewith respect to an interpre-
tationM iff M(ϕ) ⊆ M(ψ). A modelof an observational theoryΓ overΣ is
an interpretation ofΣ with respect to which all statements ofΓ are true. Note
the following immediate consequence of definitions:

(5.7) Proposition Equivalent theories have identical models.

Consider an interpretation ofΣ with universeU and satisfaction relation�.
Given two membersx andy of U we say thatx is specialized byy (notation:
x ⊑ y) if y satisfies every member ofΣ that is satisfied byx. It follows that

(5.8) x ⊑ y iff ∀ϕ∈T[Σ] (x � ϕ → y � ϕ).
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Proof. The straighforward inductive proof runs analogously to that of (3.3).
Supposex ⊑ y andϕ∈T[Σ]. We need to show that ifx � ϕ theny � ϕ. For
primitive ϕ this is just the definition of⊑. If ϕ is V or Λ there is nothing
to show sincex 2 Λ andy � V. If x � ϕ1 ∧ ϕ2 thenx satisfiesϕ1 andϕ2,
both of which are, by induction hypothesis, satisfied byy; hencey � ϕ1 ∧ ϕ2.
Similarly, if x � ϕ1 ∨ ϕ2 thenx satisfiesϕ1 orϕ2; consequently, by induction
hypothesis,y satisfiesϕ1 orϕ2 and thusϕ1 ∨ ϕ2.

Notice that specialization is in general not a partial orderbut only a pre-
order because two different members ofU can specialize each other without
being identical. If this case does not occur, i.e., if⊑ is antisymmetric and thus a
partial ordering, we say that the interpretation satisfies the condition ofidentity
of indiscernibles; it then holds that

(5.9) x= y iff ∀ϕ(x � ϕ ↔ y � ϕ).

5.2 The Canonical Model

5.2.1 Canonical Model and Generic Universe

The following definition of satisfaction of observational predicates overΣ by
subsets ofΣ straightforwardly extends the definition given in Section 3.2.1 for
conjunctive predicates: a subsetX of Σ satisfies a memberp of Σ iff p∈X ;
now term induction sets in: every subset ofΣ satisfiesV, no subset satisfiesΛ;
X satisfiesϕ∧ψ iff X satisfiesϕ andψ; and finally, in accordance with (5.6),
X satsifiesϕ ∨ ψ iff X satisfiesϕ or ψ. It follows by (5.8) that for every two
subsetsX andY of Σ,

(5.10) X ⊆ Y iff ∀ϕ∈T[Σ] (X � ϕ→Y � ϕ).

So two subsets ofΣ are identical iff they satisfy the same predicates overΣ.
SupposeΓ is an observational theory overΣ. As in the case of Horn theo-

ries we say that a subsetX of Σ is consistentlyΓ-closedif

X � ϕ → X � ψ for every (ϕ � ψ)∈Γ.

Again, C(Γ) is the system of consistentlyΓ-closed subsets ofΣ. Moreover,
the canonical interpretation functionMΓ, which takesp to{X ∈C(Γ) |p∈X},
defines a model ofΓ with universeC(Γ) – thecanonical model ofΓ. By (5.10):

(5.11) Proposition Specialization on the canonical universe is set inclusion.
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Since specialization is thus a partial ordering onC(Γ), the canonical model
satisfiesidentity of indiscernibles(5.9).

For each interpretationM of Σ with universeU , let εM be the function
fromU to ℘(Σ) such that

(5.12) εM (x) = {p∈Σ | x �M p}.

By definition of specialization,x ⊑ y iff εM (x) ⊆ εM (y). SoεM is an order
embedding ofU into℘(Σ) if M satisfies identity of indiscernibles. Moreover,
one shows easily by term induction that

(5.13) x �M ϕ iff εM (x) � ϕ.

It follows that if M is a model of an observational theoryΓ then εM is a
homomorphism of models fromM to MΓ (cf. Section 3.2.2).

Following the terminology of Section 3.2.2, we call a model of Γ generic
in case it is isomorphic toMΓ. We speak of the universeU(Γ) of such a model
as “the” generic universeof Γ, and of the members ofU(Γ) as thegeneric
entitiesdetermined byΓ. According to (5.13) and (5.11), the generic model of
Γ is the “largest”Γ-model satisfying identity of indiscernibles in the sense that
every other such modelM is embedded in the generic one viaεM .

Another consequence of (5.13) is that, for every modelM of Γ, if MΓ(ϕ) ⊆
MΓ(ψ) thenM(ϕ) ⊆M(ψ); hence, since first-order logic is complete,

(5.14) if MΓ(ϕ) ⊆ MΓ(ψ) then Γ ⊢ ϕ � ψ.

The canonical model of an observational theory thus satisfies equivalence of
coextensives, that is, two observational predicates overΣ areΓ-equivalent if
and only if they have identical extension with respect to thegeneric model of
Γ. In Chapter 6 we will prove this fact without making use of completeness of
first-order logic.

5.2.2 The Principle of Duality

As in classical propositional logic, thedualϕd of an observational predicate
ϕ overΣ is defined as the predicate one gets by replacing every occurrence
of ∧ and∨ in ϕ respectively by∨ and∧. More precisely, duality onT[Σ] is
inductively defined as follows:pd = p if p∈Σ, Vd = Λ, Λd = V,

(ϕ ∧ ψ)d =ϕd ∨ ψd and (ϕ ∨ ψ)d =ϕd ∧ ψd.

Notice that(ϕd)
d
=ϕ, which is easily seen by term induction.

Our goal is to define duality for observational theories in such a way that
the canonical universe of the dual theory is “dual” to that ofthe original theory.
To this end, observe that for any subsetX of Σ and any predicateϕ overΣ,
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(5.15) ∁X � ϕd iff X 2 ϕ,

where∁X = Σ \X is the complement ofX in Σ.

Proof. By term induction: Supposep∈Σ; then∁X satisfiespd ( =p) iff p /∈X ,
that is, iffX 2 p. Moreover,∁X � Vd iff X 2 V because both statements are
false, and∁X � Λd iff X 2 Λ because both statements are true. In addition,
∁X � (ϕ ∧ ψ)d iff ∁X � ϕd or ∁X � ψd, which, by induction hypothesis, is
the case iffX 2 ϕ or X 2 ψ, that is, iff X 2 ϕ ∧ ψ. In the same way, the
induction hypothesis implies that∁X � (ϕ ∨ ψ)d iff X 2 ϕ ∨ ψ.

If we now define(ϕ � ψ)
d asψd �ϕd and thedual theoryΓd of an ob-

servational theoryΓ as{αd | α∈Γ} then, by contraposition and (5.15),

C(Γd) = {∁X |X ∈C(Γ)}.

Moreover, sinceX ⊆ Y iff ∁Y ⊆ ∁X , duality of theories carries over to
duality of ordered generic universes:

(5.16) Proposition The ordered generic universe ofΓ is (isomorphic to) the
order dual of the generic universe ofΓd.

The generic universe of observational theories, when viewed as a partially
ordered set, is thus subject to theduality principle: if all of them satisfy a
certain order-theoretic property, they satisfy the dual property too.

(5.17) ExampleLet Γ be the theory over{a, b, c} with statementsa ∧ b � Λ
andb � c. Its dual theoryΓd consists ofV � a ∨ b andc � b. Figure 26
depicts the canonical universe ofΓ and that of its dual. As shown above, one
gets the elements ofC(Γd) by taking the complements of all elements ofC(Γ)
with respect to{a, b, c}, which reverses the inclusion order.

5.2.3 Properties of the Canonical Universe

It is easy to see that in general neither the intersection northe union of con-
sistentlyΓ-closed sets is again consistentlyΓ-closed. So, infimum (greatest
lower bound) and supremum (least upper bound) with respect to specialization
on C(Γ), if existent at all, do not necessarily coincide with intersection and
union. Moreover, an infimum or supremum of a set of generic entities may
not exist even when the set is bounded below or above, respectively. Let us
illustrate these facts by two simple examples.
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C(Γ)

?

{a} {c}

{a, c} {b, c}

C(Γd)

{a, b, c}

{b, c} {a, b}

{b} {a}

FIGURE 26 Canonical universes ofΓ andΓd

(5.18) ExampleTake the theory that comedies and thrillers are the only en-
tertaining novels. More explicitly and slightly regimented: something is enter-
taining and a novel if and only if it is a comedy or a thriller; that is,

entertaining∧ novel ≡ comedy ∨ thriller.

The theory given by this statement over the set{entertaining, novel, comedy,
thriller} of predicates is referred to as ‘Fiction’. The generic entities deter-

comedy thriller

comedy thriller

entertaining novel

something

FIGURE 27 Generic entities ofFiction

mined byFiction are represented by theFiction-closed subsets of primitive
predicates. To list them, there is first the empty set representing “something”.
Then there are the sets{entertaining} and{novel}, that is, the (generic) enter-
taining thing and the (generic) novel. In addition, we have{entertaining, novel,
comedy} and{entertaining, novel, thriller} representing respectively the com-
edy and the thriller, which both are entertaining novels, according toFiction.
And last not least, there is the comedy thriller, represented by {entertaining,
novel, comedy, thriller}. The resulting specialization relation between generic
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entities is shown in Figure 27. Obviously neither the entertaining thing and the
novel have a common least upper bound nor the comedy and the thriller have a
common greatest lower bound though in both cases there are upper and lower
bounds.

(5.19) ExampleConsider the taxonomic tree of Figure 28, which classifies
lexemes with respect to their inflection type. Assuming subclassifications to be

lexeme

inflective

declension conjugation

non-inflective

FIGURE 28 Classification of lexemes by inflection type

exhaustive, this taxonomy corresponds to the theory given by the statements

lexeme ≡ inflective ∨ non-inflective,

inflective ≡ declension∨ conjugation,

inflective ∧ non-inflective ≡ Λ, declension∧ conjugation≡ Λ.

As indicated in Section 1.4, the canonical universe of such atheory is given
by the maximal chains of the tree, i.e. consists of the sets{non-infl, lex},
{decl, infl , lex}, and{conj, infl , lex} (with predicates abbreviated appropri-
ately). In addition, the empty set is consistently closed aswell since we did not
include the statementlexeme≡ V into our theory (which would imply that
everything in the universe of discourse is a lexeme). So, thecanonical universe
is as depicted by Figure 29. Now observe that though∅ is the infimum of the
set of nonempty members of the universe, it is not given by intersection.

{decl, infl , lex} {conj, infl , lex} {non-infl, lex}

?

FIGURE 29 Canonical universe of inflection taxonomy

What holds for the canonical universe of observational theories in general
is that supremum and infimum exist for upwards and downwards directed sub-
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sets, respectively, and coincide with union and intersection, respectively. This
is an immediate consequence of the following observation:

(5.20) Lemma SupposeS is a subset system overΣ andϕ is an observational
predicate overΣ.

(i) If S is upwards directed then
⋃
S � ϕ iff X � ϕ for someX ∈S.

(ii) If S is downwards directed then
⋂
S � ϕ iff X � ϕ for everyX ∈S.

Proof. We prove (i) by term induction. In light of the proof of (3.6)it remains
to verify the induction steps for disjunction. By (5.6) and induction hypothesis,⋃
S � ϕ∨ψ iff for some membersX andY of S,X � ϕ or Y � ψ, that is, iff

ϕ∨ψ is satisfied by some member ofS sinceS is upwards directed. As for (ii)
we apply (5.15) to (i): IfS is downwards directed thenS′ = {∁X | X ∈S} is

upwards directed and
⋂
S = ∁(

⋃
S′). Hence

⋂
S � ϕ= (ϕd)

d
iff

⋃
S′ 2 ϕd

iff, for everyX ∈S, ∁X 2 ϕd, i.e.X � ϕ.

(5.21) Proposition The canonical universe of observational theories is closed
with respect to the union of upwards directed sets and with respect to the
intersection of downwards directed sets.

Notice that in contrast to Horn theories adjoiningΣ ∪ {Λ} to C(Γ) in
general does not turnC(Γ) into a complete lattice sinceC(Γ) is not necessarily
closed with respect to intersection.

(5.22) Corollary If X is a subset of some member ofC(Γ) then the set of all
members ofC(Γ) with subsetX has minimal elements.

Proof. The set{Y ∈C(Γ) |X ⊆ Y } is nonempty, by assumption, and down-
wards directed-complete, by (5.21). Zorn’s Lemma therefore guarantees mini-
mal elements.

By the same line of reasoning it follows that every observational predicate
ϕ over Σ satisfiable in the generic universeU of some observational theory
overΣ hasminimal satisfiersin U , namely the minimal members of the non-
empty and downwards directed-complete set of satisfiers ofϕ. Similarly, each
subset ofU with upper bounds inU hasminimal upper boundsin U .

Besides being upwards and downwards directed complete, the(ordered)
generic universe satisfies the property ofrelative atomicity.2

2An ordered setP is relatively atomiciff, for all x, y∈P , if x < y then there areu, v such
thatx 6 u < v 6 y and there is now with u < w < v (i.e. [u, v] = {w | u 6 w 6 v} is agap
in P ).
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(5.23) Corollary The generic universe of an observational theory is relatively
atomic.

Proof. 3 SupposeX,Y ∈C(Γ), X ⊆ Y , andp∈Y \X . By (5.21) and Zorn’s
Lemma, there is a maximal elementX ′ of {Z∈C(Γ) | X ⊆ Z ⊆ Y \ {p}},
and a minimal elementY ′ of {Z∈C(Γ) |X ′ ∪ {p} ⊆ Y ′ ⊆ Y }.

In Chapters 3 and 4, considerable effort has been invested tocharacterize
the canonical universe of simple inheritance theories and Horn theories as sub-
set systems and as ordered sets – cumulated in Table 1 at the end of Chapter 4.
In the case of observational theories, in contrast, no satisfying order-theoretic
characterization is known that picks out all dcpos that arise as generic uni-
verses of observational theories.4 On the positive side there is the result of
Speed (1972a) which says that a dcpoD is the generic universe of an obser-
vational theory just in caseD is the projective limit of a projective system of
finite ordered sets; we come back to this characterization inSection 9.3.

Though we are lacking an order-theoretic characterization, it is not diffi-
cult to characterize the canonical universes of observational theories as subset
systems – which is the topic of the next section.

5.2.4 Locally Closed Systems

Let U be a subset system overΣ. We say that a subsetY of Σ is locally a
member ofU if for every finite subsetF of Σ there is a memberX of U such
thatY ∩ F =X ∩ F . The systemU is said to belocally closedif it contains
every subset ofΣ which is locally a member ofU .5 Clearly every subset system
U over afinite setΣ is locally closed. For ifY is locally a member ofU then,
sinceΣ is finite, there is a memberX of U such thatY =Y ∩Σ=X ∩Σ=X .

Let us first verify that being locally closed is a necessary condition for
being the canonical universe of an observational theory.

(5.24) Proposition The canonical universe of an observational theory is lo-
cally closed.

Proof. Suppose a subsetY of Σ is locally a member ofC(Γ), ϕ � ψ belongs
to Γ, andY � ϕ. We need to show thatY � ψ. Since the setF of all members

3Adapted from Droste and Göbel 1990, p. 292.
4See Droste and Göbel 1990, p. 307 and the references thereinfor an example of an upwards

and downwards directed-complete ordered set which does notrepresent the generic universe of an
observational theory. Or take Johnstone’s (1982, p. 46) example of an upwards (and downwards)
directed-complete ordered set for which there is no sober topology inducing the given order. An-
other example worth mentioning is that of Düntsch (1982), which shows that the ordered set of
prime filters of a distributive lattice without unit need notbe the generic universe of an observa-
tional theory; compare this with (6.12) below.

5This definition of locally closed systems is inspired by Davey 1973.
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of Σ occurring in the statementϕ � ψ is finite, there is anX ∈C(Γ) such that
X ∩ F =Y ∩ F ; henceY � ψ.

Notice that (5.24) allows another simple proof of (5.21). For example, if
S ⊆ C(Γ) is upwards directed then for every finiteF ⊆ Σ there is anX ∈S
such that

⋃
S∩F ⊆ X ; henceX∩F =

⋃
S∩F . So,

⋃
S is locally a member

of C(Γ) and thus belongs toC(Γ), by (5.24).

(5.25) ExampleSupposeΣ is an infinite set of primitives. Then there is no
observational theory overΣ with canonical universeU = {{p} | p∈Σ}. This
is so because∅ is locally a memberU : for every finite subsetF of Σ there is
ap∈Σ such thatp /∈F ; hence∅ ∩ F = {p} ∩ F .

In order to show that the property of being locally closed characterizes the
canonical universe of observational theories, it remains to prove the reverse of
(5.24). LetU be a locally closed system overΣ. We repeat the line of reasoning
that precedes (3.12): in case there is an observational theory Γ with canonical
universeU , thenMΓ(ϕ) = {X ∈U |X � ϕ}; therefore, an observational state-
mentϕ � ψ is true inMΓ iff every member ofU satisfyingϕ satisfiesψ.
HenceΓ, if existent at all, is equivalent to the theoryΓ(U) overΣ, where

(5.26) (ϕ � ψ)∈Γ(U) iff ∀X ∈U (X � ϕ → X � ψ).

By definition,U ⊆ C(Γ(U)). As for the reverse inclusion, we first consider
the case whenΣ is finite.

(5.27) Lemma If Σ is finite thenC(Γ(U)) = U .

Proof. SupposeX ∈C(Γ(U)). Letϕ be the conjunction of all members ofX
(in any order). Thenϕ � Λ does not belong toΓ(U) sinceX satisfiesϕ. Hence
ϕ is satisfiable inU . LetY1, . . . , Yn be the minimal satisfiers ofϕ in U and let
ψi be the conjunction of the members ofYi. Thenϕ � ψ1 ∨ . . . ∨ ψn belongs
to Γ(U). HenceX � ψk for somek, that is,Yk ⊆ X . SoX =Yk ∈ U .

Given a subsetS of Σ, let U|S be the system{X ∩ S | X ∈U} of subsets
of S – therestriction ofU to S. We need the following fact:

(5.28) Y ∈C(Γ(U)) → Y ∩ S ∈ C(Γ(U|S)).

Proof. SupposeY ∈C(Γ(U)), (ϕ � ψ)∈Γ(U|S) andY ∩ S � ϕ. We need to
show thatY ∩S � ψ. Sinceϕ andψ are predicates overS, they are satisfied by
Y iff they are satisfied byY ∩S. Moreover,(ϕ � ψ)∈Γ(U). To see this, recall
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thatϕ � ψ belongs toΓ(U|S) iff, for everyX ∈U ,X ∩ S � ϕ→X ∩ S � ψ,
that is, according to what has just been said, iffX � ϕ→X � ψ. SoY � ψ,
sinceY ∩ S � ϕ andY ∈C(Γ(U)); henceY ∩ S � ψ.

Now supposeY is a member ofC(Γ(U)) andF is a finite subset ofΣ.
Then, by (5.28),Y ∩ F belongs toC(Γ(U|F )), and hence toU|F , by (5.27).
Since U is locally closed, it follows thatY ∈ U . All in all, C(Γ(U)) = U .
Consequently:

(5.29) Proposition Every locally closed system overΣ is the canonical uni-
verse of an observational theory overΣ.

SupposeU is a locally closed system overΣ. The theoryΓ(U) as defined
by (5.26) consists of all observational statements overΣ that are true in its
canonical modelMΓ(U). SinceΓ(U) is infinite even ifΣ is finite, we are in-
terested in more parsimonious theories that are equivalentto Γ(U) and thus
have the same canonical model. An obvious way to get such a theory is to take
the reduced normal formΓrnf(U) of Γ(U), see (5.5). Notice thatΓrnf(U) stays
finite if Σ is finite. Moreover, in determiningΓrnf(U) we can do withoutΓ(U):
just apply (5.26) only to those statementsϕ � ψ, whereϕ is a conjunction of
primitives,ψ is a disjunction of primitives, and no primitive occurs morethan
once in the statement.

(5.30) Remark(Nonredundant Basis)The theoryΓrnf(U) is usually highly
redundant. For ifΓrnf(U) containsϕ � ψ then alsoϕ∧ p � ψ andϕ � ψ ∨ p,
for everyp∈Σ not occurring inϕ andψ. The reason is thatΓrnf(U), like
Γ(U), is deductively closed – this time not with respect to all observational
statements but with respect to statements in reduced normalform. For finite
Σ, Ganter (1999) shows how to construct anonredundantobservational theory
overΣ with canonical universeU .6

5.2.5 Some Examples

The following examples, besides the last one, are primarilycounter examples
for showing that certain properties, like algebraicity, donot hold for generic
universes of observational theories in general.

It is straightforward to see that not every generic universesatisfies thede-
scending chain condition; that is, nonempty subsets of a generic universe may
lack minimal elements; witness Example (5.31). Consequently, by the princi-
ple of duality, also theascending chain conditiondoes not hold in general –
which is of course everything but surprising because one of the key aspects of

6Ganter’s approach generalizes that of Guigues and Duquenne1986.
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Scott domains is that suprema of (ascending) chains of compact elements need
not be compact in turn; hence, typically, there are chains ofcompact elements
lacking maximal elements (see Section 4.1).

(5.31) Example(No descending chain condition)SupposeΣ is a countable
set{a1, a2, . . .} of primitives andΓ is the theory{an � an+1 | n > 1} over
Σ. ThenC(Γ) = {A1, A2, . . .} ∪ {∅}, with An = {am |m > n}. Clearly, the
descending chainA1, A2, . . . has no minimal elements.

It is not difficult to find an observational theory whose canonical universe
is not algebraic:

(5.32) Example(Non-algebraicity)LetΓ be the theory overΣ={a1, a2, . . .}
with statements

an+1 � an and an � a1 ∨ an+1 (n > 1).

Its canonical universe is precisely thenon-algebraicordered set of Figure 22,
repeated here as Figure 30, withAn = {am |m 6 n} andB= {an | n > 1}.

Σ

A2

A1

A0

B

FIGURE 30 Non-algebraic canonical universe

So, we cannot assume that a generic universe has a basis of compact ele-
ments. Indeed, there are cases with no compact elements at all, as the following
example shows.

(5.33) Example(No compact elements)Let Σ be the union of two countable
setsA= {a1, a2, . . .} andB = {b1, b2, . . .}, and letΓ be the theory overΣ
with statements

an+1 � an, bn+1 � bn, V � a1 ∨ b1, an ∨ bn � an+1 ∨ bn+1,
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for everyn > 1. Then

C(Γ) = {An ∪B | n∈N0} ∪ {A ∪Bn | n∈N0} ∪ {A ∪B},

withAn ={am |m 6 n} andBn ={bm |m 6 n}; see Figure 31. Now observe
thatAm ∪ B ⊑ A ∪ B =

⊔
{A ∪ Bn | n∈N0} butAm ∪ B 6⊑ A ∪ Bn for

everyn. SoAm ∪B is not compact, and neither isA ∪Bm, by symmetry.

A ∪ B

A2 ∪B

A1 ∪ B

A0 ∪B

A ∪ B2

A ∪B1

A ∪B0

FIGURE 31 Canonical universe without compact elements

The next example shows that even if the generic universe is analgebraic
domainD, it need not be the case that every finite subset ofk(D) has a finite
set of minimal upper bounds ink(D). In technical terms, an algebraic generic
universe need not becoherentalgebraic; cf. Section 7.2.

(5.34) Example(Non-coherence) SupposeΓ is the theory over{a, b} ∪
{c0, c1, . . .} ∪ {d0, d1, . . .} that consists of the statements

a ∧ b ≡ c0 ∨ d0, cn ≡ cn+1 ∨ dn+1, cn ∧ dn ≡ Λ (n > 0).

ThenC(Γ) consists of∅,A={a},B= {b},C={a, b}∪{c0, c1, c2, . . .}, and
Dn = {a, b} ∪ {c0, c1, . . . , cn−1, dn}, n > 0; see Figure 32. Every member of
this ordered set is compact, but the set of minimal upper bounds of{A,B} is
infinite.

As promised above, our final example is a positive one: it shows that there
is an observational theory whose generic universe is an (infinite) binary tree.
Of course, we know this already since trees are pairwise-complete, completely
distributive Scott domains and therefore can be represented as universes of
simple inheritance theories with binary exclusions (Section 4.2.1). Concretely,
the primitives of such a theory stand in a one-to-one correspondence to the
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D0 D1 D2
. . . C

A B

?

FIGURE 32 Non-coherent algebraic canonical universe

nodes of the tree. The representation used in Example (5.35), in contrast, is
based on a much more parsimonious set of primitives, whose cardinality, in
the finite case, is logarithmic in the number of nodes.

(5.35) Example(Binary tree) SupposeΣ is {a1, a2, . . .} ∪ {b1, b2, . . .} and
Γ is given by the statements

an+1 ∨ bn+1 � an ∨ bn, an ∧ bn � Λ (n > 1).

The canonical universeC(Γ) of Γ is an infinite binary tree; witness Figure 33
(where ‘a1a2a3’ is short for ‘{a1, a2, a3}’, etc). Notice thatC(Γ) is isomor-
phic to the set of finite strings over{a, b} ordered by the prefix relation.

a1a2a3 a1a2b3 a1b2a3 a1b2b3 b1a2a3 b1a2b3 b1b2a3 b1b2b3

a1a2 a1b2 b1a2 b1b2

a1 b1

?

FIGURE 33 An infinite binary tree represented by a canonical universe

5.3 Applications
For a first application of observational theories recall that closed world reason-
ing as described in Section 2.3 rests on the assumption that aconcept implies
the disjunction of its immediate subconcepts. Such a condition is obviously
expressible by an observational statement. The generic entities (or entity types
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animal

rationality mortality

rational irrational mortal immortal

FIGURE 34 Classification of animals by rationality and mortality

or conjunctive concepts) determined by a simple inheritance theory plus closed
world assumption are thus given by the canonical universe ofan observational
theory.

5.3.1 Trees from Multidimensional Classification

The taxonomy of German nominals displayed in Figure 3 of Section 1.1 was
noticed to involve a certain amount of structural arbitrariness, for the taxo-
nomic tree could be rearranged to the effect that the distinction between defi-
niteness and indefiniteness precedes the subdivision into articles and pronouns.

We also mentioned that this sort of arbitrariness in arranging a taxonomic
tree was already observed by Boethius and Abelard in their discussion of Por-
phyry.7 So Abelard says in hisEditio super Porphyrium: “pluraliter ideo dicit
genera, quia animal dividitur per rationale animal et irrationale; et rationale
per mortale et immortale dividitur; et mortale per rationale et irrationale divid-
itur.”8 One is thus free to characterize animals first with respect torationality
and thereafter with respect to mortality, or to proceed the other way around.
This freedom of choice can be expressed by theAND /OR-tree of Figure 34.
With the choice categoriesrationalityandmortality taken as abbreviations for
rational∨ irrational andmortal∨ immortal, this AND /OR-tree corresponds to
the observational theoryΓ consisting of the statements

rational ∧ irrational � Λ, mortal ∧ immortal � Λ,

rational ∨ irrational � animal, mortal ∨ immortal � animal,

which is equivalent to a simple inheritance theory with binary exclusions. Let
us addV � animal to Γ, thereby presuming that everything in the universe
of discourse is an animal. The canonical universeC(Γ) of Γ is displayed in
Figure 35.

ThoughC(Γ) is not a tree, it “contains” several trees whose leaves are the
maximally specific elements ofC(Γ) and whose root isanimal. One of these

7Eco 1984, Sect. 2.2.4.
8Cited after Eco,ibid, p. 66. (Adelard’sEditio super Porphyriumis a commentary on Por-

phyry’s Isagoge, based on the Latin translation by Boethius. TheIsagogein turn is an introduction
into Aristotle’sCategoriae, the first book of hisOrganon.)
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animal

rational
animal

irrational
animal

mortal
animal

immortal
animal

rat. mort.
animal

irrat. mort.
animal

rat. immort.
animal

irrat. immort.
animal

FIGURE 35 Canonical universe given by theAND /OR-tree of Figure 34

trees is indicated in Figure 35 by bold lines. Notice that this tree represents the
specialization of animals to rational and irrational ones,of rational animals to
mortal and immortal ones, etc, on the level of generic entities. Notice further
that the alternative specialization of animals to mortal and immortal ones etc
corresponds to the tree given by the non-bold lines of Figure35.

Since extending the theoryΓ by adding statements (not deducible fromΓ)
has the effect of “deleting” elements ofC(Γ), we can ask for an extension
of Γ whose canonical universe is one of these subtrees. Clearly,adding the
statement

mortal ∨ immortal � rational ∨ irrational

toΓ yields the bold-line tree (whereas adding the reverse statement gives rise to
the complementary tree). The assumption behind this observational statement
is that everything which is specified with respect to mortality is also specified
with respect to rationality, i.e., there is no generic entity specified with respect
to mortality but not with respect to rationality.

It is therefore possible to carve out trees from the generic universe of a
multidimensional classification by imposing a linear orderon compatible but
otherwise independent choice systems. (Notice that (5.35)can be regarded as a
general example of this fact.) The precise form of the tree depends on the cho-
sen ordering of choice systems and is thus in a sense arbitrary with respect to
the underlying multidimensional classification. All in all, this gives us another
illustration of the fact that explicating classification systems in form of obser-
vational theories allows us to link properties of the resulting generic universe
to specific assumptions inherent in the classification in question.

Let us finally turn to the taxonomy of German nominals mentioned at the
beginning of this section. An inheritance hierarchy that isneutral as to whether
to first distinguish articles from pronouns or definite from indefinite nominals
could be of the form shown in Figure 36. This hierarchy, however, is inadequate
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because not every nominal word is subject to definiteness, and neither is every
pronoun (cf. Figure 3).

nominal

definiteness

article pronoun

definite indefinite

FIGURE 36 Taxonomy of nominal words and definiteness

It is thus reasonable in this case not to regard both choice dimensions as
independent but to assume a hierarchy as depicted on the leftof Figure 37,
where the choice categorydefinitenessis meant to imply thedisjunctionof
its immediate superordinates (in contrast to the convention of Section 1.2). In
terms of observational statements:

V � nominal, article∧ pronoun � Λ, definite∧ indefinite � Λ,

article � nominal, pronoun � nominal, determinative� pronoun,

definite∨ indefinite � article∨ determinative.

The generic universe of this theory is the tree shown on the right of Figure 37.
We can conclude that the taxonomic tree of Figure 3 is best seen as the generic
universe of an observational theory. Classificational diagrams in linguistics, on
the other hand, are primarily used to graphically present such theories (at least
implicitly). An example is provided by the diagram on the left of Figure 37;
another one by systemic networks, which are the topic of the next section.

nominal

article pronoun

determinative

definiteness

definite indefinite nominal

article pronoun

def. art. indef. art. det. pron.

def. det. indef. det.

FIGURE 37 Nominal words, definiteness, and canonical universe
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5.3.2 Choice System Theories

Systemic networks as introduced in Section 1.3 are based on apartitionΠ of
the setΣ of primitive predicates into finitechoice systems. Each choice system
P can have anentry conditionϕP , which we assume to be any observational
predicate overΣ without occurrences ofV andΛ. The intended logical content
of such a network is that entry condition and choice system disjunction imply
each other and that every two different members of one and thesame choice
system are incompatible:

ϕP ≡ p1 ∨ . . . ∨ pn and pi ∧ pj ≡ Λ (i 6= j),

whereP = {p1, . . . , pn} belongs toΠ. Observational theories of this form are
henceforth referred to aschoice system theories. (For anon-exhaustiveversion
of choice system theories, in the sense of Chapter 1, one would only require
thatϕP is implied by eachpi and thus byp1 ∨ . . . ∨ pn.)

For instance, supposeP ={p1, p2, p3} is a choice system of some systemic
network and the entry condition ofP is graphically presented as follows (cf.
Section 1.3):

a

b

c

)

p1

p2

p3

P

Then the corresponding choice system theory contains the statement

(a ∧ b) ∨ c ≡ p1 ∨ p2 ∨ p3

as well as the exclusion statementspi ∧ pj ≡ Λ, for i 6= j.
Systemic networks are usually assumed to beacyclic. More precisely, what

is assumed to be acyclic is theprecedence relationonΠ that is borne byQ to
P if some member ofQ occurs in the preconditionϕP of P .9 Figure 38 shows
the precedence diagram of Winograd’s systemic network of English pronouns
as presented in Figure 8 on page 15 (with choice systems namedsuitably).
For possibly infiniteΣ, it is convenient to require the precedence relation to
bewell-founded, which implies acyclicity (and is equivalent to acyclicityfor
finite Σ).

Let us henceforth presume that the precedence relation of a choice system
theory is by definition well-founded. Well-foundedness of precedence give us
the following identity criterion for generic entities:

9Equivalently, one can consider the relation onΣ that is borne byq to p iff q occurs in the
precondition of the choice system whichp belongs to.
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pronoun type

distance

number

person

case

animacy

gender

FIGURE 38 Precedence relation of Winograd’s pronoun classification

(5.36) Lemma Supposex andy are generic entities of a choice system theory
such thatx ⊑ y. If, for everyunconditionedchoice systemP , x satisfies
some member ofP whenevery does, thenx= y.

Proof. Let δP be p1 ∨ . . . ∨ pn, for each choice systemP = {p1, . . . , pn}.
Supposex ⊑ y, and ifP has no entry condition theny � δP →x � δP . We
need to show thaty ⊑ x. It suffices to show that for every choice systemP ,
if y � δP thenx � δP ; for the members ofP are pairwise incompatible and
Σ is covered by choice systems. We apply the principle of well-founded (or
Noetherian) induction: Assume thaty � δQ →x � δQ for all Q precedingP .
SupposeP has an entry condition andy satisfiesδP . By induction hypothesis,
x satisfies each primitive predicate that occurs inϕP and is satisfied byy.
Hence, by term induction,x satisfiesϕP and thusδP .

The condition described in (5.36) becomes particularly simple if the choice
system theory has aroot system, i.e. a choice system for which no entry con-
dition is defined and which directly or indirectly precedes every other choice
system. In other words, the transitive closure of the precedence relation is as-
sumed to have a least element. In this case, every two nontrivial members of
the generic universe turn out to be incomparable with respect to specialization:

(5.37) Theorem Rooted choice system theories have a flat generic universe.

Proof. LetΓ be a rooted choice system theory. Then∅∈C(Γ), becauseV does
not occur in any of the preconditions. SupposeX,Y ∈C(Γ) withX nonempty
andX ⊆ Y . Let P0 be the root systemΓ. SinceX 6= ∅, there is a choice
systemP such thatX ∩ P 6= ∅, i.e.X � δP (with δP defined as above). If
P 6= P0 thenX � ϕP and henceX � δQ for someQ precedingP . Therefore,
by induction,X � δP0

. Now apply (5.36).

(5.38) Example(Exhaustive taxonomic trees)An exhaustive taxonomic tree
is a rooted choice system theory where all preconditions areprimitive and ev-
ery choice system except the root is preceded by exactly one choice system;
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see (5.19) for a simple example. According to (5.37), exhaustive taxonomic
trees induce flat specialization order.

There are variations on this theme: Given a (not necessarilyrooted) choice
system theoryΓ, let us define thecompletionof Γ to be the theory consisting
of all statements ofΓ plus all statements of the formV ≡ p1 ∨ . . .∨ pn, where
{p1, . . . , pn} is a choice system lacking an entry condition. In other words,
each generic entity is enforced to satisfy some member of every unconditioned
choice system. Then (5.36) implies:

(5.39) Corollary The specialization order induced by the completion of a
choice system theory is discrete, i.e. an antichain.

SupposeΓ is a rooted choice system theory overΣ. ThenC(Γ) is flat, by
(5.37). HenceΓ is “extensionally equivalent” to a full binary exclusion theory
Γ′ in the sense thatΓ andΓ′ have order-isomorphic generic universes. Being
not necessarily closed with respect to intersection,C(Γ) is in general not the
canonical universe of a Horn theory let alone of an exclusiontheory overΣ.
So the setΣ′ of primitives of Γ′ is typically different fromΣ. Indeed, the
standard method of definingΣ′ is to introduceone primitive predicate for each
nonempty member ofC(Γ) whereasΓ′ consists of all statementsp ∧ q ≡ Λ
with p, q∈Σ′ andp 6= q. The topic of translating choice system theories into
Horn theories will turn up again in Section 8.3.1.

5.3.3 Closures of Subset Systems

Though interesting in itself, the main purpose of the following construction
is to pave the way for Section 5.3.4. LetC be a certain class of observational
statements overΣ (e.g. the class of Horn statements). We speak of the members
of C as C-statementsand of the subsets ofC as C-theories.

SupposeU is a subset system overΣ. As in (5.26) and (3.12), we can
associate withU the setΓC(U) of all C-statementsϕ � ψ such that, for all
X ∈U , if X � ϕ thenX � ψ. By definition,U ⊆ C(ΓC(U)).

(5.40) Lemma If Γ is a C-theory such thatU ⊆ C(Γ), thenΓ ⊆ ΓC(U) and
C(ΓC(U)) ⊆ C(Γ).

Proof. SupposeU ⊆ C(Γ) for someC-theoryΓ. That is, for allX ∈U and
(ϕ � ψ)∈Γ, if X � ϕ thenX � ψ. In other words,Γ ⊆ ΓC(U). Consequently,
C(ΓC(U)) ⊆ C(Γ).

Let us say thatU is C-definableif U is the canonical universe of aC-
theory (which is the case, for instance, ifC is the class of Horn statements and
U is an inductive intersection system). By (5.40):
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Statement classC C(ΓC(U)) is closure ofU with respect to

observational local membership

Horn nonempty intersection+ directed union

Λ-free Horn intersection+ directed union

simple inheritance intersection+ union

exclusion subsets+ finitely bounded union

simple inheritance
+ exclusion

nonempty intersection
+ finitely bounded union

TABLE 2 Relationship betweenC(ΓC(U)) and U depending onC

(5.41) Proposition If U is C-definable thenU = C(ΓC(U)).

Consider the case thatU is not C-definable. The question then is how
C(ΓC(U)) is related toU . By (5.40), it follows thatC(ΓC(U)) is the least
C-definable subset system containingU . Now suppose we have a characteriza-
tion of the C-definable subset systems in terms of certain “closure properties”,
like ‘being closed with respect to intersection’. According to what has just
been said,C(ΓC(U)) is theclosureof U with respect to these properties. For
example, ifC is the class of Horn theories thenC(ΓC(U)) is the closure ofU
with respect to nonempty intersection and directed union. For we know from
Section 3.2.4 that the Horn-definable subset systems are precisely the induc-
tive intersection systems. Similarly, we can apply this line of reasoning to the
various characterizations of Chapter 3 as well as to the characterization given
in Section 5.2.4:

(5.42) Theorem Let U be a subset system. Then the subset systemC(ΓC(U))
is related toU as indicated in Table 2.

Given an arbitrary observational theoryΓ over Σ, we call aC-theoryΓ′

overΣ a C-projectionof Γ, if Γ entailsΓ′ andΓ′ entails every otherC-theory
(overΣ) entailed byΓ. By definition, every twoC-projections ofΓ are equiv-
alent. ClearlyΓC(C(Γ)) is aC-projection ofΓ. So, ifΓ′ is aC-projection ofΓ
thenC(Γ′) is the leastC-definable subset system containingC(Γ). Moreover,
if C is listed in the first column of Table 2 thenC(Γ′) is the closure ofC(Γ)
with respect to the respective properties in the second column. The following
simple example illustrates these facts.
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(5.43) ExampleRecall the little inflection taxonomy of Example (5.19). Its
canonical universe is depicted in Figure 29. The least Horn-definable subset
system (over the same set of primitives) containing this canonical universe is
shown in Figure 39; it is the closure of the original system with respect to
nonempty intersection.10 In addition, it is the canonical universe of the Horn-
theory

decl � infl , conj � infl , infl � lex, non-infl � lex,

infl ∧ non-infl � Λ, decl∧ conj � Λ,

which (consequently) is a Horn-projection of the original theory.

{conj, infl , lex}{decl, infl , lex}

{infl , lex} {non-infl, lex}

{lex}

?

FIGURE 39 Closure of Figure 29 with respect to nonempty intersection

5.3.4 Induction of Theories by Classifications

Consider the situation that a certain setU of objects is classified with respect
to a setΣ of properties. In other words, we are given a satisfaction relation
� from U to Σ, i.e. an interpretationM of Σ in ℘(U) (see Section 5.1.4).
In the terminology of Barwise and Seligman (1997), the triple 〈U,Σ,�〉 is a
classification. Given a classification one can ask for a theory that explainsthe
data. To make this precise, we need to fix the type of theory we are interested
in. For example, one can ask for a simple inheritance theory with or without
exclusions, a Horn theory with or withoutΛ, or an observational theory in
general.

Let C be a class of observational statements overΣ. We call aC-theoryΓ
a completeC-theory ofM if, first, every statement ofΓ is true with respect to
M , i.e.M is a model ofΓ, and, second,Γ entails everyC-statement that holds
in M , that is, for all(ϕ � ψ)∈C,

10Finite subset systems are always closed with respect to directed union.
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(5.44) if M(ϕ) ⊆M(ψ) then Γ ⊢ ϕ � ψ.

It is an immediate consequence of definitions that a completeC-theory ofM
is unique up to equivalence. Moreover, there is a trivial wayto get a complete
theory: take the setΓC,M of all C-statements that are true with respect toM :

ΓC,M = {(ϕ � ψ)∈C |M(ϕ) ⊆M(ψ)}.

In the remainder of this section we explore more closely the relationship
between a given classification and the canonical universe ofits completeC-
theory. Recall from Section 5.1.4 that a classification, i.e. a satisfaction relation
� fromU to Σ, determines a specialization relation⊑ onU . In addition, there
is a (pre)order-preserving functionεM from U to ℘(Σ) that takesx∈U to
{p∈Σ |x � p} (Section 5.2.1). LetUM be the image{εM (x) |x∈U} of U by
εM . In generalεM is not one-to-one because there is no guarantee ofidentity
of indiscernibles, i.e. different elements ofU may satisfy exactly the same
members ofΣ. But of course,UM ≃ U/∼, wherex∼ y iff εM (x) = εM (y).

Now notice that the canonicalC-theoryΓC(UM ) associated withUM (see
Section 5.3.3) coincides withΓC,M ; for by (5.13),εM (x) � ϕ iff x � ϕ. So
we can apply (5.42) to characterize the canonical universe of a completeC-
theory ofM . For instance, ifΓ is a complete Horn theory ofM thenC(Γ) is
the closure ofUM with respect to nonempty intersection and directed union;
similarly, if Γ is a complete simple inheritance theory ofM thenC(Γ) is the
closure ofUM with respect to intersection and union.

(5.45) ExampleConsider again the inflection taxonomy of Example (5.19).
Suppose we start off not with a taxonomy but with the classification table of
Figure 40. LetM be the associated interpretation function. The corresponding
subset systemUM is depicted on the right of Figure 40. IfC is the class of
observational statements, the theory given in (5.19) is a completeC-theory of
M with canonical universeUM . In contrast, the theory stated in (5.43) is a
complete Horn-theory ofM , whose canonical universe is the closure ofUM

with respect to nonempty intersection, as depicted in Figure 39.

(5.46) ExampleLet Σ be{a, b, c, d, e}. SupposeU consists of the seven el-
ementsx1, x2, . . . , x7 which are classified by members ofΣ according to the
classification table of Figure 41. In addition, the figure shows the specialization
order onU/∼ induced by the given classification (wherex4 andx6 are indis-
cernible, i.e.x4 ∼x6), as well as the corresponding subset systemUM overΣ.
Figure 42 provides an overview of the canonical universes ofseveral complete
C-theories ofM , with varyingC. At the top of the figure, there is the canonical
universe of a complete simple inheritance theory ofM ; it can be determined by
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x1 x x x
x2

x3 x x
x4 x x x

x4

{decl, infl , lex}

x1

{conj, infl , lex}

x3

{non-infl, lex}

x2

?

FIGURE 40 Inflection classification and induced specialization order

a b c d e

x1 x x x
x2 x
x3 x
x4 x x x x
x5 x x
x6 x x x x
x7 x x x

x2

{a}

x3

{b}

x5

{a, c}

x7

{a, c, d}
x4, x6

{a, b, c, d}

x1

{a, b, e}

FIGURE 41 Classification table and induced specialization order

closing the subset systemUM with respect to intersection and union. A (nonre-
dundant) complete simple inheritance theory ofM is given by the statements
d � c, c � a, e � a, ande � b. The diagram below the top on the left depicts
the closure ofUM with respect to intersection of nonempty subsets and union
of bounded subsets. It is the canonical universe of the extension of the above
simple inheritance theory by the exclusion statementc ∧ e � Λ. Addition of
the Horn statementb ∧ c � d further weakens the closure properties of the
associated canonical universe. If the statementb∧ c � d is added to the simple
inheritance theory before the exclusion statementc ∧ e � Λ, the resulting ef-
fect on the respective canonical universes is as depicted bythe right branch of
Figure 42. Finally, adding the statementsV � a ∨ b anda∧ b � c ∨ e leads to
a complete observational theory ofM , whose canonical universe necessarily
is UM .

SupposeΣ is finite. Consider aΛ-free Horn theoryΓ overΣ that is com-
plete with respect to a classification〈U,Σ,�〉 (with interpretation functionM ).
ThenC(Γ) is a closure system overΣ and hence the image of the closure op-
eration cl onΣ that takes each subsetY of Σ to

⋂
{X ∈C(Γ) | Y ⊆ X}; see
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simple inheritance /
intersection+ union

abcde

abcd abce

acd abc abe

ac ab

a b

?

simple inheritance+ exclusion /
nonempty intersection
+ bounded union

abcd

acd abc abe

ac ab

a b

?

Λ-free Horn /
intersection

abcde

abcd abe

acd

ac

ab

a b

?

Horn /
nonempty intersection

abcd abe

acd

ac

ab

a b

?

abcd abe

acd

ac

a b

FIGURE 42 Canonical universe of completeC-theory of classification with varyingC
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(3.16).11 On the other hand, we know from (5.42) thatC(Γ) is the intersec-
tion closure ofUM , that is, the members ofC(Γ) are the sets of the form⋂
{εM (x) | x∈V }, with V ⊆U . To combine these two facts we employ the

following abbreviations:

Y ◭ = {x∈U | ∀p∈Y (x � p)} =
⋂
{M(p) | p∈Y },

V ◮ = {p∈Σ | ∀x∈V (x � p)} =
⋂
{εM (x) | x∈V },

for Y ⊆Σ andV ⊆U . SinceY ◭ = {x∈U | Y ⊆ εM (x)}, we have:

(5.47) cl(Y ) = (Y ◭)◮.

So the closure operation associated with the closure systemC(Γ) is naturally
given by theGalois connectionassociated with�.

One can use (5.47) to read off the closure of a subsetY of Σ from a clas-
sification table as follows: First take the setY ◭ of all x∈U that satisfy all
p∈Y , i.e. find all rows in the table that are marked at all columns belonging
to Y . Thencl(Y ) (= (Y ◭)◮) is the set of allq∈Σ that are satisfied by ev-
eryy∈Y ◭; that is, take all columns of the table that are marked at every row
belonging toY ◭.

(5.48) Remark(Formal Concept Analysis)The goal ofFormal Concept Anal-
ysis, introduced by Rudolf Wille in the early 1980s, is to build hierarchical clas-
sifications from instances.12 In the terminology of Formal Concept Analysis,
〈U,Σ,�〉 is aformal context,M(p) is theextentof p∈Σ, andεM (x) is thein-
tentof x∈U . Theconcept latticeof a formal context is essentially the closure
system overΣ given by the closure operator (5.47). In the finite case (or, more
generally, in the algebraic case), the concept lattice of a formal context is iden-
tical to the canonical universe of a completeΛ-free Horn theory of the context
in question; see also Osswald and Petersen 2002, Osswald andPetersen 2003.

(5.49) Remark(Hypothesis space and inductive bias)It is tempting to apply
the terminology ofmachine learningto the problem of inducing theories from
classifications.13 TheC-theories constitute thehypothesis spaceH of the learn-
ing problem, whereas theversion spacewith respect toH andM consists of
all C-theories with modelM . The commitment to statement typeC determines

11SinceΣ is finite, every closure system overΣ is inductive and every closure operation onΣ
is finitary.

12See Davey and Priestley 1990, Chap. 11 for a short introduction and Ganter and Wille 1999
for a detailed account. Similar constructions can be found in Barwise and Etchemendy 1990 and
Barwise 1992.

13Cf. Mitchell 1997.
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the inductive bias: one can fit the data only as well asC permits. On the other
hand, ifC is too expressive,overfittingcan occur: the induced theory explains
the given data perfectly but does not allow proper generalizations.

5.4 Negation and Conditional
One might argue that the language of observational logic is too restrictive to
be useful since it lacks negation. This restriction, however, turns out to be less
restrictive than it appears at first glance.

5.4.1 Spurious Negation (and Conditional)

We already saw in Section 3.1.1 how to render ‘is-not-a’ statements into ob-
servational form. Recall that ‘A is-not-aB’ stands for ‘∀x(Ax→¬Bx)’, or
‘A � ¬B’, for short. In words: ‘Everything which is anA is not aB’, or, suc-
cinctly, ‘NoAs areBs’. The solution of Section 3.1.1 was to use ‘A∧B � Λ’
instead of ‘A � ¬B’, which is justified by the observation that both state-
ments are equivalent with respect to first-order predicate logic with identity.
So negation can enter into observational statements via ‘Λ’, which stands for
‘{x |x 6= x}’ and is hence equivalent to ‘¬V’. But also ‘V’ serves its purpose,
for ‘¬A � B’ is equivalent to ‘V � A ∨B’.

Let us now tackle the problem of eliminating negation in general. Since
negation can be eliminated together with conditionals in one sweep, we take
the latter into account too. (Recall that ‘A→B’ stands for ‘{x | Ax→Bx}’,
i.e. for ‘something which is aB if it is anA’.)

Let Σ be a set of primitive monadic predicates (excludingΛ andV). We
refer to monadic predicates that are inductively built fromΣ∪{Λ,V} by∧, ∨,
¬ and → asBoolean predicatesoverΣ. By auniversal statementoverΣ we
mean a statement of the form∀α, whereα is a Boolean predicate overΣ. We
claim that every universal statement overΣ is logically equivalent to a finite
conjunction of observational statements overΣ. Indeed, one just needs to ap-
ply the standard transformations of propositional logic tobring every Boolean
predicate into conjunctive normal form. Since

¬p1 ∨ . . . ∨ ¬pm ∨ q1 ∨ . . . ∨ qn ≡ p1 ∧ . . . ∧ pm → q1 ∨ . . . ∨ qn,

q1 ∨ . . . ∨ qn ≡ V → q1 ∨ . . . ∨ qn,

¬p1 ∨ . . . ∨ ¬pm ≡ p1 ∧ . . . ∧ pm → Λ,

and∀(α ∧ β)↔∀α ∧ ∀β, we can conclude:

(5.50) Proposition Every universal statement over a setΣ of primitive mona-
dic predicates is logically equivalent to a finite conjunction of observational
statements overΣ.
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So it is not a point of expressivity whether we employ negation and con-
ditional as predicate operators or not. From a practical point of view, it can
be convenient to use them in the process of formalizing statements given as
natural language expressions. Take for example the statement ‘Lions that are
not hungry or angry are not dangerous’, which is most naturally formalized
by ‘A ∧ ¬(B ∨ C) � ¬D’, with ‘A’ for ‘lion’, ‘ B’ for ‘hungry’, ‘C ’ for
‘angry’, and ‘D’ for ‘dangerous’. An equivalent observational statement is
‘A ∧ D � B ∨ C ’. The conditional can also be of some use; e.g. ‘Lions are
dangerous if they are hungry or angry’ corresponds to ‘A � (B ∨ C→D)’,
which is equivalent to ‘A ∧ (B ∨ C) � D.’

(5.51) Remark(Traps of logical analysis) Though convenient in certain
cases, the conditional has to be used with care. For example,it is tempting
to formalize the statement ‘Animals that are dangerous if they are hungry or
angry should be avoided’ by ‘A ∧ (B ∨ C→D) � E’, where ‘A’ stand for
‘animal’ and ‘E’ for ‘something that should be avoided’. However, turning this
universal statement into observational form gives ‘(A � B ∨ C ∨ E) ∧ (A ∧
D � E)’, which clearly has not the intended meaning of the originalstate-
ment. A more appropriate logical formalization of the example sentence is:
∀x(Ax ∧ ∀t(Bxt ∨Cxt→Dxt)→Ex), where ‘Bxt’ stands for ‘x is hungry
at (time)t’, etc. The given example is therefore beyond the scope of observa-
tional logic.

Notice that statements of the form ‘¬(A � B)’, where negation has wide
scope over the statement, do not have an observational counterpart; for when
negated, universal statements turn into existential ones.From a conceptual
point of view, existential assertions as part of a background theory do not
fit well into the picture of accumulating information based on observations
and the background theory in question. Knowledge about nonexistence, on
the other hand, is of course useful because it allows to detect incompatible
information; an assertion of nonexistence like ‘¬∃(A ∧ B)’ is equivalent to
‘A ∧B � Λ’, which is an observational statement.

5.4.2 Predicate Negation and Booleanization

In the last section we have seen that allowing negation as a predicate operator
does not alter the logical expressivity of observational statements. Nevertheless
there remains an asymmetry between negated and non-negatedpredicates if we
think of an observational theory as a knowledge base for accumulatingpositive
information. This asymmetry towards positive informationis reflected in the
construction of the canonical universe, whose elements aresets of (positive)
predicates and whose ordering signals the increase of positive information.

This asymmetry can be resolved by regarding negated predicates as taking
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part in positiveassertions. That is, predications involving negated predicates
are not viewed as denials but as assertions. This is the traditional distinction
betweenpredicate denialandterm negation, which Horn (1989) traces back to
Aristotle; schematically: ‘x (is not)A’ versus ‘x is (notA)’ or ‘x is not-A’.

To reconcile predicate negation with observational logic one can proceed
as follows. SupposeΓ is an observational theory overΣ. ExtendΣ by adding
primitives−p for all p∈Σ, and add all statements

(5.52) p ∧−p � Λ and V � p ∨ −p,

with p∈Σ. The resulting theoryΓ will be called theBooleanizationof Γ. Since
each member ofC(Γ) contains eitherp or −p, but not both, if follows that no
member ofC(Γ) is a proper subset of another member ofC(Γ); therefore:

(5.53) Proposition The ordered generic universe of the Booleanization of an
observational theory is an antichain.

(5.54) ExampleConsider the theoryΓ over{a, b, c} with statementsa ∧ b �
Λ anda ∨ b � c. Its canonical universeC(Γ) has the members∅, {c}, {a, c},
and{b, c}, whereas the canonical universeC(Γ) of the BooleanizationΓ of
Γ consists of{−a,−b,−c}, {−a,−b, c}, {a,−b, c}, and{−a, b, c}; see Fig-
ure 43.

C(Γ)

?

{c}

{a, c} {b, c} C(Γ)

{−a, b, c} {a,−b, c} {−a,−b, c} {−a,−b,−c}

FIGURE 43 Effect of Booleanization on canonical universe

As the previous example indicates, there is a one-to-one correspondence
betweenC(Γ) andC(Γ) for every observational theoryΓ. To see this, consider
the functionf from C(Γ) to C(Γ) that takesY to Y ∩ Σ. Observe that if
X ∈C(Γ) then the setX =X ∪ {−p | p∈Σ \X} belongs toC(Γ) because
it is consistently closed with respect toΓ and the statements (5.52). Clearly,
X ∩ Σ =X andY ∩ Σ = Y . Hencef is onto and one-to-one:

(5.55) Proposition There is a one-to-one correspondence between the ge-
neric universe of an observational theory and that of its Booleanization.
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Booleanization means thus loss of specialization while keeping all elements of
the generic universe.

Term negation need not be applied to all members ofΣ. Given a subset
Σ0 of Σ, let Σ′ beΣ ∪ {−p | p∈Σ0} and letΓ′ be the extension ofΓ by all
statements of the form (5.52) withp∈Σ0. As in the case of Booleanization,
there is a one-to-one correspondence betweenC(Γ) andC(Γ′). Specialization
onC(Γ′), in contrast, is usually nontrivial.

Finally, it should be added that there may be reasons to make use of term
negation without admitting the law of excluded middle. Thatis, p∧−p � Λ is
added toΓ, but notV � p ∨ −p. A possible application is the transformation
of a taxonomic tree into a binary one.

5.4.3 Digression: Intuitionistic Negation and Conditional

SupposeΓ is an observational theory overΣ with ordered generic universeU .
By (5.8), it follows that every observational predicateϕ overΣ is persistent
with respect to specialization in the sense that ifx � ϕ andx ⊑ y theny � ϕ,
for all x, y∈U .

Regarding knowledge as cumulative or persistent is much in accordance
with the principles ofintuitionistic logic. Let us therefore briefly indicate how
to incorporate intuitionistic negation and conditional into the present frame-
work. Roughly speaking, they are obtained by making their classical counter-
parts persistent. That is, when ‘∼’ signals intuitionistic negation, we require
that

x � ∼ϕ iff ∀y(x ⊑ y → y 2 ϕ).

In words:x satisfies∼ϕ if and only if neitherx nor anything more specific than
x satisfiesϕ. Correspondingly for the intuitionistic conditional ‘⇒’; making
the classical conditional persistent gives:

(5.56) x � ϕ⇒ψ iff ∀y(x ⊑ y → y � (ϕ→ψ)).

These interpretations conform with the standard Kripke-style interpreta-
tion of intuitionistic logic, where the ordered generic universe serves as a
Kripke-model.14 It follows that the laws of intuitionistic logic are extension-
ally valid; in particular,[ϕ ∧ (ϕ⇒ψ)℄ ⊆ [ψ℄. Moreover,[∼ϕ℄ = [ϕ⇒Λ℄

and[ϕ ∧ ∼ϕ℄ = [Λ℄. But it is in general not the case that[ϕ ∨ ∼ϕ℄ = [V℄.

(5.57) ExampleLet Γ be the theory over{a, b, c} consisting of the sole state-
mentc � a. To bring some life intoΓ, saya is ‘animal’, b is ‘black’, and
c is ‘cat’. Consider the extension of the conditional predicate c⇒ b in the

14See e.g. van Dalen 1986 or Dunn and Hardegree 2001, Chap. 11.



5.4 Negation and Conditional 103

C(Γ)

?

{a}{b}

{a, b} {a, c}

{a, b, c}

[b℄

[c℄

C(Γ ∪ {c � b})

?

{a}{b}

{a, b}

{a, b, c}

FIGURE 44 Black cats and other animals

canonical universeC(Γ) of Γ. By definition,c⇒ b is satisfied byX ∈C(Γ)
iff ↑{X} ∩ [c℄ ⊆ [b℄. One can easily read off from the diagram ofC(Γ) de-
picted in Figure 44 that[c⇒ b℄ = [b℄. (Moreover,[∼c℄ = [∼b℄ = [∼a℄ = [Λ℄.)
It is instructive to contrastc⇒ b with the statementc � b. First of all, c⇒ b
is not a statement but a predicate;c⇒ b is satisfied by those elements of the
generic universe of which it is “persistently true” that they are black if they
are cats. For example, the generic animal, represented by{a}, does not satisfy
c⇒ b because it can be specialized to a cat that is not necessarilyblack (rep-
resented by{a, c}). The statementc � b, on the other hand, does not exclude
non-black non-cats; see Figure 44 for the effect of extending Γ by c � b.

Let us ask to what extent⇒ or ∼ can be eliminated in the sense of Sec-
tion 5.4.1. First notice that the interpretation of∼ϕ andϕ⇒ψ, as introduced
above, depends on a given specialization order, which, on the other hand, is
induced by a given theory. It is hence far from clear what it means to allow
⇒ or∼ as first class predicate operators that can occur in the statements of an
observational theory. We therefore restrict ourselves to the question whether
thepost hocdefined predicateϕ⇒ψ is extensionally equivalent to an obser-
vational predicate overΣ. Notice that (5.56) can be reformulated as follows:

[ϕ⇒ψ℄ =
⋃
{↑x | ↑x ∩ [ϕ℄ ⊆ [ψ℄}.

Assume thatΣ is finite. Then the generic universeU of Γ is finite and
everyx∈U is the least satisfier of an observational predicateϕ∈T[Σ], i.e.
↑x= [ϕ℄; see Chapter 7 for details. Consequently,[ϕ⇒ψ℄ is the union of the
finiteset of all extensions[χ℄ such that[χ℄∩ [ϕ℄ ⊆ [ψ℄. It follows thatϕ⇒ψ
is extensionally equivalent to a finite disjunction of observational predicates,
which is of course observational in turn. For infiniteΣ, however, this need not
be the case. Consider for example the full binary exclusion theory{p ∧ q �
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Λ |p 6= q} overΣ. Then[∼p℄ =Σ\{p} is not the extension of an observational
predicate overΣ.

(5.58) Remark(Relative pseudocomplements)Anticipating some concepts
and results of Chapter 6, the problem of eliminating⇒-predicates comes down
to the question whether the Lindenbaum algebraL(Γ) of Γ is relatively pseu-
docomplemented, that is, whether for every two elementsa andb of L(Γ) there
exists an elementa⇒ b of L(Γ), thepseudocomplement ofa relative tob, such
that

c 6 a⇒ b iff c ∧ a 6 b,

for everyc∈L(Γ). If L(Γ) is relatively pseudocomplemented, the operation
⇒ givesL(Γ) the structure of aHeyting algebra. Everycompletedistributive
lattice is relatively pseudocomplemented becausea⇒ b can be defined by:

a⇒ b =
∨
{c | c ∧ a 6 b}.

In particular, ifΣ is finite,L(Γ) is finite too, hence a complete lattice, and thus
relatively pseudocomplemented.
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Logic and Algebra

In Section 6.1, set-theoretic models of observational theories are generalized
to algebraic ones, more precisely, to models in distributive lattices with zero
and unit, orobservational algebras, as we will call them. Every observational
theoryΓ is shown to have acanonical model in an algebraL(Γ), which is
characterized by a certain universal property. On the otherhand, every obser-
vational algebra is the canonical algebraic model of an observational theory.
This categorical correspondence between theories and algebras will prove use-
ful in Chapters 8 and 9 where translations between theories and constructions
of theories are the issue.

In Section 6.2 we show that the generic universe ofΓ can be represented
by theprime spectrumof L(Γ). By a standard application of the Prime Ideal
Theorem it then follows thatL(Γ) is the Lindenbaum algebraof Γ, which,
roughly speaking, is obtained by ignoring syntactical differences between ob-
servational predicates if they are equivalent with respectto Γ. As a byproduct
we get an inference calculus for observational statements that is sound and
strongly complete with respect to first-order entailment, which is the topic of
Section 6.3.

6.1 Algebraic Models

By anobservational algebrawe mean a distributive lattice with zero and unit.
A homomorphismof observational algebras is a lattice homomorphism that
preserves zero and unit.

6.1.1 Models in Observational Algebras

A functionm from a setΣ (of primitives) to an observational algebraA will
be referred to as aninterpretation ofΣ with values inA, orA-valued interpre-
tation. The universal property (5.2) of the term algebraT[Σ] overΣ implies
that every interpretationm of Σ in A can be uniquely extended to a function
m̂ from T[Σ] toA such thatm̂(Λ) = 0, m̂(V) = 1,

105
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m̂(ϕ ∧ ψ) = m̂(ϕ) ∧ m̂(ψ) and m̂(ϕ ∨ ψ) = m̂(ϕ) ∨ m̂(ψ).

So every interpretation ofΣ in A has a unique extension to an algebra homo-
morphism (of algebras of type〈2, 2, 0, 0〉) from T[Σ] toA.

Let Γ be an observational theory overΣ. An interpretationm of Σ in A
is called anA-valued model ofΓ if its homomorphic extension̂m satisfies
m̂(ϕ) 6 m̂(ψ) for all statementsϕ � ψ of Γ. We then also say that〈m,A〉
is an algebraic modelof Γ. This definition can be applied to biconditional
statements, i.e. to statements of the formϕ ≡ ψ, by transforming them first
into conditional form via (5.1). Alternatively, one could adjust the definition of
A-valued models explicitly to biconditional theories: an interpretationm of Σ
in A is anA-valued model ofΓ if m̂(ϕ) = m̂(ψ) for all (ϕ ≡ ψ)∈Γ. Clearly
these two options are equivalent.

(6.1) Example (Extension algebra)Every set-valued modelM of Γ with uni-
verseU is by definition an algebraicΓ-model with values in the power set
algebra℘(U). Moreover, the set of extensions (see Section 5.1.4)

ΩM = {M(ϕ) | ϕ∈T[Σ]}

is anobservational algebra of sets overU since the intersection and the union
of every two members ofΩM belong toΩM in turn; in addition,M(Λ) (= ∅)
andM(V) (= U ) are respectively zero and unit ofΩM . We refer toΩM as
thealgebra of extensions, or extension algebra, of M . It follows thatM is an
algebraic model ofΓ with values in the extension algebraΩM .

An algebraic model〈m,A〉 of Γ is calleduniversalif, for every algebraic
model〈m′, A′〉 of Γ, m′ factors uniquely throughm by a homomorphismh
fromA toA′ (i.e.m′ = h ◦m). One easily verifies that a universal model ofΓ,
if existent, is uniquely determined up to isomorphism by this property; that is,
if 〈m′, A′〉 is another universalΓ-model thenh is an isomorphism.

As for showing the existence of a universal algebraic model of Γ we can use
standard constructions from universal algebra. Let∼=Γ be the least congruence
relation onT[Σ] that contains〈ϕ, ψ〉 for all (ϕ ≡ ψ)∈Γ plus all pairs given
by the axioms of a distributive lattice with zero and unit. DefineL(Γ) to be the
quotient algebra ofT[Σ] by∼=Γ, that is,

L(Γ) = T[Σ]/∼=Γ.

The canonical interpretationmΓ of Σ in L(Γ), which takesp to [p]∼=Γ
, is by

definition a model ofΓ in L(Γ). We refer to〈mΓ,L(Γ)〉 as thecanonical (al-
gebraic) modelof Γ.
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(6.2) Proposition The canonical algebraic model of an observational theory
is universal.

Proof. If 〈m,A〉 is an algebraic model ofΓ, the congruence kernel of̂m in-
cludes∼=Γ. Hence there is a unique homomorphismh from L(Γ) = T[Σ]/∼=Γ

toA such that̂m(ϕ) = h([ϕ]∼=Γ
). By (5.2),m̂ is uniquely determined bym.

Put differently, (6.2) says that there is a one-to-one correspondence be-
tween the setMod(Γ, A) of models ofΓ in A and the setHom(L(Γ), A) of
homomorphisms fromL(Γ) toA, in short,

(6.3) Hom(L(Γ), A) ≃ Mod(Γ, A),

where a homomorphismh from L(Γ) toA is taken to the modelh ◦ mΓ.

6.1.2 Two-Valued Models

It was indicated in Section 3.2.3 that a generic entity of a Horn theoryΓ can
be viewed as a model ofΓ whose universe is a fixed singleton set. We also
mentioned that the two possible values of such an interpretation function –
the empty set and the singleton set itself – can be regarded as“truth val-
ues”, thereby leading to truth-valued interpretations andmodels in the sense
of propositional logic. Here we show from an algebraic perspective that the
same holds for observational theories in general.

Let 2 be an observational algebra consisting of exactly two members, that
is, 2= {0, 1}. There is a one-to-one correspondence between the2-valued
interpretations ofΣ and the subsets ofΣ, where a subsetX of Σ is taken
to its characteristic(2-valued) functionχX , with χX(p) = 1 if p∈X , and
χX(p)=0 otherwise. It follows by term induction thatX � ϕ iff χ̂X(ϕ)= 1.
Hence,

X � ϕ → X � ψ iff χ̂X(ϕ) 6 χ̂X(ψ).

Consequently, ifΓ is an observational theory overΣ thenX belongs toC(Γ)
iff χX is a2-valued model ofΓ. Put differently, a2-valued interpretationm of
Σ is aΓ-model iffm−1(1) belongs toC(Γ).

Notice that specialization, which is set inclusion on the set of subsets ofΣ,
is thepointwise orderon the set of interpretations:m ⊑ m′ iff m(p) 6 m′(p)
for all p∈Σ. To summarize:

(6.4) Proposition The canonical universe ofΓ is order-isomorphic to the set
of 2-valued models ofΓ ordered pointwise; in short,C(Γ) ≃ Mod(Γ,2).
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So we can take the set of2-valuedΓ-models to represent the generic uni-
verse ofΓ, where satisfaction is given as follows:

(6.5) m � ϕ iff m̂(ϕ) = 1,

for everym∈Mod(Γ,2) andϕ∈T[Σ].

6.1.3 Presentation of Algebras by Theories

An observational algebraA is said to bepresentedby an observational theory
Γ overΣ if A is isomorphic toL(Γ). This is just a reformulation of the stan-
dard definition of apresentation by generators and relationsused in universal
algebra, which runs as follows: An algebraA is generatedby a subsetΣ of
A if the homomorphic extension of the inclusion ofΣ into A is a surjective
function fromT[Σ] to A. An algebraA is presentedby a set ofgeneratorsΣ
and a relationR on T[Σ] if A is isomorphic toT[Σ]/∼=, where∼= is the least
congruence relation containingR plus all pairs given by the axioms of an ob-
servational algebra. IfA is presented by an observational theoryΓ, the relation
{〈ϕ, ψ〉 | (ϕ ≡ ψ)∈Γ} takes the role ofR.

(6.6) Theorem Every observational algebra is presented by an observational
theory.

Proof. LetΣ be a generating subset of an observational algebraA (e.g.Σ=A)
and letε be the inclusion function fromΣ intoA. Then, by assumption, the ho-
momorphic extension̂ε of ε is onto. ThereforeA is isomorphic to the quotient
T[Σ]/∼= of T[Σ] by the congruence kernel∼= of ε̂. DefineΓ to be set of all
statementsϕ ≡ ψ overΣ such thatϕ ∼= ψ. ThenΓ presentsA overΣ.

Taking (the underlying set of)A itself as the generating subset provides a
canonicalway of presentingA by a theory. LetTh(A) be the theory overA
defined that way. Its statements are given by all identities that hold inA. More
precisely,ϕ ≡ ψ is a statement ofTh(A) just in casêıA(ϕ)= ı̂A(ψ), whereıA
is the identity function onA. The canonical presentation of an observational
algebra will turn up again in Section 8.2.1.

Since finite algebras are finitely generated and every observational theory
has a normal form, it follows that finite algebras are presentable by finite theo-
ries:

(6.7) Corollary Every finite observational algebra is presentable by a finite
observational theory over a finite set of primitives.
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6.2 Prime Spectrum and Lindenbaum Algebra
6.2.1 The Prime Spectrum

Theprime spectrumP(A) of an observational algebraA is the set of all prime
filters ofA ordered by set inclusion.1 It is an immediate consequence of defi-
nitions thatP(A) is closed with respect to upwards directed union and down-
wards directed intersection. (Incidentally, in the light of (6.12) below, this is
just a reformulation of (5.21).)

LetP(a) be the set{F ∈P(A) | a∈F} of all prime filters ofA with mem-
bera. The functionP that takesa toP(a) is a homomorphism of observational
algebras fromA to℘(P(A)). Moreover,

(6.8) P(a) ⊆ P(b) iff a 6 b.

Proof. Clearly, if a 6 b thenP(a) ⊆ P(b). Supposea 66 b. Then, by the
Prime Ideal Theorem, there is a prime filterF of A such that↑a ⊆ F and
↓b ∩ F = ∅. HenceP(a) 6⊆ P(b).

It follows thatP is anembeddingof A into℘(P(A)), that is,A is isomor-
phic to an observational algebra of sets, namelyP(A) = {P(a) | a∈A}. We
have thus proved the following classical result of Birkhoffand Stone:

(6.9) Theorem Every observational algebra is isomorphic to an observational
algebra of sets.

For later use we note the followingcompactnessresult.

(6.10) Proposition Let a be a member of an observational algebraA. Then
every cover ofP(a) by members ofP(A) has a finite subcover.2

Proof. 3 SupposeC ⊆ P(A) coversP(a), that is,P(a) ⊆
⋃
C. ThenP(a)

is covered by the directed setS = {
⋃
F | F ⊆ C finite}. We need to show that

P(a) ⊆ V for someV ∈S, i.e. thata belongs to the set

I = {b | ∃V ∈S (P(b) ⊆ V )},

which is clearly an ideal ofA. Supposea /∈ I. Then, by the Prime Ideal The-
orem, there is a prime filterF of A such thata∈F andI ∩ F = ∅. Hence,
F ∈P(a), andF /∈P(b) for all b∈I. But this is impossible becauseP(a) is
covered byC, and{b | P(b)∈C} ⊆ I.

1Equivalently one could use the set of prime ideals ordered byreverse inclusion.
2If V is a subset of a setU then a systemC of subsets ofU coversV , or is acoverof V , if

V ⊆
S

C.
3Adapted from Smyth 1992, Sect. 7.2.
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Supposeh is a homomorphism of observational algebras fromA to2. Then
h−1(0) is a prime ideal ofAwhereash−1(1) is a prime filter ofA. Conversely,
given a prime filterF of A (and hence a prime idealA \ F ), the characteristic
function χF from A to 2 is an algebra homomorphism. Put together, with
Hom(A,2) ordered pointwise:

(6.11) Proposition P(A) is order-isomorphic toHom(A,2).

Assume now thatA= L(Γ) for some observational theoryΓ overΣ. Com-
bining (6.11) with (6.3) and (6.4) implies that the generic universe ofΓ can be
represented by the prime spectrumP(L(Γ)) of L(Γ):

(6.12) Proposition The canonical universe ofΓ is order-isomorphic to the
prime spectrum ofL(Γ).

The isomorphism of (6.12) takes each prime filterF ∈P(L(Γ)) to the con-
sistentlyΓ-closed set{p∈Σ | [p]∈F}. With prime filters as generic entities,
satisfaction therefore becomes:F � ϕ iff [ϕ]∈F . It is instructive to see that
this definition of satisfaction, applied to an arbitrary subsetF of L(Γ), in-
evitably leads to prime filters. For we have to require that[Λ] /∈F , [V]∈F ,

[ϕ] ∧ [ψ]∈F iff [ϕ]∈F and [ψ]∈F ,

[ϕ] ∨ [ψ]∈F iff [ϕ]∈F or [ψ]∈F .

It was promised in Section 5.2.1 to prove equivalence of coextensives (5.14)
for generic models without making use of completeness of first-order logic.
This is the place to do it. With respect to the prime spectrum representation of
the generic universe, the extension ofϕ∈T[Σ] is [ϕ℄ =P([ϕ]). By (6.8),

[ϕ℄ = [ψ℄ iff [ϕ] = [ψ].

Rephrased in terms of the extension algebra – cf. (6.1):

(6.13) Proposition L(Γ) is isomorphic to the extension algebra of the generic
model ofΓ.

In order to prove equivalence of coextensives it thus remains to show that

if [ϕ] = [ψ] then Γ ⊢ ϕ ≡ ψ.
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By definition ofL(Γ), this means to make sure that your favorite calculus of
first-order logic entails all those biconditional statements that correspond to the
defining equations of a distributive lattice with zero and unit, as e.g.ϕ ∨ ψ ≡
ψ∨ϕ andϕ∧V ≡ ϕ. Certainly, this will cause no problems. The second thing
to check is that entailment respects congruence closure, that is, if Γ entails
ϕ ≡ ψ andϕ′ ≡ ψ′ then alsoϕ ∧ ϕ′ ≡ ψ ∧ ψ′ andϕ ∨ ϕ′ ≡ ψ ∨ ψ′. Again,
this is easily seen to be the case. All in all it follows that

if [ϕ℄ = [ψ℄ then Γ ⊢ ϕ ≡ ψ.

The reverse statement is of course also true since we are working with a first-
order model ofΓ and first-order logic is sound.

As a further consequence, to be spelled out in more detail in Section 6.3,
the foregoing argument shows how to find an inference calculus for observa-
tional statements that is sound and (strongly) complete with respect to first-
order entailment: choose any calculus that respects congruence closure and
entails the aforementioned biconditionals correspondingto the axioms of an
observational algebra.

6.2.2 The Lindenbaum Algebra

The basic idea behind the Lindenbaum algebra4 of a theory is to abstract away
from syntactical differences between terms whose equivalence is entailed by
the theory in question. In the present context, two observational predicatesϕ
andψ overΣ are said to beequivalentwith respect to an observational theoryΓ
just in case they are first-order equivalent with respect toΓ, that is, ifΓ entails
ϕ ≡ ψ by any sound and complete inference calculus for first-orderlogic.

TheLindenbaum(or Lindenbaum-Tarski) algebraof Γ is defined to be the
quotient algebra of the term algebraT[Σ] modulo (first-order) equivalence.
Recall from Section 6.2.1 that

(6.14) Γ ⊢ ϕ ≡ ψ iff ϕ ∼=Γ ψ.

Hence the Lindenbaum algebra ofΓ is (isomorphic to)L(Γ):

(6.15) Proposition The Lindenbaum algebra of an observational theory is the
observational algebra presented by that theory.

The following example illustrates the relationship between canonical uni-
verse, extension algebra, Lindenbaum algebra, and prime spectrum. Moreover,
it previews part of the content of Chapter 7.

4Named after the Polish logician Adolf Lindenbaum, who perished in World War II.
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(6.16) ExampleLet Γ be the theory over{a, b, c, d} with statements

a ∧ b � c ∨ d, c ∧ d � Λ, c � a, d � a ∧ b.

Its canonical universeC(Γ) and its Lindenbaum algebraL(Γ) are shown in
Figure 45. For example, sinceΓ entailsa ∧ b � (b ∧ c) ∨ d as well as

C(Γ)

?

{a} {b}

{a, c}

{a, b, c} {a, b, d}

L(Γ)
[V]

[a ∨ b]

[b ∨ c]
[a]

[b][c ∨ d]

[a ∧ b][c]

[d]
[b ∧ c]

[Λ]

FIGURE 45 Canonical universe and Lindenbaum algebra ofΓ

(b ∧ c) ∨ d � a ∧ b, we have[(b ∧ c) ∨ d] = [a ∧ b]. The prime spectrum
of L(Γ), which according to (6.12) is order-isomorphic toC(Γ), is depicted
by Figure 46. SinceL(Γ) is finite, all its prime filters areprincipal, i.e. of the
form ↑[ϕ] = {[ψ] | [ϕ] 6 [ψ]}. If ↑[ϕ] is a prime filter then[ϕ] is necessarily
join-irreducible, that is, if [ϕ] = [ψ ∨ χ] then [ϕ] = [ψ] or [ϕ] = [χ]. In the
diagram ofL(Γ) in Figure 45 the join-irreducible elements are shaded; they
can be read off from the diagram as those elements that have precisely one
element immediately below them. Figure 47 illustrates the content of (6.13):
L(Γ) is isomorphic to the extension algebra of the generic model of Γ. Due
to the finiteness of the example, the extension algebra consists of all upwards
closed subsets of the ordered generic universe. The doubly framed subsets are
those of the form↑x; they correspond to the join-irreducible elements ofL(Γ).

6.2.3 Neighborhood Filters

SupposeM is a model of an observational theoryΓ with universeU . Let Ω be
the extension algebra ofM . In terms ofΩ the definition of specialization looks
as follows (cf. (5.8)):

x ⊑ y iff ∀V ∈Ω (x∈V → y∈V ).
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↑[V]

↑[a] ↑[b]

↑[c]

↑[b ∧ c] ↑[d]

FIGURE 46 The prime spectrum ofL(Γ)
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[V℄

[a ∨ b℄

[b ∨ c℄[a℄

[b℄[c ∨ d℄

[a ∧ b℄

[c℄

[d℄[b ∧ c℄

[Λ℄

FIGURE 47 Extension algebra of the generic model ofΓ
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LetN (x) be the set of extensions of all predicates satisfied byx∈U , i.e.

N (x) = {[ϕ℄ | x � ϕ} = {V ∈Ω | x∈V }.

The setN (x) is upwards closed with respect to inclusion, i.e. ifV ∈N (x) and
V ⊆ W thenW ∈N (x). In addition,N (x) is closed with respect to finite
intersection. ThusN (x) is a filter ofΩ, henceforth called theneighborhood
filter of x. Moreover, ifV ∪W ∈N (x), for anyV,W ∈Ω, thenV ∈N (x) or
W ∈N (x). So, since∅ /∈N (x), the neighborhood filter ofx is prime.

Assume now thatM is a generic model ofΓ. Then, by (6.13),Ω is iso-
morphic toL(Γ). Consequently, by (6.12),U is order-isomorphic to the prime
spectrum ofΩ. So every elementx of U uniquely determines a prime filter of
Ω and vice versa. Going through the various isomorphisms shows that this fil-
ter is the neighborhood filter ofx. Indeed, by (5.12),x is taken to{p | x � p},
which is identical tom−1(1) if m is the2-valuedΓ-model representingx;
hence{[ϕ] |x � ϕ} is the corresponding filter ofL(Γ) and{[ϕ℄ |x � ϕ} is the
filter of Ω in question. Vice versa, every prime filterF of Ω is the neighbor-
hood filter of a unique generic entityx.5 To sum up:

(6.17) Proposition SupposeΩ is the extension algebra of the generic model
of an observational theory. Then the prime filters ofΩ are precisely the
neighborhood filters of the generic entities.

(6.18) Remark(Coherent Spaces)Speaking of neighborhoods suggests that
there is atopological perspective on extension algebras. Indeed, if we add
unions of arbitrary subsets ofΩ, we get atopologyτ(Ω) on U .6 The topo-
logical spaces arising that way are precisely thecoherent(or spectral) spaces,
where coherence means that the compact open sets form a distributive sublat-
tice and a basis of the topology. For assume thatU is the spectrumP(A) of an
observational algebraA andΩ (≃ A) consists of the subsets{P(a) | a∈A}
of P(A) (cf. Section 6.2.1). By (6.10), it follows that the members of Ω are
the compact opensets ofτ(Ω). In addition, it is not difficult to verify that
τ(Ω) (as a subset lattice) is isomorphic to the ideal completionI(A) of A. See
Johnstone 1982, Vickers 1989, and Smyth 1992 for details.

5The topological version of this property is known assobriety; cf. e.g. Smyth 1992.
6A topologyon a setU is a subset systemτ overU that is closed with respect to finite inter-

section and arbitrary union. The members ofτ are referred to asopen sets. A topological spaceis
a setU together with a topologyτ onU . A subsetV of U is calledcompactif every cover ofV
by open sets contains a finite subcover ofV .
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6.3 Observational Logic

6.3.1 The CalculusOC≡

At the close of Section 6.2.1 it has been indicated that in order to obtain a
sound and complete inference calculus for observational statements we simply
have to axiomatize the laws of a distributive lattice with zero and unit as well
as the rules for congruence closure. These requirements areobviously met by
the inference calculusOC≡ whose inference and axiom schemes are stated in
Figures 48 and 49.

A ≡ A
(Refl)

A ≡ B
B ≡ A

(Symm)
A ≡ B B ≡ C

A ≡ C
(Trans)

A ≡ B C ≡ D
A ∧C ≡ B ∧D

(Subst∧)
A ≡ B C ≡ D
A ∨C ≡ B ∨D

(Subst∨)

FIGURE 48 Inference schemes ofOC≡

(A ∧B) ∧ C ≡ A ∧ (B ∧ C) (A ∨B) ∨ C ≡ A ∨ (B ∨ C) (Assoc)

A ∧B ≡ B ∧A A ∨B ≡ B ∨A (Comm)

A ∧A ≡ A A ∨A ≡ A (Idemp)

A ∧ (A ∨B) ≡ A A ∨ (A ∧B) ≡ A (Absorb)

A ∧ (B ∨ C) ≡ (A ∧B) ∨ (A ∧ C) (Distr)

A ∧ V ≡ A (Unit) A ∨ Λ ≡ A (Zero)

FIGURE 49 Axiom schemes ofOC≡

Let Γ be an observational theory overΣ. Recall from Section 6.1.1 that∼=Γ

is the least congruence relation onT[Σ] such thatϕ ∼=Γ ψ wheneverϕ ≡ ψ
belongs toΓ or to the axiom schemes ofOC≡. By the very definition of∼=Γ

andOC≡ we have:

ϕ ∼=Γ ψ iff Γ ⊢OC≡
ϕ ≡ ψ.

Taken together with (6.14) this proves:

(6.19) Theorem The calculusOC≡ is sound and strongly complete with re-
spect to first-order entailment.
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Figure 50 gives an overview of the various arguments connected to com-
pleteness. As said before, (iv) is a mere matter of definitions. (i) is trivial since
MΓ is a model ofΓ; (i)′ was derived in Section 5.2.1 as an immediate con-
sequence of the definition ofMΓ. The crucial result is (ii), which hinges on
the Prime Ideal Theorem, whereas (ii)′ is again trivial. (iii) follows from the
fact that first-order logic is capable of entailing the rulesand axioms ofOC≡.
Finally, (iii) ′ holds because first-order logic is sound.

Γ ⊢ ϕ ≡ ψ

ϕ ∼=Γ ψ

Γ ⊢OC≡
ϕ ≡ ψ

MΓ(ϕ) = MΓ(ψ)

∀M(M(ϕ) =M(ψ))

(i) (i)′

(ii) (ii) ′

(iii)

(iii) ′

(iv)

FIGURE 50 Overview of completeness arguments

6.3.2 The CalculusOC�

Suppose an observational theoryΓ is given in conditional form. If we want
to apply the calculusOC≡ to Γ, the statements ofΓ have to be rendered into
biconditional form along (5.1). Alternatively, one can askfor an inference cal-
culus that directly applies to conditional statements.

Consider the calculusOC� consisting of the axiom and inference schemes
presented in Figure 51. Like the calculusHC for Horn statements, see Section
3.3.1,OC� includesreflexivity(R), de nihilo quodlibet(Q), anduniversality
(U), as well asintroduction(I∧) andelimination of conjunction(E1

∧), (E2
∧). In

addition, we haveintroduction(I∨) andelimination of disjunction(E1
∨), (E2

∨).
Finally, there is left and rightweakening(W∧), (W∨), andcut (C).

Our goal is to prove the completeness ofOC� by showing its equivalence
toOC≡. To this end, every scheme ofOC≡, when put into conditional form via
(5.1), must be shown to admit a proof byOC�. Take transitivity, for instance,
whose conditional form is:

A � B B � C
A � C

(T)

Clearly (T) is provable inOC� by weakening and cut:
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A � A (R) Λ � A (Q) A � V (U)

A � B A � C
A � B ∧ C

(I∧)
A � B ∧ C
A � B

(E1
∧)

A � B ∧C
A � C

(E2
∧)

A � C B � C
A ∨B � C

(I∨)
A ∨B � C
A � C

(E1
∨)

A ∨B � C
B � C

(E2
∨)

A � B
C ∧A � B

(W∧)
A � B

A � B ∨ C
(W∨)

A � B ∨ C A ∧B � C
A � C

(C)

FIGURE 51 The calculusOC�

A � B
A � B ∨ C

(W∨)
B � C

A ∧B � C
(W∧)

A � C
(C)

Recall from Section 3.3.2 that weakening and cut, when restricted to con-
junctive statements, can be replaced by transitivity. In the presence of disjunc-
tion, the situation is more complicated. Weakening still follows from transitiv-
ity:

1: A � B
2: C ∧A � C ∧A (R)
3: C ∧A � A (E2

∧)
4: C ∧A � B (T) 3, 1

1: A � B
2: B ∨ C � B ∨ C (R)
3: B � B ∨ C (E1

∨)
4: A � B ∨ C (T) 3, 1

In order to prove cut, however, transitivity is not enough. What is needed in
addition is an axiom scheme like (D) that ensuresdistributivity of conjunction
and disjunction:

A ∧ (B ∨C) � (A ∧B) ∨ (A ∧ C) (D)
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We claim that (D) is provable byOC�. To check this, we make use of
several intermediate results.7 For a start, notice that a three times application of
elimination of disjunction followed by a two times application of introduction
of disjunction gives us the bidirectional inference scheme:8

(6.20)
(A ∨B) ∨ C � D

A ∨ (B ∨ C) � D

Employing elimination and introduction of conjunction instead yields the bidi-
rectional scheme:

(6.21)
D � (A ∧B) ∧C

D � A ∧ (B ∧ C)

Similarly, applying elimination twice and introduction once leads to the fol-
lowing two schemes:

(6.22)
A ∨B � C

B ∨A � C

(6.23)
C � A ∧B

C � B ∧A

The easy proof of the following four schemes is left as an exercise to the reader.

(6.24)
A � B

A ∨ C � B ∨ C
A � B

C ∨A � C ∨B

(6.25)
A � B

A ∧ C � B ∧ C
A � B

C ∧A � C ∧B

The penultimate step consists in proving the statement scheme

(6.26) A ∧ (B ∨ C) � (A ∧B) ∨C,

which is carried out in Figure 52. Figure 53, finally, presents the desired proof
of (D).

Let us now return to the task of proving the “conditionalized” schemes of
OC≡ within OC�. Associativity and commutativity follow from the schemes

7Basically, we follow Curry 1963, Sect. 4B3.
8The double lines indicate inference schemes that are invertible.
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1: A ∧ (B ∨ C) � A ∧ (B ∨ C) (R)
2: A ∧ (B ∨ C) � B ∨ C (E2

∧)
3: A ∧ (B ∨ C) � (B ∨ C) ∨ (A ∧B) (W∨)
4: (B ∨ C) ∨ (A ∧B) � B ∨ (C ∨ (A ∧B)) (R); (6.20)
5: A ∧ (B ∨ C) � B ∨ (C ∨ (A ∧B)) (T) 3, 4
6: C ∨ (A ∧B) � (A ∧B) ∨ C (R); (6.22)
7: B ∨ (C ∨ (A ∧B)) � B ∨ ((A ∧ B) ∨ C) (6.24)
8: A ∧ (B ∨ C) � B ∨ ((A ∧B) ∨ C) (T) 5, 7
9: A ∧ (B ∨ C) � (B ∨ C) ∧A (R); (6.23)

10: (A ∧ (B ∨ C)) ∧B � ((B ∨ C) ∧A) ∧B (6.25)
11: (A ∧ (B ∨ C)) ∧B � (B ∨ C) ∧ (A ∧B) (6.21)
12: (A ∧ (B ∨ C)) ∧B � A ∧B (E2

∨)
13: (A ∧ (B ∨ C)) ∧B � (A ∧ B) ∨ C (W∨)
14: A ∧ (B ∨ C) � (A ∧B) ∨ C (C) 8, 13

FIGURE 52 Proof of A ∧ (B ∨ C) � (A ∧B) ∨ C

1: A ∧ (B ∨ C) � A ∧ (B ∨ C) (R)
2: A ∧ (B ∨ C) � A (E1

∧)
3: A ∧ (B ∨ C) � (A ∧B) ∨ C (6.26)
4: A ∧ (B ∨ C) � A ∧ ((A ∧B) ∨ C) (I∧) 2, 3
5: (A ∧B) ∨ C � C ∨ (A ∧ B) (R); (6.22)
6: A ∧ ((A ∧B) ∨ C) � A ∧ (C ∨ (A ∧B)) (6.25)
7: A ∧ (B ∨ C) � A ∧ (C ∨ (A ∧B)) (T) 4, 6
8: A ∧ (C ∨ (A ∧B)) � (A ∧ C) ∨ (A ∧B) (6.26)
9: A ∧ (B ∨ C) � (A ∧ C) ∨ (A ∧B) (T) 7, 8

10: (A ∧ C) ∨ (A ∧B) � (A ∧ B) ∨ (A ∧ C) (R); (6.22)
11: A ∧ (B ∨ C) � (A ∧B) ∨ (A ∧ C) (T) 9, 10

FIGURE 53 Proof of (D)

(6.20) to (6.23). Unit and zero are immediate consequences of (U) and (Q).
One direction of distributivity is covered by (D). As for thereverse direction,
it is not difficult to give proofs ofA ∧ B � A ∧ (B ∨ C) andA ∧ C �
A ∧ (B ∨ C). Substitutivity follows from (6.24), (6.25), and (T). Thisleaves
us with absorption and idempotency, each of which is provable in OC� as the
reader will check without problems. Consequently, by (6.19):

(6.27) Theorem The calculusOC� is sound and strongly complete with re-
spect to first-order entailment.

Notice that if the inference schemes (W∧), (W∨), and (C) ofOC� are
replaced by (T) and (D), the resulting calculus is again complete.
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6.3.3 Digression: Sequent Structures

Sequent structures can be seen as a way to represent observational theories in
normal form. Asequent structureconsists of a setΣ of primitives and a binary
relation4 on the set of finite subsets ofΣ.9 (We also say that4 is a sequent
structure overΣ.) The pairs of finite subsets ofΣ belonging to4 are referred
to assequents.

SupposeΓ is an observational theory overΣ in normal form. That is, for
every statementϕ � ψ of Γ, ϕ is eitherV or a conjunction of primitives and
ψ is eitherΛ or a disjunction of primitives. Let4Γ be the sequent system over
Σ such that

⌊ϕ⌋ 4Γ ⌊ψ⌋ iff (ϕ � ψ)∈Γ.

(⌊ϕ⌋ is the set of primitives occurring in an observational predicateϕ overΣ.)
For example, ifΓ contains the statementsa ∧ b � c ∨ d andc ∧ d � Λ, then
{a, b} 4Γ {c, d} and{c, d} 4Γ ∅. Clearly, all sequent structures overΣ arise
that way from observational theories overΣ.

SinceΓ has normal form, a subsetX of Σ is consistentlyΓ-closed iff, for
every statementϕ � ψ of Γ, some element of⌊ψ⌋ belongs toX whenever all
elements of⌊ϕ⌋ belong toX . Put differently,X belongs toC(Γ) just in case

if P ⊆ X then X ∩Q 6= ∅

for all finite subsetsP,Q of Σ with P 4Γ Q.
If the calculusOC� is restricted to statements in normal form, the intro-

duction and elimination rules are obsolete because they either produce or pre-
suppose statements that do not have normal form. The same is true of (Q) and
(U), which both are not in normal form. This leaves us with reflexivity, weaken-
ing, and cut. In terms of sequents, it is common to state reflexivity, weakening,
and cut as follows:

{p} 4 {p} (R)

if P 4 Q then P ∪R 4 Q ∪ S (W)

if P 4 {p} ∪Q and P ∪ {p} 4 Q then P 4 Q (C)

for every memberp and all finite subsetsP , Q, R andS of Σ. Following
Barwise (1992), we call a sequent structurenormal if it is closed with respect

9Sequent structures are also callednon-deterministic information systemin Droste and Göbel
1990,theoriesin Barwise and Seligman 1997, andentailment relationsin Cederquist and Coquand
2000. Our terminology is that of Zhang 1991 and Barwise 1992.
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to reflexivity, weakening, and cut. The least normal sequentstructure including
a given sequent structure4 is referred to as thenormal closureof 4.

Reflexivity, weakening, and cut provide a complete inference calculus for
sequents in the following sense:

(6.28) Theorem Suppose4Γ is the sequent representation of a (normal) ob-
servational theoryΓ overΣ. Let 4 be the normal closure of4Γ. Then

P 4 Q iff ∀X ∈C(Γ) (P ⊆ X → X ∩Q 6= ∅).

A direct proof of this fact can be found for example in Barwise1992, p.
176. Alternatively, one can employ the completeness ofOC�. It then remains
to show that a proof ofα from Γ by OC�, with Γ andα in normal form, can be
transformed into one that uses only reflexivity, weakening,and cut. We leave
this as an exercise to the reader.

(6.29) RemarkCederquist and Coquand (2000) give a construction of the ob-
servational algebra presented by an observational theoryΓ that directly builds
on the sequent structure representation ofΓ. They also point out how their ap-
proach is related tocut elimination– a topic which regrettably had to be left
aside in our discussion of the calculusOC�.

(6.30) RemarkIf Γ is a Horn theory in normal form, its associated sequent
structure4Γ consists solely of sequents of the formP 4Γ Q, whereQ is
either empty or a singleton. In this case, the normal closure4 of 4Γ has the
property that ifP 4 Q thenP 4 ∅ or P 4 {q} for someq∈Q. Such
a sequent structure4 is calleddeterministic. Normal deterministic sequent
structures are closely related to so-calledScott information systems; see e.g.
Zhang 1991, Sect. 3.2.
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Finite Specifiability

As we saw in Chapter 4, the generic entities that are least satisfiers of (con-
junctive) predicates play a key role in establishing the correspondence between
Horn theories and Scott domains. Given a Horn theoryΓ, the least satisfiers of
conjunctive predicates form a basis of the generic universeof Γ, which means
that every generic entity is the supremum of a directed set ofleast satisfiers.
Moreover, the least satisfiers are precisely the compact elements of the generic
universe.

In Section 7.1 we explore how far the connection between least satisfiers
and compact elements carries over to observational theories in general. In Sec-
tion 7.2 we focus on observational theories whose generic entities are least
satisfiers or suprema of directed sets of those. The generic universes of these
theories turn out to coincide with the coherent algebraic domains.

7.1 Finite Specifiability and Least Satisfiers

SupposeΓ is an observational theory overΣ. Let us describe what it means
that a memberx of the generic universeU(Γ) of Γ is the least satisfier of some
observational predicateϕ overΣ. Supposex is the least satisfier ofϕ, that is,
by definition,

(7.1) if y � ϕ then x ⊑ y, i.e. [ϕ℄ = ↑x.

It follows thaty � ψ whenevery � ϕ andx � ψ; in other words,

(7.2) x � ψ iff [ϕ℄ ⊆ [ψ℄.

Condition (7.2) is not only necessary but also sufficient forx to be the least
satisfier ofϕ. This is so because (7.2) says that ify � ϕ andx � ψ theny � ψ,

123
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for everyψ; hence, by (5.10),x ⊑ y whenevery � ϕ.1 Using completeness,
we can restate (7.2) in the form:

x � ψ iff Γ ⊢ ϕ � ψ.

Sox is the least satisfier ofϕ just in casex satisfiesϕ and wheneverx satisfies
ψ thenΓ entailsϕ � ψ.

Since the least satisfierx of ϕ, if existent, is uniquely determined byϕ, we
also say thatϕ specifiesx, or thatx is finitely specifiable(becauseϕ is finitely
constructed overΣ). A further consequence of (7.2) is that finitely specifiable
elements have neighborhood filters which areprincipal, i.e. are generated by
singletons; concretely, the neighborhood filter of a finitely specifiable element
x is generated by↑x. In terms of prime filters of the Lindenbaum algebraL(Γ):

(7.3) Proposition There is a one-to-one correspondence between the finitely
specifiable elements ofU(Γ) and the principal prime filters ofL(Γ).

A principal filter of a distributive lattice is prime iff its generator is join-
irreducible. When applied to the extension algebraΩ (of the generic model
of Γ), it follows thatϕ has a least satisfier iff[ϕ℄ is ∪-irreducible inΩ; put
differently,ϕ has a least satisfier iff[ϕ] is ∨-irreducible in the Lindenbaum
algebra, that is, in terms of logic, iffϕ is not equivalent toΛ and wheneverϕ
is equivalent toψ1∨ψ2 thenϕ is equivalent toψ1 or toψ2 (where equivalence
means equivalence with respect toΓ). Hence:

(7.4) Corollary There is an order-reversing one-to-one correspondence be-
tween the finitely specifiable elements ofU(Γ) and the join-irreducible
elements ofL(Γ).

Though the correspondence between finitely specifiable elements and com-
pact elements does not carry over from Horn theories to observational theories
in general, it is easy to see that finite specifiability implies compactness. Just
notice that, according to (5.20)(i), for every (upwards) directed subsetS of
U(Γ),

(7.5)
⊔
S � ϕ iff ∃x∈S (x � ϕ).

Ergo, if ϕ specifiesx andx ⊑
⊔
S then

⊔
S � ϕ and hencey � ϕ, for some

membery of S; hencex ⊑ y, by (7.1). Therefore:
1Besides unfolding of definitions the argument simply is:∀y(y

�

ϕ→∀ψ(x
�

ψ→ y
�

ψ))
iff ∀y∀ψ(y

�

ϕ∧x
�

ψ→ y
�

ψ) iff ∀ψ(x
�

ψ→∀y(y
�

ϕ→ y
�

ψ)), which is just a way
of stating theGalois connectionbetween℘(U(Γ)) and℘(T[Σ]) determined by

�

.
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B0 B1 B2
. . . A

?

b0 b1 b2

a0

a1

FIGURE 54 Flat canonical universe with non-principal neighborhood filter

(7.6) Proposition Finitely specifiable generic entities are compact with re-
spect to specialization.

The converse of (7.6), however, is false, as the following example shows.

(7.7) ExampleLet Σ be{a0, a1, . . .} ∪ {b0, b1, . . .}, and letΓ be the theory
overΣ consisting of the statements

an ∧ bn ≡ Λ, an ≡ an+1 ∨ bn+1 (n > 0).

ThenC(Γ) = {B0, B1, B2, . . .} ∪ {∅, A}, with Bn = {a0, a1, . . . , an−1, bn}
andA= {a0, a1, a2, . . .}; see Figure 54, which in addition shows the exten-
sions of primitives. Obviously all elements ofC(Γ) are compact (with respect
to specialization). Now observe that the elementA of C(Γ) is not finitely speci-
fiable and hence, by (7.3), corresponds to a non-principal prime filter ofL(Γ).
For supposeA is the least satisfier ofϕ. Since[ϕ] is∨-irreducible, we may as-
sume thatϕ is of the formp1 ∧ . . .∧ pm, with pi∈Σ. Then{p1, . . . , pn} ⊆ A
becauseA satisfiesϕ. But ϕ is also satisfied by infinitely many of theBn’s.
HenceA is not the least satisfier ofϕ and therefore not finitely specifiable.
Notice thatΓ is a choice system theory in the sense of Section 5.3.2, whose
graphical presentation is as follows:

b0

a0

b1

a1

b2

a2

b3

. . .

7.2 Finitistic Theories and Coherent Algebraic Domains

7.2.1 Finitistic Theories

We call an observational theoryΓ finitistic if its generic entities are either
finitely specifiable or suprema of directed sets of finitely specifiable ones; that
is, Γ is finitistic just in case the set of finitely specifiable elements is a basis of
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U(Γ). Since each basis of a dcpo includes all compact elements,2 it follows by
(7.6) thatΓ is finitistic iff the finitely specifiable generic entities are precisely
the compact elements ofU(Γ). So, by (7.3), we can note:

(7.8) Proposition An observational theory is finitistic iff its generic universe
is an algebraic domain whose compact elements have principal neighbor-
hood filters.

It should be emphasized that an observational theory need not be finitistic
to have a generic universe which is an algebraic domain. Non-finitistic theories
may even induce flat specialization orders, as Example (7.7)shows. This case
of course goes hand in hand with compact elements which are not finitely
specifiable. Horn theories, on the other hand, provide positive examples, as we
know from Section 4.1.2.

(7.9) Proposition Horn theories are finitistic.

The characterization of finitistic theories given so far refers both to the
generic universe and to the Lindenbaum (or extension) algebra. It is also pos-
sible to characterize the generic universe of finitistic theories in purely order-
theoretic terms, thereby resuming the program of Chapter 4.Likewise, one can
try to characterize the Lindenbaum algebra of finitistic theories purely alge-
braically. Let us pursue the latter task first:

(7.10) Theorem An observational theory is finitistic iff each element of its
Lindenbaum algebra is a finite join of join-irreducibles.

Proof. SupposeΓ is a finitistic theory with generic universeU and correspond-
ing extension algebraΩ. By (7.8) and (7.1), the neighborhood filter of every
y∈k(U) is generated by↑y, which is∪-irreducible inΩ. Take anyV ∈Ω.
Supposex∈V ; sinceU is algebraic, there is anS ⊆ k(U) such thatx=

⊔
S;

by (7.5), somey∈S belongs toV ; hencex∈↑y ⊆ V . Therefore,V is the
union of the sets↑y, with y∈k(U) ∩ V . Application of (6.10) now shows that
V is a finite union of∪-irreducibles. Conversely, letΓ be an observational the-
ory where every member ofΩ is the union of∪-irreducibles. Forx∈U , letS
be the (nonempty) set of those finitely specifiabley∈U such thaty ⊑ x, i.e.
x∈↑y. We are finished if we can show thatS is directed with supremumx.
Supposey, y′∈S. Thenx∈↑y ∩ ↑y′∈Ω. By assumption,x belongs to some
∪-irreducible↑z ⊆ ↑y ∩ ↑y′; hencey ⊑ z andy′ ⊑ z. It remains to show that
x=

⊔
S. We havey ⊑ x for eachy∈S, that is,

⊔
S ⊑ x. Finally, if x∈V ∈Ω

2SupposeB is a basis of a dcpoD andx∈D; thenx=
F

S for some directed subsetS ofB.
If x∈k(D) thenx ⊑ y for somey∈S; hencex= y∈B.



7.2 Finitistic Theories and Coherent Algebraic Domains 127

then, by assumption,x∈↑y ⊆ V for some finitely specifiabley; thus, for every
V ∈Ω, if x∈V theny∈V , for somey∈S, and hence

⊔
S∈V . Consequently,

x ⊑
⊔
S.

Since the∪-irreducibles ofΩ are precisely the sets↑x, with x compact,
and because↑S =

⋃
{↑x | x∈S} for every subsetS of an ordered set, (7.10)

can be reformulated as follows:

(7.11) Corollary An observational theory with generic universeU is finitistic
iff the extension algebra consists of the sets↑F with F ⊆ k(U) finite.

One can therefore recover the Lindenbaum algebra of a finitistic theory from
its ordered generic universe.

Since, according to (6.6), every observational algebraA is the Lindenbaum
algebra of an observational theory, we can combine our results to derive the
following well-known fact about distributive lattices with zero and unit, where
J(A) is the set of join-irreducible elements ofA:

(7.12) Theorem SupposeA is an observational algebra whose every element
is the join of a finite subset ofJ(A). ThenJ(A)

d ≃ k(P(A)). Moreover,
A is isomorphic to the algebra{↓F | F ⊆ J(A) finite} of subsets ofJ(A),
wherea∈A corresponds to{x∈J(A) | x 6 a}, and↓F is taken to

∨
F ,

for finiteF ⊆ J(A).

7.2.2 Coherent Algebraic Domains

We know from (7.8) that the ordered generic universeU of a finitistic theoryΓ
is an algebraic domain. Let us try to characterizek(U) with respect to special-
ization by using (7.10). Recall that the neighborhood filterof eachx∈k(U) is
generated by a∪-irreducible extension, namely by↑x. SupposeF is a finite
subset ofk(U). Then, by (7.10), there is a finite subsetM of k(U) such that

(7.13)
⋂
{↑x | x∈F} =

⋃
{↑y | y∈M}.

Hence, eachy∈M is an upper bound ofF in k(U); moreover, ifz∈k(U) is
an upper bound ofF theny ⊑ z for somey∈M , since↑z ⊆

⋃
{↑y | y∈M}

implies that↑z ⊆ ↑y for somey∈M . In addition, we can assume all members
of M to beminimalupper bounds ofF because removing non-minimal upper
bounds fromM does not affect (7.13). Figure 55 is intended to sketch this
situation.

Every finite subset ofk(U) thus has afinite complete set of minimal upper
boundsin k(U). This property ofk(U) is sometimes referred to as the2/3 SFP
condition. An algebraic domainU such thatk(U) satisfies this condition is
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M

F

FIGURE 55 Finite complete setM of minimal upper bounds ofF

calledcoherent, or a2/3 bifinite domain.3 Notice that the 2/3 SFP condition,
when applied to the empty set, implies thatk(U) and thusU can have only
finitely many minimal elements.

(7.14) Theorem The generic universe of a finitistic theory is a coherent alge-
braic domain and every such domain arises that way.

Proof. It remains to show that every coherent algebraic domainU is the generic
universe of some finitistic theory. It follows from (7.13) that the systemΩ of
sets of the form↑F , with finite F ⊆ k(U), is closed with respect to finite
intersection and hence, by (7.10), is (isomorphic to) the Lindenbaum algebra
of some (finitistic) theoryΓ. We still need to show thatU is indeed the generic
universe ofΓ, i.e., that every prime filter ofΩ is the neighborhoodfilter of some
member ofU . LetP be a prime filter ofΩ. The setS= {x∈k(U) | ↑x∈P} is
directed; for ifF is a finite subset ofS andM is the complete set of minimal
upper bounds ofF then

⋃
{↑y | y∈M} =

⋂
{↑x | x∈F} ∈ P ;

hence↑y∈P for somey∈M , sinceM is finite, andy is an upper bound for
F in S. It follows thatP is the neighborhood filter of

⊔
S∈U .

Since the number of minimal elements of a 2/3 bifinite domain is finite, it
is obvious that the property of being finitistic does not dualize in general. For
example, the full binary exclusion theory over an infinite set Σ of primitives is
finitistic and its generic universe is an infinite flat domain.So the dual theory
Γ, which consists of the statementsV � p ∨ q, with p 6= q, has a generic
universe with infinitely many minimal elements. Concretely, C(Γ) = {Σ} ∪
{Σ \ {p} | p∈Σ}. ClearlyΣ \ {p} is not finitely specifiable.

3 See Abramsky and Jung 1994, Sect. 4.2.3 for a more general definition of coherence, which is
independent of algebraicity. (Beware, the use of ‘coherent’ in domain theory is rather inconsistent.
Some authors call a dcpo coherent if it is binary-complete; cf. footnote 7 on page 64.)
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A countablevocabulary has the same effect on the generic universe of fini-
tistic theories as it has in the case of Horn theories (cf. (4.12)): each generic
entity is the limit of a specialization sequence consistingof finitely specifiable
generic entities.

(7.15) Theorem The generic universe of a finitistic theory over a countable
set of primitives is a countably based coherent algebraic domain, and vice
versa.

Proof. If the set of primitives is countable then also the set of observational
predicates and hence the set of finitely specifiable generic entities. Now apply
(7.14) and the definition of finitistic theories.

(7.16) Remark(Coherent algebraic prelocales)In order to represent coher-
ent algebraic domains “in logical form”, Abramsky (1991) has introducedco-
herent algebraic prelocales, which, roughly speaking, are something halfway
between finitistic theories and their Lindenbaum algebras.4 A coherent alge-
braic prelocale is a preordered algebraA with zero-place operators0 and1,
two-place operators∨ and∧, and a monadic predicateC on A, such that0
and1 are respectively least and greatest elements,∨ and∧ yield suprema and
infima, andC is true of those elements that are∨-irreducible. The predicateC
is used to axiomatize the requirement that every element ofA is a finite join of
∨-irreducibles.

In domain theory, one is traditionally interested in categories of domains
which areCartesian closed, i.e. closed under function spaces, mainly because
this property allows to regard models of theλ-calculus as solutions of are-
cursive domain equation. The category of coherent algebraic (i.e. 2/3 bifinite)
domains is known to benot Cartesianclosed, in contrast to the category of
bifinite domains. A domainU is calledbifinite (or SFPor strongly algebraic)
if it is coherent algebraic and every finite subsetF of k(U) has afinite mub-
closurein k(U), that is, there is a finite supersetM of F in k(U) such that if
F ′ ⊆ M thenM contains a complete set of minimal upper bounds ofF ′ in
k(U). The following standard example of a coherent algebraic domain violat-
ing this property has a particularly simple specification interms of observa-
tional statements.

(7.17) ExampleLet Γ be the theory over{a0, a1, . . .} ∪ {b0, b1, . . .} with
statements

an ∧ bn ≡ an+1 ∨ bn+1 (n > 0).
4See also Abramsky and Jung 1994, Sect. 7.3.
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The canonical universeC(Γ) of Γ is depicted in Figure 56. Clearly, the set
{{a0}, {b0}} has aninfinitemub-closure.

{a0, b0, a1, b1, a2, b2, . . .}

{a0, b0, a1, b1, a2} {a0, b0, a1, b1, b2}

{a0, b0, a1} {a0, b0, b1}

{a0} {b0}

?

FIGURE 56 A non-bifinite coherent algebraic domain

7.2.3 Digression: The Descending Chain Condition

We close the section on finitistic theories by mentioning a classical criterion
for an observational algebra to be the Lindenbaum algebra ofa finitistic theory.
Recall that an ordered set satisfies thedescending chain conditionif every non-
empty subset has a minimal element (whereas theascending chain condition
requires that every nonempty subset has a maximal element).

Suppose an observational algebraA satisfies the descending chain condi-
tion. Then, clearly, every filter ofA has a least element and is hence principal.
Since, in particular, all elements ofP(A) are principal,A can be presented by
a finitistic theory. Consequently, by (7.10):

(7.18) Proposition If an observational algebra satisfies the descending chain
condition, then each of its elements is a finite join of join-irreducibles.5

So, an observational theoryΓ whose Lindenbaum algebra satisfies the de-
scending chain condition is finitistic. Moreover, all members ofU(Γ) are finite-
ly specifiable (and hence compact). In addition, it follows by (7.4) thatU(Γ)
satisfies the ascending chain condition. The converse of thelast conclusion is

5See e.g. Birkhoff 1967, Chap. VIII,§2 for a direct proof.
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of course false: Example (7.7) shows thatU(Γ) can satisfy the ascending chain
condition withoutΓ being finitistic. Also notice thatU(Γ) may violate the de-
scending chain condition even ifL(Γ) satisfies it; witness Example (5.31).
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8

Translation of Theories

In this chapter, we study the relationship between observational theories over
differentsets of primitives. A typical problem is to find a translationbetween
two theories given they are “denotationally equivalent” inthe sense of having
isomorphic generic universes. A related task is to find a translation of a theory
into one of a certain type, say a Horn theory, given its generic universe is the
generic universe of a theory of the type in question. For instance, every rooted
choice system theory is known to have a flat generic universe;see (5.37). Hence
such a theory is denotationally equivalent to a Horn theory (and even to a full
binary exclusion theory; cf. Table 1).

In Section 8.1, we introducemorphismsof observational theories as trans-
lations of predicates that respect the theories in question. In the category of
theories thus defined, the notion ofequivalenceturns out to be more useful
than that ofisomorphism. Equivalence morphisms between theories are char-
acterized as beingconservativeandessentially surjective.

Section 8.2 is concerned with various functors from the category of ob-
servational theories to that of observational algebras andof dcpos. The over-
all goal is to find out in which way morphisms of theories are reflected by
(Scott-continuous) functions of their generic universes.Since the “generic uni-
verse functor” factors by the “Lindenbaum functor” and the “prime spectrum
functor”, the latter two are studied in detail. We show, for instance, that the
Lindenbaum functor induces an equivalence between the category of obser-
vational algebras and the quotient category of observational theories modulo
equivalence.

In Section 8.3, this framework is applied to the problem of translating
choice system theories into Horn theories. Moreover, we briefly address the
problem of translating a (finite) theory into one that uses a minimal number of
primitives. Section 8.4 is concerned withextensionsof theories, which are the-
ory morphisms where the primitives and statements of one theory are included
in those of the other. Examples are Booleanization and rule completion.

135
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8.1 Categories of Observational Theories
8.1.1 Predicate Translations and Theory Morphisms

Suppose two scientists who have arrived at two different theories about a cer-
tain universe of discourse want to decide whether their theories are equivalent.
If both agree that they use the same vocabulary in the same way, equivalence
means that both theories entail each other, which is the caseif every state-
ment of one theory is entailed by the other and vice versa. This is precisely the
definition of equivalent theories introduced at the close ofSection 5.1.1.

Consider now the case of two theoriesΓ andΓ′ over different setsΣ and
Σ′ of primitive predicates. Assume that both scientists do nothinge on their
chosen predicates (or concepts) but are willing to express them in terms of
those of the other. Within the framework of observational logic this means
to interpret each primitive predicate ofΓ, i.e. each member ofΣ, by some
member ofT[Σ′], i.e. by some observational predicate overΣ′.

Let us call a functionµ from Σ to T[Σ′] a (predicate) translation. The ho-
momorphic extension̂µ of µ is a homomorphism of term algebras fromT[Σ]
to T[Σ′], that is,µ̂ takes predicates overΣ to those overΣ′. Given a predicate
ϕ overΣ we say that̂µ(ϕ) is the translation ofϕ by µ, or theµ-translation
ofϕ; similarly, we speak ofµ-translations of statements and theories. If prim-
itives are interpreted by primitives, i.e. ifµ(Σ) ⊆ Σ′, we speak of aprimitive
(preserving) translation. The functionµ is then completely determined by a
function fromΣ to Σ′.

A prerequisite forΓ andΓ′ to be equivalent is thatΓ′ entails the translation
of Γ by µ, in short,

(8.1) Γ′ ⊢ µ̂(Γ).

For the statements ofΓ when translated into the language ofΓ′ must not add
information not already deducible fromΓ′. If µ satisfies (8.1), we speak of a
morphism of observational theoriesfrom Γ to Γ′.

(8.2) Example (Extensions)SupposeΓ andΓ′ are observational theories over
Σ andΣ′, respectively, whereΣ ⊆ Σ′ andΓ ⊆ Γ′. Then the inclusion function
ε from Σ to Σ′ is a (primitive) morphism of theories fromΓ to Γ′. We speak in
this case of anextension (morphism). Extensions will be investigated in more
detail in Section 8.4.

Those readers who ever got in touch with category theory willbe familiar
with the term “morphism”; those who are not should memorize the slogan that
as soon as you consider a certain class of mathematical objects you should be
able to say how these objects are related to each other. The concept ofcategory
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Σ Σ′ Σ′′

←֓ ←֓ ←֓

T[Σ] T[Σ′] T[Σ′′]

Γ Γ′ Γ′′

⊢ ⊢

µ̂(Γ)

⊢

bµ′(Γ′)

bµ′(µ̂(Γ))

µ µ′

bµ′

FIGURE 57 Composition of theory morphisms

incorporates this idea in terms of morphisms between objects:1 acategorycon-
sists of a class ofobjectsand a class ofmorphisms, where each morphism has a
unique “source” and “target” object. In addition, there is an identity morphism
ıA from each objectA to itself. Moreover, for every two morphismsf fromA
toB andg fromB toC there is a morphismg◦f fromA toC, thecompositeof
g andf , subject to the condition that◦ is associative andf ◦ ıA = f = ıB ◦ f .

Our goal is to define a categoryTh of observational theories and theory
morphisms. More precisely, the objects ofTh are the pairs〈Σ,Γ〉 whereΓ is
an observational theory overΣ. Keeping this in mind, we often call the pair
〈Σ,Γ〉 an observational theory and write ‘Γ’ instead of ‘〈Σ,Γ〉’ in caseΣ is
clear from the context or irrelevant. To makeTh into a category, it remains
to define appropriate composites of morphisms as well as identity morphisms.
The identity morphismıΓ of Γ is the canonical inclusion function ofΣ into
T[Σ]. (Notice that identity morphisms of different theories over Σ are identical
as functions but differ as theory morphisms with respect to source and target.)
The composite of two theory morphismsµ from Γ to Γ′ andµ′ from Γ′ to
Γ′′ is the composite function̂µ′ ◦ µ from Σ to T[Σ′′]; see the upper diagram
of Figure 57. In order to show that this definition does indeedgive rise to a
morphism of theories we make use of the following observation:

(8.3) Lemma Supposeµ is a function fromΣ to T[Σ′], Γ is a theory overΣ,
α is a statement overΣ, andΓ ⊢ α. Thenµ̂(Γ) ⊢ µ̂(α).

Proof. Sinceµ̂ is a homomorphism of term algebras, it preserves all inference
schemes of the (complete) calculusOC≡.

1Standard references on category theory are Mac Lane 1971 andSchubert 1972. Texts with
applications to computer science are Poigné 1992 and Barr and Wells 1995. For a modest intro-
duction see Lawvere and Schanuel 1997 or Magnan and Reyes 1994.
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(8.4) Proposition The composite of two theory morphisms is a theory mor-
phism in turn. Moreover, composition is associative with identity mor-
phisms as units.

Proof. Supposeµ andµ′ are theory morphisms as above. We need to show

thatΓ′′ ⊢ ̂̂
µ′ ◦ µ(Γ). Sinceµ is a morphism,Γ′ ⊢ µ̂(Γ). By (8.3), it follows

that µ̂′(Γ′) ⊢ µ̂′(µ̂(Γ)), as indicated by lower diagram of Figure 57. Hence,
becauseµ′ is a morphism and entailment is transitive,Γ′′ ⊢ µ̂′(µ̂(Γ)). Now
apply (5.3). Associativity of composition is also a consequence (5.3), since

(µ′′ ◦ µ′) ◦ µ is ̂̂
µ′′ ◦ µ′ ◦ µ andµ′′ ◦ (µ′ ◦ µ) is µ̂′′ ◦ µ̂′ ◦ µ. Finally, identity

morphisms are obviously units with respect to composition.

The categorical viewpoint gives us the notion of isomorphictheories for
free: a morphism is anisomorphismiff it has a two-side inverse with respect
to composition. Thus, two observational theoriesΓ andΓ′ are isomorphic iff
there are two translationsµ from Σ to T[Σ′] andµ′ from Σ′ to T[Σ] such that
µ̂′ ◦µ= ıΓ, µ̂ ◦µ′ = ıΓ′ , Γ′ ⊢ µ̂(Γ), andΓ ⊢ µ̂′(Γ′). Unfortunately, this notion
of isomorphism is too restrictive for our purposes. For the empty theory over
{a} should surely count as equivalent to the theory{b ≡ c} over{b, c}. But if
µ̂(µ′(b)) = b then necessarilyµ′(b) = a (becausêµ takes non-primitive terms
to non-primitive terms). Similarlyµ′(c) = a, and thereforêµ(µ′(c)) = b. So,
there is no isomorphism between the two theories.

8.1.2 Equivalent Theories, Equivalent Morphisms

Before we turn more closely to the problem of characterizingthe equivalence
of theories, we point out that there is a useful notion of equivalence for theory
morphisms too. Recall that a theory morphismµ from 〈Σ,Γ〉 to 〈Σ′,Γ′〉 gives
rise to a translation of predicates overΣ into predicates overΣ′ which takesΓ-
equivalent predicates toΓ′-equivalent ones. Supposeν is a second morphism
from 〈Σ,Γ〉 to 〈Σ′,Γ′〉. Resuming our little scientific discourse from the last
section, we may ask in which cases the holders of the theoriesΓ andΓ′ are
willing to admit that choosingµ or ν is a mere matter of taste. The decision
obviously depends upon whether the holder ofΓ′ regards theµ-translation of
each predicateϕ overΣ asΓ′-equivalent to theν-translation ofϕ. It is thus
reasonable to say thatµ andν areequivalent morphisms(notation:µ ∼ ν) iff

(8.5) ∀p∈Σ (Γ′ ⊢ µ(p) ≡ ν(p)),

which implies thatΓ′ entailsµ̂(ϕ) ≡ ν̂(ϕ) for all ϕ∈T[Σ].
Let us now return to the question as to when a morphismµ establishes an

equivalence of theories. As mentioned at the close of Section 8.1.1, it is too
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restrictive to require thatµ has an inverse in the categoryTh. The preceding
discussion suggests that it might suffice if there is a morphismν from Γ′ to Γ
such that

ν ◦ µ ∼ ıΓ and µ ◦ ν ∼ ıΓ′ .

We then say thatν is “quasi-inverse” to µ. To make sure that the existence of
a quasi-inverse is indeed an appropriate criterion for equivalence, it is helpful
to consider the problem from another angle. Roughly speaking, we require
for equivalence, first, that everything expressible in one theory is expressible
in the other, and, second, that every regularity captured byone theory is also
captured by the other. Ifµ is a morphism fromΓ to Γ′ then, by (8.1) and
(8.3),Γ′ ⊢ µ̂(α) wheneverΓ ⊢ α. The second requirement can therefore be
expressed as follows:

(8.6) Γ ⊢ α iff Γ′ ⊢ µ̂(α).

As for the first condition, we take ‘identical expressivity’to mean that for every
ϕ′∈T[Σ′] there is aϕ∈T[Σ] such that̂µ(ϕ) is equivalent toϕ′ with respect
to Γ′; it suffices to require this condition for primitives:

(8.7) ∀p∈Σ′ ∃ϕ∈T[Σ] (Γ′ ⊢ p ≡ µ̂(ϕ)).

The reader might want to convince herself that (8.6) and (8.7) have the
desired effect. Every predicateϕ overΣ has a translation overΣ′ byµ, namely
µ̂(ϕ); this is what the morphismµ provides anyway. In addition, by (8.7),
every predicate overΣ′ is Γ′-equivalent to theµ-translation of a predicate over
Σ. Similar for statements: every statementα′ overΣ′ that is entailed byΓ′ is
Γ′-equivalent to theµ-translation of a statementα overΣ, which, by (8.6), is
entailed byΓ.

In case a morphismµ satisfies (8.6) we say thatµ is conservative; if µ
satisfies (8.7), it will be calledessentially surjective.

(8.8) Theorem A theory morphismµ has a quasi-inverse if and only ifµ is
conservative and essentially surjective.

Proof. Supposeν is quasi-inverse toµ. ThenΓ′ ⊢ ϕ′ ≡ µ̂(ν̂(ϕ′)), for every
ϕ′∈T[Σ′], which shows thatµ is essentially surjective. IfΓ′ ⊢ µ̂(ϕ) ≡ µ̂(ψ)
thenΓ ⊢ ν̂(µ̂(ϕ)) ≡ ν̂(µ̂(ψ)), becauseν is a morphism. Moreover,Γ entails
ϕ ≡ ν̂(µ̂(ϕ)) andψ ≡ ν̂(µ̂(ψ)). HenceΓ ⊢ ϕ ≡ ψ; so,µ is conservative.
Conversely, assumeµ is conservative and essentially surjective. Then, by (8.7)
(and the axiom of choice), one can chooseν(p′)∈T[Σ], for everyp′∈Σ′, such
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thatΓ′ ⊢ p′ ≡ µ̂(ν(p′)). Thusµ ◦ ν ∼ ıΓ′ . In particular, for everyp∈Σ, it
holds thatΓ′ ⊢ µ(p) ≡ µ̂(ν̂(µ(p))). HenceΓ ⊢ p ≡ ν̂(µ(p)), by (8.6); that is,
ν ◦ µ ∼ ιΓ.

In the light of this theorem, we call a morphismµ from Γ to Γ′ anequiv-
alence (morphism)if µ satisfies the conditions of (8.8); the theoriesΓ andΓ′

are then said to beequivalent; in symbols:Γ ∼ Γ′

(8.9) ExampleLet Σ be{a0, a1, . . . ak} ∪ {b0, b1, . . . bk}, wherek is finite,
and letΓ be the theory overΣ with statements

an ≡ an+1 ∨ bn+1 and an ∧ bn ≡ Λ (0 6 n < k).

Notice thatΓ is a rooted choice system theory in the sense of Section 5.3.2
and hence, according to (5.37), has a flat generic universe. Concretely,C(Γ)
consists of the sets∅, {a0, a1, . . . , ak}, and {a0, a1, . . . , an−1, bn} for all
n 6 k. The generic universe ofΓ is therefore isomorphic to the generic uni-
verse of the full binary exclusion theoryΓ′ = {cm ∧ cn ≡ Λ | m 6= n} over
Σ′ = {c0, c1, . . . , ck+1}. We shall see below in Section 8.2.4 that finite theo-
ries are equivalent whenever they have isomorphic generic universes. For the
moment, however, we are content with finding an equivalence morphism from
Γ to Γ′. Letµ be the function fromΣ to T[Σ′] with

µ(an) = cn+1 ∨ . . . ∨ ck+1 and µ(bn) = cn (0 6 n 6 k).

Clearly Γ′ entailsµ̂(Γ) (since(cn+1 ∨ . . . ∨ ck+1) ∧ cn ≡ (cn+1 ∧ cn) ∨
. . . ∨ (ck+1 ∧ cn) ≡ Λ for all n 6 k). Soµ is a theory morphism fromΓ to
Γ′. Now consider the functionν from Σ′ to T[Σ] such thatν(ck+1) = ak and
ν(cn) = bn for everyn 6 k. We want to show thatν is a morphism fromΓ′

to Γ. To this end, observe thatΓ (put into conditional form via (5.1)) entails
bm � an and hencebm∧bn � Λ for allm > n. In addition,Γ entailsam � an

if m > n, from which it follows thatam ∧ bn ≡ am ∧ an ∧ bn ≡ Λ whenever
m > n. All in all, this proves thatΓ entailsν̂(Γ′). It remains to check thatν is
quasi-inverse toµ. The only nontrivial claim is thatΓ entailsν(µ(an)) ≡ an,
i.e. thatΓ ⊢ an ≡ bn+1 ∨ . . . ∨ bk ∨ ak, which follows easily by induction.
Figure 58 illustrates the situation fork = 1 in terms of Lindenbaum algebras
and canonical universes (decorated with extensions of primitives). The shaded
circles in the diagrams ofL(Γ) andL(Γ′) correspond to join-irreducible el-
ements, which, by (7.4), stand in an (order-reversing) one-to-one correspon-
dence to the elements ofC(Γ) andC(Γ′). Clearly, the equivalence morphism
µ from Γ to Γ′ induces an isomorphism fromL(Γ) to L(Γ′). We shall see in
Section 8.2.1 that this holds in general.
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L(Γ)
1

b0 ∨ a0

a0 = a1 ∨ b1

b0 b1 a1

0

L(Γ′)
1

c1 ∨ c2

c0 c1 c2

0

C(Γ)

b0 b1 a1

a0

C(Γ′)

c0 c1 c2

FIGURE 58 The casek = 1

(8.10) Remark(Theories as categories)Readers with background in cate-
gory theory will recognize (8.8) as an instance of the fact that a functorF
from a categoryC to a categoryD is an equivalence of categories iffF is full
and faithful and every object ofD is isomorphic toF (c) for somec∈C.2 An
observational theoryΓ overΣ determines a category as follows: the objects are
the members ofT[Σ] and the morphisms are the pairs〈ϕ, ψ〉 with Γ ⊢ ϕ � ψ.
Since there is at most one morphism between any two objects, the category
thus defined is apreorder. One easily checks that a morphism of theories is
a functor between the respective categories. Such a functoris trivially faith-
ful since the categories in question are preorders. Moreover, the functor is full
iff it is conservative as a theory morphism. Finally, a theory morphism from
〈Σ,Γ〉 to 〈Σ′,Γ′〉 is essentially surjective just in case every objectϕ′∈T[Σ′]
is isomorphic, i.e.Γ′-equivalent, tôµ(ϕ) for someϕ∈T[Σ].

8.2 A Bunch of Functors

The functorial perspective provides the appropriate formal machinery to study
how morphisms between observational theories are reflectedby functions of
their generic universes. Again, the algebraic representation of theories turns
out to be a valuable tool.

2See e.g. Mac Lane 1971, Sect. IV.4.
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8.2.1 The FunctorsL andTh

Our first goal is to show that every morphism of theories givesrise to a ho-
momorphism of the respective Lindenbaum algebras and that this assignment
is functorial. As an intermediate step, let us see how theorymorphisms act on
models:

(8.11) Lemma Let µ be a morphism of observational theories fromΓ to Γ′.
If m is a model ofΓ′ in an observational algebraA thenm̂ ◦ µ is a model
of Γ in A.

Proof. Suppose(ϕ ≡ ψ)∈Γ. ThenΓ′ ⊢ µ̂(ϕ) ≡ µ̂(ψ), by assumption. Hence
m̂(µ̂(ϕ)) = m̂(µ̂(ψ)), for every modelm of Γ′.

Recall from Section 6.1.1 thatΓ′ has a universal algebraic modelmΓ′ in
L(Γ′). Applying (8.11) to this model shows that every morphismµ of obser-
vational theories fromΓ to Γ′ determines a model̂mΓ′ ◦ µ of Γ in L(Γ′). By
(6.2), on the other hand, every modelm of Γ in L(Γ′) uniquely determines a
homomorphismh from L(Γ) to L(Γ′) such thatm= h ◦ mΓ:

(8.12) Mod(Γ,L(Γ′)) ≃ Hom(L(Γ),L(Γ′)).

Taken together, every morphismµ from Γ to Γ′ gives rise to a homomorphism
L(µ) from L(Γ) to L(Γ′) such that̂mΓ′ ◦ µ= L(µ) ◦ mΓ.

L(Γ) L(Γ′)

Σ T[Σ′]
µ

L(µ)

mΓ
bmΓ′

Let Alg be the category of observational algebras and homomorphisms.

(8.13) Proposition L is a functor fromTh to Alg.

Proof. ObviouslyL takes identity morphisms to identity homomorphisms. If
µ andν are morphisms fromΓ to Γ′ and fromΓ′ to Γ′′, respectively, then

L(ν ◦ µ) ◦ mΓ = m̂Γ′′ ◦ ν̂ ◦ µ = L(ν) ◦ L(µ) ◦ mΓ.

HenceL(ν ◦ µ) = L(ν) ◦ L(µ), by (8.12).

Since the Lindenbaum construction, roughly speaking, turns equivalence
of predicates into identity, one might expect that this holds for equivalence of
theories and morphisms too; indeed:
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(8.14) Proposition Supposeµ and ν are theory morphisms fromΓ to Γ′.
ThenL(µ) = L(ν) iff µ ∼ ν. In particular,L(Γ) ≃ L(Γ′) iff Γ ∼ Γ′.

Proof. By (8.5) and (6.14),µ ∼ ν iff, for every ϕ∈T[Σ], µ̂(ϕ) ∼=Γ′ ν̂(ϕ),
that is, iff L(µ) ◦ mΓ = L(ν) ◦ mΓ. By (8.12), the latter condition implies that
L(µ) = L(ν).

By (8.14) and (8.13), it follows thatL(µ) is an isomorphism iffµ has a
quasi-inverse, that is, by (8.8), iffµ is conservative and essentially surjective.
This fact splits into two parts:

(8.15) Proposition Let µ be a morphism of theories fromΓ to Γ′.

(i) L(µ) is one-to-one iffµ is conservative.

(ii) L(µ) is onto iff µ is essentially surjective.

Proof. (i) L(µ) is one-to-one iff∼=Γ is the congruence kernel of̂mΓ′ ◦ µ̂, that
is, iff, for all ϕ, ψ∈T[Σ], ϕ ∼=Γ ψ just in casêµ(ϕ) ∼=Γ′ µ̂(ψ). According to
(6.14) and (8.6), this is precisely what conservativity ofµ means. (ii) L(µ) is
onto iff m̂Γ′ ◦ µ̂ is onto, which is the case iff for everyϕ′∈T[Σ′] there is a
ϕ∈T[Σ] such thatϕ′ ∼=Γ′ µ̂(ϕ), that is, by (6.14) and (8.7), iffµ is essentially
surjective.

(8.16) ExampleSupposeΣ= {a}, Σ′ = {a, b}, Γ is empty, andΓ′ consists of
a ∧ b ≡ Λ anda ∨ b ≡ V. Consider the (primitive) morphismµ of theories
from 〈Σ,Γ〉 to 〈Σ′,Γ′〉 that takesa to a. ThenL(Γ) andL(Γ′) are as depicted
in the upper part of Figure 59. SinceL(µ) is an embedding ofL(Γ) into L(Γ′),
µ is conservative. Moreover,µ is not essentially surjective sinceL(µ) is not
onto; in terms of condition (8.7), there is noϕ∈T[Σ] such thatΓ′ ⊢ b ≡ µ̂(ϕ).
(In Figure 59, the framed elements are the join-irreducibles ofL(Γ) andL(Γ′).
The lower part of the figure shows the function of canonical universes induced
byµ; see also (8.32) below.)

(8.17) RemarkA word of caution on the distinction between epimorphisms
and surjective functions should be given. In category theory, a morphismf
from A to B is called anepimorphismif, for every two morphismsg and
h from B to C, g = h wheneverg ◦ f = h ◦ f . Notice that in the category
Set of sets a morphism, i.e. a function, is an epimorphism iff it is onto. In
Alg, however, this in not the case: the homomorphismL(µ) of (8.16) is an
epimorphism of observational algebras that is not onto. For supposeg and
h are homomorphisms fromL(Γ′) to an observational algebraA such that
g ◦ L(µ) = h ◦ L(µ). Theng(a) = h(a) and henceg(b) = h(b) because in a
distributive lattice an element can have at most one complement.
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L(Γ)

0

a

1 L(Γ′)

0

a b

1

−→
L(µ)

C(Γ′)

{a} {b}

C(Γ)

?

{a}

←−
C(µ)

FIGURE 59 EpimorphismL(µ) of algebras which is not onto

(8.18) Proposition The functorL from Th to Alg is full and every objectA
of Alg is of the formL(Γ) for some objectΓ of Th.

Proof. Since the second part of the statement is just a reformulation of (6.6),
it is enough to verify thatL is full. Let h be an algebra homomorphism from
L(Γ) to L(Γ′). We need to find a morphismµ from Γ to Γ′ with h= Γ(µ). For
everyp∈Σ chooseµ(p)∈T[Σ′] such that[µ(p)]∼=Γ′

= h([p]∼=Γ
). All we need

to show is thatµ is a morphism, i.e. thatΓ′ ⊢ µ̂(Γ). Suppose(ϕ ≡ ψ)∈Γ.
Then[ϕ]∼=Γ

= [ψ]∼=Γ
and thus[µ̂(ϕ)]∼=Γ′

= h([ϕ]∼=Γ
) = h([ψ]∼=Γ

) = [µ̂(ϕ)]∼=Γ′
.

HenceΓ′ ⊢ µ̂(ϕ) ≡ µ̂(ψ).

So every homomorphismh of observational algebras ispresentedby some
morphismµ of theories in the sense thath= L(µ).

According to (8.13) and (8.14),L is a functor fromTh to Alg such that
L(µ) = L(ν) iff µ ∼ ν. It follows that∼ is acongruence relationwith respect
to composition (that is, ifµ ∼ ν andµ′ ∼ ν′ thenµ◦µ′ ∼ ν◦ν′). The so-called
quotient categoryTh/∼ of Th by ∼ has the same objects asTh whereas
its morphisms are the equivalence classes of morphisms ofTh modulo∼.3

Let Q∼ be the quotient functor fromTh to Th/∼, that is,Q∼(Γ) = Γ and
Q∼(µ) = [µ]∼. It is straightforward to show thatL factors uniquely byQ∼

and a faithful functor fromTh/∼ to Alg. In combination with (8.18), we get:

(8.19) Theorem The categoriesTh/∼ andAlg are equivalent.

(8.20) RemarkAnother option for defining a categoryTh′ which is equiva-
lent toAlg and whose objects are those ofTh is to take the models ofΓ in

3For more on quotient categories see e.g. Barr and Wells 1995,Sect. 3.5, Mac Lane 1971, Sect.
II.8, or Tokizawa and Kanki 1985.
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L(Γ′) as morphisms fromΓ to Γ′. The equivalence ofTh′ andAlg follows
from (8.12).

Recall from Section 6.1.3 that every algebraA is presented by the theory
Th(A) overA, that is,L(Th(A)) ≃ A. In particular,L(Th(L(Γ))) ≃ L(Γ)
for every theoryΓ, and henceTh(L(Γ)) ∼ Γ, by (8.14). Moreover, an algebra
homomorphism fromA toB, when viewed as a function fromA toB, trivially
determines a primitive theory morphismTh(h) fromTh(A) toTh(B). Clearly
Th is a functor fromAlg to Th.

Let Thp be the subcategory ofTh, whose objects are those ofTh and
whose morphisms are the primitive theory morphisms.Thp corresponds to the
standard category of presentations by generators and relations as used e.g. by
Oles (2000). SinceTh by definiton takes algebra homomorphisms to primitive
morphisms, it can be regarded as a functor fromAlg to Thp.

(8.21) Theorem The functorL from Thp to Alg is left adjoint toTh.

Proof. LetΓ be an observational theory overΣ andA an observational algebra.
By definition ofTh(A), a primitive morphismµ from Γ to Th(A) is a func-
tion from Σ to A such that̂µ(Γ) ⊆ Th(A). The latter condition, on the other
hand, says precisely thatµ is model ofΓ in A. So there is a bijection between
primitive morphisms fromΓ to Th(A) and models ofΓ in A. Together with
(6.3) it follows that there is a bijection between primitivemorphisms fromΓ
to Th(A) and homomorphisms fromL(Γ) toA.

A consequence of (8.21) is thatL as a functor fromThp to Alg preserves
colimits, whereas its right adjointTh preserves limits (cf. Section 9.1.2).

(8.22) Remark(Subobjects) A subobjectof an objectA of an arbitrary cat-
egoryC is usually defined to be an equivalence class of monomorphisms with
targetA, where two monomorphismsf from B to A andf ′ from B′ to A
are said to be equivalent if there is an isomorphismg from B to B′ such
thatf = f ′ ◦ g. Since monomorphisms inAlg are one-to-one, and vice versa,
(8.15)(i) says thatsubobjects(or, better,quasi-subobjects) in Th are given
by conservative morphisms, with ‘isomorphism’ relaxed to ‘equivalence mor-
phism’.

8.2.2 The FunctorsP andHom
2

Recall that the prime spectrumP(A) of an observational algebraA is the set
of all prime filters ofA ordered by set inclusion. It is easy to show that inverse
images of prime filters under homomorphisms of observational algebras are
prime filters in turn:
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(8.23) Lemma If h is an algebra homomorphism fromA toB andF ∈P(B)
thenh−1(F )∈P(A).

Proof. SupposeP ∈P(A). Then1∈h−1(P ) becauseh(1) = 1∈P . In addi-
tion 0 /∈h−1(P ) sinceh(0) = 0 /∈P . Moreover,a∈h−1(P ) and b∈h−1(P )
iff h(a)∈P andh(b)∈P iff h(a ∧ b)∈P iff a ∧ b∈h−1(P ). Similarly, a ∨
b∈h−1(P ) iff a∈h−1(P ) or b∈h−1(P ).

So, an algebra homomorphismh from A to B gives rise to a function
P(h) fromP(B) to P(A) such thatP(h)(F )=h−1(F ). ClearlyP(h) is order-
preserving. Moreover,P(h) can be shown to preserve suprema of directed sets.
An order-preserving function of dcpos which preserves suprema of directed
sets is said to beScott-continuous.

(8.24) Proposition If h is an algebra homomorphism fromA toB thenP(h)
is a Scott-continuous function of dcpos fromP(B) to P(A).

Proof. If S is an upwards directed subset ofP(B) then
⋃
S ∈P(B). By defi-

nition,a∈P(h)(
⋃

S) iff h(a)∈
⋃
S, i.e. iff h(a)∈F and hencea∈P(h)(F )

for someF ∈S. Therefore,P(h)(
⋃
S) =

⋃
{P(h)(F ) | F ∈S}.

Let Dcpo be the category of dcpos and Scott-continuous functions. Since
P(g◦h)=P(h)◦P(g) and becauseP takes identity homomorphisms to identity
functions, we have:

(8.25) Corollary P is a contravariant functor fromAlg to Dcpo.

Our primary reason for studying the functorsL andP is that their com-
positeP ◦ L is a (contravariant) functor fromTh to Dcpo which takes each
observational theory to its generic universe, see (6.12), and each morphism of
theories to a Scott-continuous function.

Suppose, for example, one aims at characterizing those functions of ge-
neric universes that are induced by conservative morphismsand by essentially
surjective ones. Then, according to (8.15), it suffices to characterizeP(h) if h
is one-to-one or onto. In order to do so, we need the followingdescription of
the prime filters of a subalgebra.

(8.26) Proposition For every subalgebraB of an observational algebraA,

P(B) = {F ∩B | F ∈P(A)}.
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Proof. 4 Application of (8.23) to the inclusion ofB into A shows thatF ∩ B
belongs toP(B) for everyF ∈P(A). Suppose now thatF ′∈P(B). We need
to show that there is anF ∈P(A) such thatF ∩ B = F ′. Observe that↑F ′

and↓(B \ F ′) are respectively filter and ideal inA with empty intersection.
Therefore, by the Prime Ideal Theorem, there is a prime filterF of A such that
↑F ′ ⊆ F andF ∩ ↓(B \ F ′) = ∅. Consequently,F ′ ⊆ F ∩ B andF ∩ (B \
F ′) = ∅; henceF ′ =F ∩B.

(8.27) Proposition Let h be a homomorphism of observational algebras.

(i) h is one-to-one iffP(h) is onto.

(ii) h is onto iff P(h) is an order embedding.

Proof. 5 Supposeh is an algebra homomorphism fromA toB. (i) The forward
direction is a consequence of (8.26). As for the reverse direction supposeh is
not one-to-one, that is, there area, b∈A such thata 6= b andh(a) = h(b). We
may assume thata 66 b. According to the Prime Ideal Theorem, there is a prime
filter F of A such thata∈F andb /∈F . SinceF is not the inverse image by
h of any subset ofB, P(h) is not onto. (ii) Ifh is onto thenh(h−1(X)) =X
for everyX ⊆ B; it follows that P(h) is an order embedding. Conversely,
supposeh is not onto. Then there is ana∈B \ B′ with B′ = h(A). Applying
the Prime Ideal Theorem to the ideal↓a and the filter↑(↑a ∩B′) gives us a
prime filterF of B such thata /∈F and↑a ∩B′ ⊆ F . A second application of
the theorem to↓(B′ \ F ) and↑a yields a prime filterF ′ of B such thata∈F ′

andF ′ ∩ (B′ \ F ) = ∅; see Figure 60. SinceF ′ ∩ B′ ⊆ F ∩B′ butF ′ 6⊆ F ,
it follows thatP(h) is not an order embedding.

According to (6.11), there is an order isomorphismτA from the pointwise
ordered setHom(A,2) to P(A) such thatτA(g) = g−1(1). Now consider the
contravariant Hom-functorHom

2

fromAlg toSet, which takes every algebra
A to Hom(A,2) and every homomorphismh fromA toB to the function that
takesg∈Hom(B,2) to g ◦ h∈Hom(A,2).6 Straightforward unraveling of
definitions shows that

τA ◦ Hom
2

(h) = P(h) ◦ τB.

4Adapted from Balbes and Dwinger 1974, p. 74, Theorem 5.
5Partly based on Davey and Priestley 1990, p. 217, Exercise 10.6(iii).
6More generally, ifC is an observational algebra then thecontravariant Hom-functorHomC

from Alg to Set takes every algebraA to the setHom(A,C) and every homomorphismh from
A to B to the function which takesg∈Hom(B,C) to g ◦ h∈Hom(A,C). It is essentially a
restatement of definitions thatHomC takes epimorphisms to one-to-one functions and colimits in
Alg to limits in Set (cf. Section 9.2.2).
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FIGURE 60 The Prime Ideal Theorem at work

Henceτ is a natural isomorphism of functors fromHom
2

to P, with P taken
as a functor fromAlg to Set. Moreover, sinceτA is an order isomorphism, it
follows by (8.24) thatHom

2

(h) is Scott-continuous. HenceHom
2

is a functor
from Alg to Dcpo; moreover:

(8.28) Proposition The functorsP andHom
2

from Alg to Dcpo are natu-
rally isomorphic.

We are now prepared to define a functor that takes theories to their ordered
generic universe and theory morphisms to Scott-continuousfunctions.

8.2.3 The FunctorsMod
2

, C, . . . andU

Recall from (6.4) that the generic universe of a theoryΓ can be represented by
the setMod

2

(Γ) of 2-valued models ofΓ with pointwise order. In order to ex-
tendMod

2

to a functor we make use of the general fact that (8.11) gives rise to
a contravariant functorModA fromTh toSet, for every observational algebra
A, whereModA(Γ) is the setMod(Γ, A) of A-models ofΓ andModA(µ),
with µ a theory morphism fromΓ to Γ′, is the function fromModA(Γ′) to
ModA(Γ) that takesm to m̂ ◦ µ.

(8.29) Proposition The functorsModA and HomA ◦L fromTh to Set are
naturally isomorphic.

Proof. By (6.3),Hom(L(Γ), A) ≃ Mod(Γ, A), for every theoryΓ; concretely,
a homomorphismh from L(Γ) to A corresponds to theA-valuedΓ-model
h ◦ mΓ. One easily checks that these data define a natural isomorphism from
HomA ◦ L to ModA. For letµ be a morphism of theories fromΓ to Γ′. Then
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(h◦L(µ))◦mΓ =(h◦ m̂Γ′)◦µ, for everyh∈Hom(L(Γ′), A); cf. the diagram
below (8.12).

SoMod
2

is naturally isomorphic toHom
2

◦L. Moreover, since the isomor-
phism betweenHom(L(Γ),2) andMod(Γ,2) is an order isomorphism (with
respect to pointwise order), we can conclude:

(8.30) Corollary The functorsMod
2

and Hom
2

◦L from Th to Dcpo are
naturally isomorphic.

Next we extend the function that takesΓ to C(Γ) to a functorC fromTh to
Dcpo. According to (6.4),C(Γ) is order-isomorphic toMod

2

(Γ), where each
memberX of C(Γ) corresponds to its characteristic functionχX . Employing
this correspondence twice yields a Scott-continuous functionC(µ) fromC(Γ′)
to C(Γ), for every morphismµ fromΓ to Γ′. Concretely, ifY belongs toC(Γ′)
then

C(µ)(Y ) = {p∈Σ | χ̂Y (µ(p)) = 1}.

In caseµ is primitive, i.e. if µ(Σ) ⊆ Σ′, the effect ofC(µ) on Y ∈C(Γ′)
simplifies to:

(8.31) C(µ)(Y ) = {p∈Σ | µ(p)∈Y } = µ−1(Y ).

For later use, the special case of extensions is stated separately:

(8.32) Proposition If ε is an extension of theories from〈Σ,Γ〉 to 〈Σ′,Γ′〉
thenC(ε)(Y )=Y ∩Σ. In particular,C(ε) is an order embedding ifΣ=Σ′.

We have thus defined a functorC from Th to Dcpo which, by definition,
is naturally isomorphic toMod

2

. Figure 61 gives an overview of the relevant
functors introduced so far.

Th Alg

Dcpo

L

Th

C ≃ Mod
2

P ≃ Hom
2

FIGURE 61 Overview of relevant functors

Starting with Section 1.4 it has been repeatedly emphasizedthat the con-
crete representation of the generic universe of a theory does not matter as long
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as only satisfaction and specialization are of interest. Totake this into account,
we have introduced the generic name ‘U(Γ)’ in Section 5.2.1. Meanwhile we
can do better: LetU be any functor fromTh to Dcpo that is naturally isomor-
phic toC and hence toMod

2

, Hom
2

◦ L, andP ◦ L. SoU is a contravariant
functor fromTh to the categoryDcpo of dcpos and Scott-continuous func-
tions; it takes objects ofTh to objects ofDcpo and morphisms ofTh from
Γ to Γ′ to Scott-continuous functions fromU(Γ′) to U(Γ).

To see howU interacts with satisfaction, consider its representationby
Mod

2

. Supposeµ is a morphism of theories fromΓ to Γ′. By definition of
Mod

2

(µ), we have(Mod
2

(µ)(m))(ϕ) = m̂(µ̂(ϕ)) for all predicatesϕ over
Σ. Hence, by (6.5),

(8.33) x � µ̂(ϕ) iff U(µ)(x) � ϕ,

for every memberx of U(Γ′) and every predicateϕ overΣ.
SinceU ≃ P ◦ L, it follows by (8.14) that equivalent theories have iso-

morphic generic universes. But beware, theories may have order-isomorphic
generic universes without being equivalent:

(8.34) ExampleConsider the theory〈Σ,Γ〉 of Example (7.7), that is,Σ is
{a0, a1, . . .}∪{b0, b1, . . .} andΓ is {an∧bn ≡ Λ, an ≡ an+1∨bn+1 |n > 0}.
Its generic universeU(Γ) is repeated on the left of Figure 62, with extensions
of primitives added. SinceU(Γ) is flat, it is (isomorphic to) the generic uni-
verse of the full exclusion theory〈Σ′,Γ′〉, with Σ′ = {c0, c1, . . .} ∪ {cω} and
Γ′ = {cm ∧ cn � Λ |m 6= n}; see again Figure 62. It was shown in (7.7) that
U(Γ) contains a compact element that is not finitely specifiable and thatL(Γ)
consequently has a non-principal prime filter. On the other hand, we know by
(7.3) and (7.9) that all prime filters ofL(Γ′) are principal. HenceL(Γ) is not
isomorphic toL(Γ′) and thusΓ is not equivalent toΓ′, by (8.14). If we compare
this result with Example (8.9), we see that the equivalence of theories defined
there does not carry over to the infinite case although the generic universes
remain isomorphic.

U(Γ)

. . .

b0 b1 b2

a0

a1

U(Γ′)

. . .

c0 c1 c2 cω

FIGURE 62 Non-equivalent theories with isomorphic generic universes
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Finally, we can combine (8.27) and (8.15) to characterize the behavior of
conservative and essentially surjective morphisms underU:

(8.35) Proposition Let µ be a morphism of observational theories.

(i) µ is conservative iffU(µ) is onto.

(ii) µ is essentially surjective iffU(µ) is an order embedding.

For example, ifµ is a primitive morphism then, according to (8.31),C(µ)
takesY ∈C(Γ′) to µ−1(Y ). If µ is conservative, it follows by (8.35)(i) that
everyX ∈C(Γ) is of the formµ−1(Y ), with Y ∈C(Γ′).

8.2.4 Finitistic Theories and Coherent Algebraic Domains

As we saw earlier, the connection between theories (and algebras) on the one
hand and dcpos on the other is not as tight as it is desirable. Neither is the func-
tor U full nor is every dcpo (isomorphic to) the generic universe of an observa-
tional theory. In particular, two observational theories with isomorphic generic
universes need not be equivalent (in which case they have non-isomorphic Lin-
denbaum algebras).

Finitistic theories behave much better in this respect since they are uniquely
determined up to equivalence by their generic universe. Recall from Section
7.2 that the generic universes of finitistic theories are precisely the coherent
algebraic domains. Moreover, the extension algebra of the generic model of a
finitistic theoryΓ consists of all sets of the form↑F , with F ⊆ k(U(Γ)) finite.

Even when restricted to finitistic theories and coherent algebraic domains,
the functorU is not full, that is, not every Scott-continuous function from
U(Γ′) to U(Γ), with Γ andΓ′ finitistic, is of the formU(µ), for some mor-
phismµ from Γ to Γ′. For, by (8.33), we have that

(8.36) U(µ)−1([ϕ℄) = [µ̂(ϕ)℄.

So, for everyx∈k(U(Γ)), it follows thatU(µ)−1(↑x) is of the form↑F , with
F ⊆ k(U(Γ′)) finite. Let us call a Scott-continuous functionf of algebraic
domains fromD toD′ coherentif, for everyx∈k(D′), f−1(↑x) is of the form
↑F , with F ⊆ k(D).7 As indicated in Figure 63, there are non-coherent Scott-
continuous functions of coherent algebraic domains. (Intuitively, µ must take
a primitive ofΓ to an infinite disjunction in order to give rise to the function
sketched in the figure.)

SupposeΓ andΓ′ are finitistic andf is a coherent Scott-continuous func-
tion from U(Γ′) to U(Γ). Let Ω andΩ′ be the corresponding extension alge-
bras overU(Γ) andU(Γ′). Sincef is coherent,f−1(V ) belongs toΩ′ for every

7Topologically speaking,f is required to preserve compactness of Scott-open sets under in-
verse image.
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U(Γ) U(Γ′)

. . .

FIGURE 63 Non-coherent Scott-continuous function of coherent algebraic domains

memberV of Ω. Hence the functionf∗ that takesV to f−1(V ) is an algebra
homomorphism fromΩ to Ω′. Recall thatU(Γ) ≃ P(Ω) = {N (y) |y∈U(Γ)};
cf. (6.17). We claim thatP(f∗)(N (x)) =N (f(x)), for everyx∈U(Γ′). But
this is just as consequence of definitions:V ∈P(f∗)(N (x)) = (f∗)−1(N (x))
iff f∗(V ) = f−1(V )∈N (x) iff x∈ f−1(V ) iff f(x)∈V iff V ∈N (f(x)). It
follows thatf is of the formU(µ) for some morphismµ from Γ to Γ′.

In other words, the restriction ofU to a functor from the full subcategory
of finitistic theories to that of coherent algebraic domainsand coherent Scott-
continuous functions is full. In addition, this functor is faithful up to equiva-
lence sinceµ ∼ ν wheneverU(µ) = U(ν). Hence:

(8.37) Theorem The functorU induces a dual equivalence between the quo-
tient category of finitistic theories modulo equivalence and the category of
coherent algebraic domains and coherent Scott-continuousfunctions.

(8.38) Corollary The functorU induces a dual equivalence between the quo-
tient category of finite theories modulo equivalence and thecategory of
finite ordered sets (and order-preserving functions).

Recall that an observational theory is finitistic if and onlyif every ele-
ment of its Lindenbaum algebra is a finite join of join-irreducibles. Conse-
quently, the functorP restricts to a dual equivalence between the full sub-
category of those observational algebras whose elements are finite joins of
join-irreducibles and the category of coherent algebraic domains and coherent
Scott-continuous functions.

(8.39) RemarkIn domain theory one is primarily interested infull subcate-
gories ofDcpo. For instance, one asks for characterizations of the category of
coherent algebraic domains andall Scott-continuous functions. As seen before,
the functorP from Alg to this category is not full and hence no dual equiva-
lence. While we have restricted the class of Scott-continuous functions to co-
herent ones in order to get a dual equivalence, one can also extend the class of
morphisms of observational algebras from homomorphisms toso-calledjoin-
approximable relations; see e.g. Abramsky and Jung 1994, Sect. 7.2.
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8.3 Applications

An important application of the categorical viewpoint is the construction of
(co)products and (co)limits, which is the topic of Chapter 9.

8.3.1 Horn Translation of Choice System Theories

According to (5.37), every rooted choice system theory has aflat generic uni-
verse. In addition, we know that every flat ordered set is the generic universe of
a Horn theory (and even of a full binary exclusion theory). However, not every
rooted choice system theory is equivalent to a Horn theory; witness Example
(8.34). In the case of finitistic theories, on the other hand,this cannot happen,
as shown in Section 8.2.4. In particular:

(8.40) Proposition Every finite rooted choice system theory is equivalent to
a Horn theory.

The practical use of this general result is limited since a Horn theory with
a flat generic universe of cardinalityn+1 has at leastn primitives. To see this,
recall that the canonical universeC(Γ) of a Horn theoryΓ overΣ is closed
with respect to intersection. SupposeC(Γ) is flat and|C(Γ)|= n + 1. Then
C(Γ) consists ofn subsetsX1, . . . , Xn of Σ that are pairwise incomparable
with respect to inclusion, and a subsetX of Σ such thatX =Xi ∩ Xj for all
i 6= j. LetYi beXi \X . Since the setsY1, . . . , Yn are pairwise disjoint,Σ has
at leastn elements, for otherwise, by the pigeonhole principle, two of theYi’s
would have an element in common.

So the most parsimonious Horn theory with flat generic universe of cardi-
nality n + 1 is indeed the full binary exclusion theory{p ∧ q � Λ | p 6= q}
over a set ofn primitives. Consequently, given a rooted choice system theory
Γ overΣ, the “best” we can do to get a Horn theoryΓ′ equivalent toΓ is to
use “brute force”: determineC(Γ) and letΓ′ be the full exclusion theory over
a setΣ′ of cardinality|C(Γ)| − 1. Equivalence morphisms can then be defined
as follows: SupposeX1, . . . , Xn are the nonempty members ofC(Γ) andΣ′

is {q1, . . . , qn}. Clearly the functionµ from Σ′ to T[Σ] that takesqi to the
conjunction of all members ofXi is a morphism fromΓ′ to Γ. Moreover, the
functionν that takes eachp∈Σ to the disjunction of allqi’s with p∈Xi is a
morphism fromΓ to Γ′ that is quasi-inverse toµ.

Exponential growth is a serious obstacle for brute force. Consider for ex-
ample the rooted choice system theoryΓ overΣ = {a1, b1, . . . an, bn, c} with
choice systems{ai, bi} and{c} and statementsc ≡ ai ∨ bi andai ∧ bi ≡ Λ.
({c} is the root system.) The canonical universe ofΓ consists of the empty
set and all subsets ofΣ that containc and eitherai or bi, for all i. Hence
|C(Γ)|= 2n + 1.
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(8.41) RemarkCalder (1999) proposes a translation method for systemic net-
works that works “locally” on the precondition structure ofthe network and
keeps close to the original set of primitives. In certain, well-defined cases, his
method yields a Horn translation. In addition, Calder presents a technique for
deciding whether a given network allows a Horn translation by his approach.
He suggests that the positive cases are essentially the oneswith tractable satis-
fiability problem.

8.3.2 Minimal Representations

Let P be a finite ordered set. Recall thatP can be represented by a subset
system overP , wherex∈P corresponds to↓x. Of course,P may have a rep-
resentation by a subset system over a setΣ with lower cardinality thanP .
For instance, we saw in Section 4.2.1 that ifP is bounded-complete and dis-
tributive, the set of coprime elements ofP can be chosen forΣ (cf. Example
(4.27)). A different type of example is given by (5.35), which shows that a full
binary treeP of heightk + 1, which has2k+1 − 1 nodes and2k leaves, can
be embedded in℘(Σ) with |Σ|=2k. (Notice that all elements of a tree besides
the root are coprime.)

The representation problemarising here has the following general form:
Given a finite ordered setP , find the least numbern such thatP can be rep-
resented as a subset system over a set of cardinalityn. The solution of this
problem is of practical importance because representations of ordered sets as
subset systems can be easily implemented on a computer viabit-vectorencod-
ing. However, it can be shown:

(8.42) Theorem The representation problem is NP-complete.

For a proof, see e.g. Caseau et al. 1999, where also an algorithm using graph
coloring is given. In terms of theories and translations therepresentation prob-
lem can be rephrased as follows: Given an observational theory Γ over a finite
setΣ of primitives, find a setΣ′ of primitives with minimal cardinality such
thatΓ is equivalent to a theoryΓ′ overΣ′.

We close this section with an application of an elementary result from com-
binatorics, which is known as Sperner’s Lemma (see e.g. Trotter 1995):

(8.43) Proposition If |Σ|=n then the width of℘(Σ) is

(
n⌊
n
2

⌋
)

.

(Theheightand thewidthof an ordered setP is respectively the cardinality of
a maximal chain and a maximal antichain ofP .)

If the generic universe of an observational theoryΓ is flat or unordered,
Sperner’s Lemma immediately gives us the minimal number of primitives
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needed for a theory equivalent toΓ. For example, take Winograd’s systemic
network for English pronouns presented in Section 1.3. Its (flat) canonical uni-
verse has44 elements plus the bottom element. Since

(
7
3

)
= 35 and

(
8
4

)
= 70,

any observational theoryΓ equivalent to this choice system theory has at least
8 primitive predicates, whereas Winograds network uses20 primitives. How-
ever, such a theoryΓ will presumably be rather unsatisfying from a linguistic
point of view, because its primitives are complex combinations of the original
linguistic attributes.

8.4 Theory Extensions
Extension morphisms have been introduced in (8.2) as theorymorphisms from
〈Σ,Γ〉 to 〈Σ′,Γ′〉 where the underlying function fromΣ to Σ′ is an inclusion,
andΓ ⊆ Γ′. We then say that〈Σ′,Γ′〉 is anextensionof 〈Σ,Γ〉. Notice that the
Scott-continuous function of ordered generic universes induced by an exten-
sion is in general neither one-to-one nor onto, as the following simple example
shows; so extensions need be neither essentially surjective nor conservative.

(8.44) ExampleLet Γ be the empty theory over{a, b} and letε be its exten-
sion toΓ′ by a single primitivec and statementsa � c andc � b. The induced
functionC(ε) from C(Γ′) to C(Γ) is depicted by Figure 64; it is neither one-
to-one nor onto.

C(Γ′)

?

{b}

{b, c}

{a, b, c}

?

{a} {b}

{a, b}

C(Γ)

FIGURE 64 Extensionε whereC(ε) is neither one-to-one nor onto

8.4.1 Conservative Extensions and Rule Extensions

SupposeΓ andΓ′ are observational theories overΣ such thatΓ ⊆ Γ′. ThenΓ′

is called arule extensionof Γ. The corresponding extension morphism from
Γ to Γ′ is the identity function onΣ. Notice that a rule extension is trivially
essentially surjective and recall from (8.32) that the induced function of canon-
ical universes is an inclusion; in particular,C(Γ′) ⊆ C(Γ). The definition of
the canonical universe of a theory〈Σ,Γ〉 given in Section 5.2 can be seen as
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an example of this fact:C(Γ) is included in the powerset℘(Σ) of Σ, which is
the canonical universe of the empty theory overΣ.

An extension〈Σ′,Γ′〉 of 〈Σ,Γ〉 is calledconservativeif the corresponding
extension morphism is conservative in the sense of (8.6), that is, if Γ′ ⊢ α just
in caseΓ ⊢ α, for every predicateα overΣ. In other words, conservative ex-
tensions do not entail additional statements over the base vocabulary. It follows
by (8.32) and (8.35)(i) thatC(Γ) = {Y ∩ Σ | Y ∈C(Γ′)}.

(8.45) Proposition Let h be a homomorphism of observational algebras.

(i) h is one-to-one iffh is presentable by a conservative extension.

(ii) h is onto iff h is presentable by a rule extension.

Proof. (i) It suffices to consider the case whereh is the inclusion of a sub-
algebraA into B. Choose a subsetΣ ⊆ A that generatesA and a subset
Σ′ ⊆ B that generatesB such thatΣ ⊆ Σ′ (e.g.Σ =A andΣ′ =B). Then
there are congruence relations∼= and∼=′ onT[Σ] andT[Σ′], respectively, such
thatA ≃ T[Σ]/∼= andB ≃ T[Σ′]/∼=′. Clearly∼= is the congruence kernel of
the composite homomorphismT[Σ] →֒ T[Σ′] → T[Σ′]/∼=Γ′ . Moreover,∼=
is the restriction of∼=′ to T[Σ]. Let Γ consist of all statementsϕ ≡ ψ over
Σ such thatϕ ∼= ψ. DefineΓ′ analogously. Then〈Σ,Γ〉 presentsA, 〈Σ′,Γ′〉
presentsB, and the inclusion morphism from〈Σ,Γ〉 to 〈Σ′,Γ′〉 is a conser-
vative extension that presentsh. The reverse direction follows from (8.15)(i).
(ii) SupposeA is presented by〈Σ,Γ〉 and there is a homomorphism from
A ≃ T[Σ]/∼=Γ ontoB. By the homomorphism theorems of universal algebra,
there is a congruence relation∼= onT[Σ] such that∼=Γ ⊆∼= andB ≃ T[Σ]/∼=.
Let Γ′ consist of all statementsϕ ≡ ψ such thatϕ ∼= ψ. Then〈Σ,Γ′〉 presents
B. The reverse direction is a special case of (8.15)(ii).

Supposeh is a homomorphism fromL(Γ) to L(Γ′). Looking through the
proofs of (8.45)(i) and (ii) tells us that one can choose in both cases an exten-
sion ofΓ to presenth. Together with (8.15) we can therefore conclude:

(8.46) Theorem Let µ be a theory morphism fromΓ to Γ′.

(i) If µ is conservative,Γ′ is equivalent to a conservative extension ofΓ.

(ii) If µ is essentially surjective,Γ′ is equivalent to a rule extension ofΓ.

8.4.2 Examples: Booleanization and Rule Completion

Let Γ be an observational theory overΣ. Recall from Section 5.4.2 that the
BooleanizationΓ of Γ is defined as follows:Σ is extended by a disjoint copy
{−p | p∈Σ} of Σ, andΓ is extended by all statements
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C(Γ)

?

{c}

{a, c} {b, c} C(Γ)

{−a, b, c} {a,−b, c} {−a,−b, c} {−a,−b,−c}

FIGURE 65 Function of canonical universes induced by Booleanization

(8.47) p ∧−p � Λ and V � p ∨ −p,

with p∈Σ. Let ε be the extension morphism fromΓ to Γ. By (8.32),C(ε)(Y )
takesY ∈C(Γ) to Y ∩ Σ. We have seen in Section 5.4.2 thatC(ε) is onto and
one-to-one; in particular, by (8.35), Booleanization is conservative. To give an
illustration, consider the theoryΓ over{a, b, c} with statementsa∧ b � Λ and
a ∨ b � c; cf. Example (5.54). Figure 65 depicts the functionC(ε) from C(Γ)
to C(Γ).

SinceΓ contains the statements (8.47), it follows that the Lindenbaum al-
gebra ofΓ is complemented, i.e.L(Γ) is aBoolean lattice. SinceC(ε) is onto,
L(ε) is an embedding ofL(Γ) into L(Γ), by (8.27)(i). It is not difficult to prove
the following universal property ofL(ε) andL(Γ): for every homomorphism
h from L(Γ) to a complemented observational algebraA, there exists a unique
homomorphismh′ from L(Γ) to A such thath= h′ ◦ L(ε). (This universal
characterization ofL(Γ) can be seen as an additional justification of the term
‘Booleanization’.)

Besides Booleanization there is a second route to naturallyextend an obser-
vational theory〈Σ,Γ〉 to a theory whose generic universe is an antichain. The
idea is to find an extension ofΓ whose generic universe is the set of maximal
elements ofU(Γ). (SinceU(Γ) is directed-complete, it has maximal elements
by Zorn’s Lemma.) Now observe that if such an extension ofΓ exists at all,
it can be realized by a rule extension; see (8.35) and (8.46).We then speak
of a rule completionof Γ. In the case of the above Example, a possible rule
completion ofΓ is Γ′ = Γ ∪ {V � a ∨ b}. ThenC(Γ′) consists of{a, c} and
{b, c}. Another example of a rule completion is the completion of choice sys-
tem theories introduced in Section 5.3.2.

Rule completion, however, is not always possible. A simple counterexam-
ple is provided by the full binary exclusion theoryΓ={p∧q � Λ |p 6= q} over
aninfinitesetΣ. Recall thatC(Γ) is {∅}∪{{p} | p∈Σ}. According to (5.25),
there is no observational theoryΓ′ over Σ such thatC(Γ′) = {{p} | p∈Σ}.
Hence there is no rule completion ofΓ. (Intuitively, what is needed is the
statementV �

∨
Σ, which employs aninfinite disjunction.) Notice that the

notorious example (7.7), which has the same generic universe asΓ, behaves
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much better in this respect: addition ofV � a0 ∨ b0 leads to rule completion.
(Incidentally, since (7.7) is a choice system theory and{a0, b0} is the only
choice system without entry condition, this is just a completion in the sense of
Section 5.3.2.)

8.4.3 Digression: Ultraconservative Morphisms

In domain theory,embedding-projection pairsplay an important role in con-
nection with subdomains and so-called bilimits;8 cf. (9.18) below. SupposeD
andE are dcpos,e is a Scott-continuous function fromD to E andp is a
Scott-continuous function fromE to D. Then〈e, p〉 is called anembedding-
projection pairfromD toE if p ◦ e= ıD ande ◦ p ⊑ ıE .

Let us briefly characterize the theory morphisms that give rise to embed-
ding-projection pairs of generic universes. For that purpose it is convenient to
define a preorder. on the morphism sets as follows: ifµ andν are theory
morphisms from〈Σ,Γ〉 to 〈Σ′,Γ′〉 then

µ . ν iff ∀p∈Σ (Γ′ ⊢ µ(p) � ν(p)).

By definition,µ ∼ ν iff µ . ν andν . µ. It is not difficult to see that if
µ . ν thenL(µ) 6 L(ν) andU(µ) ⊑ U(ν), where6 and⊑ are pointwise
orderings. (For instance, ifL(µ) 6 L(ν) thenh ◦ L(µ) 6 h ◦ L(ν) for all
h∈Hom(L(Γ′),2); henceHom

2

(L(µ)) 6 Hom
2

(L(ν)).)
Let us call a theory morphismµ from 〈Σ,Γ〉 to 〈Σ′,Γ′〉 ultraconservative

if there is a morphismν from 〈Σ′,Γ′〉 to 〈Σ,Γ〉 such that

ν ◦ µ ∼ ıΓ and µ ◦ ν . ıΓ′ .

Then〈U(ν),U(µ)〉 is an embedding-projection pair fromU(Γ′) to U(Γ). By
(8.35), it follows thatµ is conservative andν is essentially surjective. (So ul-
traconservatives are conservative, as expected.)

(8.48) ExampleLet ε be the theory extension from〈Σ,Γ〉 to 〈Σ′,Γ′〉, where
Γ is the empty theory overΣ = {a, b}, Σ′ is Σ ∪ {c, d}, andΓ′ consists of
the single statementa ∧ b ≡ c ∨ d. We claim thatε is conservative butnot
ultraconservative. This is easily seen by considering the induced functionC(ε)
of canonical universes, which is depicted in Figure 66. Obviously there is no
functionf fromC(Γ) to C(Γ′) such thatC(ε)(f(X))=X andf(C(ε)(Y )) ⊆
Y for all X ∈C(Γ) andY ∈C(Γ′).

8See e.g. Abramsky and Jung 1994.
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C(Γ′)

?

{a} {b}

{a, b, c} {a, b, d}

{a, b, c, d}

?

{a} {b}

{a, b}

C(Γ)

FIGURE 66 A conservative extension that is not ultraconservative

Given an ultraconservative morphismµ fromΓ toΓ′, it follows by (8.46)(ii)
thatΓ is equivalent to a rule extensionΓ′′ of Γ′. Hence there is an ultraconser-
vative morphismµ′ from Γ′′ to Γ′ such thatC(Γ′′) ⊆ C(Γ′). The following
example illustrates this fact.

(8.49) ExampleLet Γ be the theory over{a, b} consisting of the sole state-
menta ∧ b � Λ. The extensionε of Γ to the theoryΓ′ = Γ ∪ {a � c} over
{a, b, c} is ultraconservative. For letν be the morphism fromΓ′ to Γ with
ν(a) = ν(c) = a andν(b) = b. Thenν ◦ ε ∼ ıΓ andε ◦ ν . ıΓ′ . The effect
of C(ν) on elements ofC(Γ) can be read off from Figure 67 by reversing all
solid arrows. Moreover, one can easily read off a rule extension Γ′′ of Γ′ that
is equivalent toΓ. SinceC(Γ′′) must consist of∅, {a, c}, and{b}, one can
choose e.g.Γ′′ = Γ′ ∪ {c � a}.

C(Γ′)

?

{c} {b}

{a, c} {b, c}

?

{a} {b}

C(Γ)

FIGURE 67 An ultraconservative extension
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Constructions

In order to determine the generic universe of an observational theory it is im-
portant – both for theoretical and practical purposes – to understand how the
generic universe is affected by an extension or combinationof theories. Since
we have established observational theories as objects of a category, the nat-
ural way for combining theories is to make use of standard categorical con-
structions like (co)products and (co)limits. The task thenis to study how these
constructions behave under the functorU from Th to Dcpo.

In Section 9.1 we first consider the disjoint union of theories, which, cate-
gorically speaking, is a coproduct inTh. Its generic universe is the product of
the respective generic universes inDcpo. We have seen in Chapter 8 that it is
more useful to characterize theories up to equivalence thanup to isomorphism
because equivalent theories have isomorphic generic universes. To take this
into account, we generalize the standard notion of a colimitin Th to that of
a quasi-colimit. We give an explicit construction of quasi-colimits of arbitrary
diagrams inTh.

The key result of Section 9.2 is thatU takes quasi-colimits inTh to limits
in Dcpo. So the generic universe of a quasi-colimit of a diagram inTh can
be determined (up to isomorphism) by taking the limit of the corresponding
diagram of generic universes. In Section 9.3 we focus oninductive limitsof
theories. As an application we show that the generic universes of observational
theories are precisely theprofiniteordered sets, i.e. the projective limits of fi-
nite ordered sets. In Section 9.4, we present a simple algorithm for constructing
the canonical universe of an observational theory step-by-step.

9.1 Coproducts and Colimits

9.1.1 Disjoint Union of Theories

Consider the task of combining two observational theories〈Σ,Γ〉 and〈Σ′,Γ′〉.
Let us assume thatΣ andΣ′ and henceΓ andΓ′ are disjoint. The most obvious
way to combine the two theories into one is to take theirdisjoint union

161
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〈Σ,Γ〉 ⊎ 〈Σ′,Γ′〉 = 〈Σ ∪ Σ′,Γ ∪ Γ′〉,

which is also known as theirdirect sum. Correspondingly, one can define the
direct sum of an arbitrary family〈〈Σi,Γi〉〉i∈I of theories, given that theΣi’s
are pairwise disjoint:

⊎
i∈I〈Σi,Γi〉 = 〈

⋃
i∈I Σi,

⋃
i∈I Γi〉.

It is not difficult to describe the canonical universe of
⊎

i Γi in terms of
those of theΓi’s. Let εi be the extension morphism from〈Σi,Γi〉 to the di-
rect sum〈

⋃
i Σi,

⋃
i Γi〉. According to (8.32), the (Scott-continuous) function

C(εi) from C(
⊎

i Γi) to C(Γi) takesX to X ∩ Σi. Moreover, ifXi∈C(Γi)
for everyi, then

⋃
iXi ∈C(

⊎
i Γi); hence

C(
⊎

i Γi) = {
⋃

iXi |Xi ∈C(Γi)}.

It follows that the canonical universe of
⊎

i Γi is order-isomorphic to the Carte-
sian product

∏
i C(Γi) ordered bycoordinatewise inclusion:

(9.1) C(
⊎

i Γi) ≃
∏

i C(Γi).

In other words,C(
⊎

i Γi) together with the family〈C(εi)〉i of projectionsis
a (direct) productof the family 〈C(Γi)〉i in the categoryDcpo. (One eas-
ily checks that the Cartesian product is a product in the category Dcpo; see
Section 9.2.1 below.)

(9.2) Example (Direct sum of choice systems)Suppose〈Σ,Γ〉 is the direct
sum of choice systems, i.e. of full binary exclusion theories. That is,
〈Σ,Γ〉=

⊎
i〈Σi,Γi〉, whereΓi = {p ∧ q � Λ | p, q∈Σi, p 6= q}. ThenC(Γi)

is flat and|C(Γi)| = |Σi| + 1. Hence|C(Γ)| =
∏

i(|Σi| + 1).

(9.3) Example (Extension by primitives)Given an observational theoryΓ
over Σ and a setΣ′ disjoint to Σ, we call 〈Σ ∪ Σ′,Γ〉 the extension
of 〈Σ,Γ〉 by primitivesΣ′. Since〈Σ ∪ Σ′,Γ〉 is identical to〈Σ,Γ〉 ⊎ 〈Σ′,∅〉,
it follows by (9.1) thatC(〈Σ ∪ Σ′,Γ〉) ≃ C(〈Σ,Γ〉) × ℘(Σ′). In particular,
|C(〈Σ ∪ Σ′,Γ〉)| = |C(〈Σ,Γ〉)| · 2|Σ

′|.

(9.4) Example (Free primitives) Let 〈Σ,Γ〉 be an observational theory. Call
a primitivep∈Σ free with respect toΓ if p does not occur in any statement of
Γ. Let σ(Γ) be the set of primitives occurring in at least one of the statements
of Γ, that is,Σ′ = Σ \ σ(Γ) is the set of free primitives. Then〈Σ,Γ〉 is the
direct sum of〈σ(Γ),Γ〉 and〈Σ′,∅〉 (and〈Σ,Γ〉 is the extension of〈σ(Γ),Γ〉
by primitivesΣ′). HenceC(〈Σ,Γ〉) ≃ C(〈σ(Γ),Γ〉) × ℘(Σ′).
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It is not difficult to see that the disjoint union of a family oftheories is a
coproduct of that family in the categoryTh. By definition, acoproductof a
family 〈Γi〉i∈ I of theories is a pair〈Γ, 〈µi〉i∈ I〉 consisting of a theoryΓ and
a family of morphismsµi from Γi to Γ, also calledinjections, such that for
every such pair〈Γ′, 〈µ′

i〉i∈ I〉 there is a unique morphismµ from Γ to Γ′ with
µ′

i = µ ◦ µi for everyi∈I.
Since theΣi’s need not be disjoint in general, we have to be a bit more care-

ful than before in defining the disjoint union of a family〈〈Σi,Γi〉〉i∈I of theo-
ries. Letιi be the canonical injection ofΣi into the disjoint union

⊎
i Σi of sets.

Thenιi is a morphism from〈Σi,Γi〉 to the theory
⊎

Γ = 〈
⊎

i Σi,
⋃

i ι̂i(Γi)〉.

(9.5) Proposition If 〈Γi〉i is a family of theories then〈
⊎

i Γi, 〈ιi〉i〉 is a co-
product of that family inTh.

Proof. Let 〈Σ,Γ〉 be a theory and supposeµi is a morphism from〈Σi,Γi〉
to 〈Σ,Γ〉, for everyi. We need to show that there is a unique morphismµ
from

⊎
i Γi to Γ such thatµi = µ ◦ ιi. Since every element of

⊎
i Σi is of the

form ιi(p), wherei andp∈Σi are uniquely determined, the only functionµ
from

⊎
i Σi to T[Σ] satisfying the desired condition takesιi(p) to µi(p). It

remains to check thatµ is a morphism, i.e. thatΓ ⊢ µ̂(ι̂i(α)) for all α∈Γi.
But Γ ⊢ µ̂i(α), by assumption, and̂µ ◦ ι̂i = µ̂i, by definition ofµ.

The coproduct of theories given by disjoint union will be henceforth re-
ferred to as thecanonical coproduct. As the reader will verify without prob-
lems,〈C(

⊎
i Γi), 〈C(ιi)〉i〉 is a (direct) product of〈C(Γi)〉i in Dcpo. Indeed,

this is a special case of the general result (9.13) below.

9.1.2 Colimits and Quasi-Colimits

Colimits are to arbitrary directed graphs what coproducts are to index sets. Let
G be a directed graph with vertex setI and edge setE, together with two
functionss andt fromE to I, wheres(e) andt(e) are respectively source and
target of the edgee. A diagramD of shapeG in the categoryTh is a pair
consisting of a family〈Γi〉i∈I of theories and a family〈µe〉e∈E of morphisms
such thatµe is a morphism fromΓs(e) to Γt(e). A coconeof D consists of
a theoryΓ and a family〈µi〉i∈I , whereµi is a morphism fromΓi to Γ and
µs(e) = µt(e) ◦ µe for all e∈E. A cocone is said to be acolimit if for every
cocone〈Γ′, 〈µ′

i〉i〉 of D there is exactly one morphismµ from Γ to Γ′ such that
µ′

i = µ ◦ µi; see Figure 68. In particular, coproducts are colimits of diagrams
over graphs without edges.Coneandlimit of a diagram are defined dually by
reversing the direction of all arrows of Figure 68 that pointdownwards.

Since we are more interested in characterizing theoriesup to equivalence
than up to isomorphism, it will prove useful to consider “quasi-cocones” and
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Γs(e) Γt(e)

Γ

Γ′

µe

µs(e)

µ′
t(e)µ′

s(e)

µt(e)

µ

FIGURE 68 Cocone and colimit

“quasi-colimits” of diagrams inTh instead of cocones and colimits. By a
quasi-cocone〈Γ, 〈µi〉i〉 of a diagram〈〈Γi〉i∈I , 〈µe〉e∈E〉 of theories we mean a
theoryΓ and a family of morphismsµi fromΓi toΓ such thatµs(e) ∼ µt(e)◦µe

(instead ofµs(e) =µt(e) ◦ µe, as in the definition of cocones). A quasi-cocone
〈Γ, 〈µi〉i〉 will be called aquasi-colimitif for every quasi-cocone〈Γ′, 〈µ′

i〉i〉
of the diagram there is a morphismµ from Γ to Γ′, which is unique up to
equivalence, such thatµ′

i ∼ µ ◦ µi.
In spite of this somewhat involved definition, quasi-colimits of arbitrary

diagrams inTh can be straightforwardly constructed by disjoint union and
rule extension:1

(9.6) Theorem Let 〈〈〈Σi,Γi〉〉i∈I , 〈µe〉e∈E〉 be a diagram of theories. Then
the theory

⋃
i ι̂i(Γi) ∪ {ιs(e)(p) ≡ ι̂t(e)(µe(p)) | e∈E ∧ p∈Σs(e)}

over
⊎

i Σi, together with the family〈ιi〉i of injections, is a quasi-colimit
of the diagram.

Proof. Let 〈Σ,Γ〉 be the theory defined in the theorem. Clearly〈Γ, 〈ιi〉i〉 is
a quasi-cocone since, by definition,ιs(e) ∼ ιt(e) ◦ µe; see (8.5). Suppose
〈〈Σ′,Γ′〉, 〈µi〉i〉 is a quasi-cocone of the given diagram, i.e.µs(e) ∼ µt(e) ◦ µe

for all e∈E. We claim that there is a morphismµ from Γ to Γ′ with µi =µ◦ ιi.
As in the proof of (9.5), we defineµ to take ιi(p) to µi(p), wherep∈Σi.
Now check thatµ is a morphism:Γ′ entails µ̂i(α) and thusµ̂(ι̂i(α)), for
all α∈Γi; see again the proof of (9.5). This leaves us to check thatΓ′ en-
tails µ̂(ιs(e)(p)) ≡ µ̂(ι̂t(e)(µe(p))), i.e. µs(e)(p) ≡ µ̂t(e)(µe(p)), for every
p∈Σs(e). But this is just the assumption thatµs(e) ∼ µt(e) ◦ µe; so µ is a

1Readers with background in category theory will recognize the similarity to the canonical
construction of colimits by coproducts and coequalizers.
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morphism fromΓ to Γ′. It remains to show that ifν is another morphism from
Γ to Γ′, with µi ∼ ν ◦ ιi, thenµ ∼ ν. Sinceµ ◦ ιi =µi ∼ ν ◦ ιi, it follows that
Γ′ ⊢ µ̂(ιi(p)) ≡ ν̂(ιi(p)) for all p∈Σi. Henceµ ∼ ν, by definition.

It is a direct consequence of definitions that quasi-colimits in Th corre-
spond to colimits in the quotient categoryTh/∼. More precisely, the quotient
functorQ∼ from Th to Th/∼ takes quasi-colimits to colimits. Since, accord-
ing to (8.19), the functorL from Th to Alg factors byQ∼ and an equivalence
of categories, we have:

(9.7) Theorem The functorL takes quasi-colimits inTh to colimits inAlg.

Recall from (8.21) that the restriction ofL to a functor fromThp to Alg

has a right adjoint and hence preserves colimits.2 Colimits need not exist for
all diagrams inThp (becauseThp has not enough morphisms). If, however,
a diagramD in Thp has a colimit〈Γ, 〈µi〉i〉 in Thp then this cocone is also
a quasi-colimit ofD in Th. For 〈L(Γ), 〈L(µi)〉i〉 is a colimit of the diagram
L(D) in Alg. In addition, by (9.6),D has a quasi-colimit〈Γ′, 〈µ′

i〉i〉 in Th,
which, by (9.7), is taken to another colimit ofL(D). HenceL(Γ) ≃ L(Γ′) and
thusΓ ∼ Γ′, by (8.14). We can conclude:

(9.8) Theorem Colimits inThp are quasi-colimits inTh.

The canonical coproduct of a family of theories is a quasi-coproduct of that
family. SoL preserves coproducts and therefore takes coproducts of theories
to coproducts of algebras (also known asfree distributive products).

(9.9) Remark It follows by (9.6) that the categoryTh/∼ is cocomplete, i.e.
has colimits of arbitrary diagrams. By (8.19), the same is true of Alg. Of
course, this is well-known sinceAlg is an equationally presentable algebraic
category and thus complete and cocomplete.

9.2 The Universe in the Limit

The goal of this section is to show that the functorU (≃ C ≃ Mod
2

) takes
quasi-colimits inTh to limits in Dcpo. In other words, the ordered generic
universe of the quasi-colimit of a diagram of theories is thelimit of the corre-
sponding diagram of generic universes. Because of (8.29) and (9.7), it suffices
to show thatHom

2

(≃ P) takes colimits inAlg to limits in Dcpo.

2See e.g. Mac Lane 1971, Sect. V.5.
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9.2.1 Limits in Dcpo

Limits in Dcpo can be constructed as canonical limits inSet, i.e. as subsets
of Cartesian products, with elements ordered coordinatewise. Concretely, if
〈〈Di〉i∈I , 〈fe〉e∈E〉 is a diagram inDcpo over a graph with verticesI and
edgesE then the coordinatewise ordered set

{〈xi〉i ∈
∏

i∈I Di | ∀e∈E (xt(e) = fe(xs(e)))}

together with the canonical projections is a limit cone of the diagram. The
straightforward proof is left to the reader.3

We now give a criterion in which cases a limit of a diagram of dcpos (under
the forgetful functor) inSet is actually a limit inDcpo. To this end, we make
use of the fact that the forgetful functor fromDcpo to Set takes canonical
limits to (canonical) limits.

(9.10) Lemma Suppose〈D, 〈fi〉i∈I〉 is a cone of a diagram inDcpo which
is taken to a limit cone of the diagram inSet by the forgetful functor. Then
the cone is a limit of the diagram inDcpo iff, for every two x, y∈D, it
holds thatx 6 y wheneverfi(x) 6 fi(y) for all i∈ I.

Proof. Let 〈D′, 〈pi〉i〉 be the canonical limit cone inDcpo of the diagram
in question. Then there is a unique Scott-continuous functionf fromD toD′

such thatfi =pi◦f . By assumption,f is one-to-one because〈D′, 〈pi〉i〉, under
the forgetful functor, is a limit cone of the diagram inSet. Sincef is Scott-
continuous and one-to-one, it is enough to check thatf is an order embedding
to make sure thatf is an isomorphism inDcpo. Supposef(x) 6 f(y), for
x, y∈D. Thenfi(x) = pi(f(x)) 6 pi(f(y)) = fi(y) for everyi, sincef and
pi are order preserving. Hencex 6 y, by assumption.

9.2.2 Colimits underHom
2

Suppose〈A, 〈hi〉i〉 is a colimit of a diagram〈〈Ai〉i, 〈he〉e〉 in Alg over some
graph〈I, E〉. This means, by definition, that for every observational algebra
B, the setHom(A,B) is isomorphic to

(9.11) {〈gi〉i ∈
∏

i Hom(Ai, B) | ∀e∈E (gs(e) = gt(e) ◦ he)},

where a homomorphismh fromA toB is taken to the tuple〈h ◦ hi〉i. Observe
that (9.11) is the canonical limit of the diagram〈〈HomB(Ai)〉i, 〈HomB(he)〉e〉
in Set; therefore〈HomB(A), 〈HomB(hi)〉i〉 is another limit of this diagram

3See e.g. Abramsky and Jung 1994, p. 45, Theorem 3.3.1.
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in Set. We have thus proved the general fact that contravariant Hom-functors
transform colimits into limits inSet.

SoHom
2

takes colimits inAlg to limits inSet. In order to show that these
limits are actually limits inDcpo, we employ Lemma (9.10).

(9.12) Theorem The functorHom
2

takes colimits inAlg to limits in Dcpo.

Proof. Let 〈A, 〈hi〉i〉 be a colimit of a diagram inAlg. We know thatHom
2

takes colimits inAlg to limits in Set. Consider two membersv andw of
Hom

2

(A) with Hom
2

(hi)(v) 6 Hom
2

(hi)(w) for everyi. Thenv(hi(a)) 6
w(hi(a)) for all i anda∈Ai. SinceA is generated by

⋃
{hi(Ai) | i∈I}, it

follows inductively thatv(a) 6 w(a) for everya∈A; sov 6 w. Now apply
(9.10).

Taken together with (9.7), we have proved the promised result:

(9.13) Theorem The functorU takes quasi-colimits inTh to limits inDcpo.

9.3 Inductive and Projective Limits
In this section we consider diagrams of theories where the underlying graph
can be identified with a directed ordering on the vertex set. Let 〈I,6〉 be an
ordered set which is directed, that is, for every twoi, j∈ I there is ak∈ I such
that i 6 k andj 6 k. Suppose for eachi∈ I there is an observational theory
Γi and for alli, j∈I with i 6 j there is a morphismµij from Γi to Γj such
thatµii ∼ ıΓi

andµjk ◦ µij ∼ µik for all i 6 j 6 k. If this is the case,
we speak of aninductive(or directed) quasi-systemof observational theories
overI. A quasi-colimit of such a diagram is also called aninductive(or direct)
quasi-limit.

9.3.1 Inductive Limits of Extensions

We know by (9.6) that every inductive quasi-system inTh has an inductive
quasi-limit. Here we focus on inductive systems ofextensions, whose induc-
tive quasi-limits turn out to allow a simple construction via set union. Since
extensions are primitive morphisms, we can construct inductive limits in the
categoryThp and then apply (9.8).

Let I be a directed ordered set and suppose〈〈Σi,Γi〉〉i∈ I is an inductive
system of theory extensions overI with extension morphismsεij , for i 6 j.
Then the theory

⋃
i Γi over

⋃
i Σi together with the extensionsεi from Γi to⋃

i Γi forms a quasi-cocone of the given inductive system.

(9.14) Proposition If 〈Γi〉i is an inductive system of theory extensions, then
〈
⋃

i Γi, 〈εi〉i〉 is an inductive quasi-limit of that system.
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Proof. According to (9.8), it suffices to show that〈
⋃

i Γi, 〈εi〉i〉 is an inductive
limit of 〈Γi〉i in Thp. Suppose there are primitive morphismsµi from 〈Σi,Γi〉
to a theory〈Σ,Γ〉 such thatµi =µj ◦ εij for i 6 j. Letµ be the function from⋃

i Σi to Σ that takesp∈Σi to µi(p); µ is well defined because ifp∈Σi ∩Σj ,
there is ak with i, j 6 k and thusp∈Σk; soµi(p) = µk(p) = µj(p). Notice
thatµ is the only function satisfyingµi = µ ◦ εi for all i. It remains to check
thatµ is a morphism, i.e. thatΓ ⊢ µ̂(α) for everyα∈

⋃
i Γi. But if α∈Γi then

µ̂(α) = µ̂i(α), andµi is a morphism fromΓi to Γ.

This result has the following straightforward but useful application. Sup-
pose〈Σ,Γ〉 is an observational theory. For each subsetS of Σ, letΓ|S be the set
of all statements ofΓ whose primitives belong toS. LetF be the directed set of
finite subsets ofΣ, ordered by set inclusion. Then the family〈〈F,Γ|F 〉〉F∈F to-
gether with the extensions fromΓ|F to Γ|F ′ , wheneverF ⊆ F ′, is an inductive
system of theories, whose inductive limit is〈Σ,Γ〉, by (9.14). Consequently,
since every theory over a finite set of primitives is equivalent to a finite theory:

(9.15) Proposition Every observational theory is an inductive quasi-limit of
finite observational theories.

It is of course not necessary to take all finite subsets ofΣ. Clearly any di-
rected systemF such that

⋃
F = Σ will do. For example, supposeΣ is count-

able, i.e.Σ={p0, p1, p2, . . .}. LetΣi be{p0, p1, . . . , pi} andΓi beΓ|Σi
. Then

〈Σ,Γ〉 is the inductive limit of the inductive system〈〈Σi,Γi〉〉i∈ω, with exten-
sions fromΓi to Γj for all i 6 j. Hence:

(9.16) Corollary Every observational theory over a countable set of primi-
tives is an inductive quasi-limit of a sequence of finite observational theo-
ries.

9.3.2 Profiniteness

An ordered set is said to beprofinite if it is the projective limit of a projective
system offiniteordered sets. Since, by (9.13),U takes inductive quasi-limits in
Th to projective limits inDcpo, it follows by (9.15) that the generic universe
of an observational theory is profinite. Moreover, being profinite characterizes
the generic universes of observational theories:

(9.17) Theorem The ordered generic universe of an observational theory is
profinite, and every profinite ordered set arises that way.

Proof. It remains to check the second part. Let〈〈Pi〉i, 〈fij〉i,j〉 be a projective
system of finite ordered sets with projective limitP . Because of (8.38), there is
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an inductive quasi-system〈〈Γi〉i, 〈µij〉i,j〉 of finite observational theories such
thatPi = U(Γi) andfij = U(µij). Now apply (9.13).

In combination with (6.12), we get the well-known result of Speed (1972a)
that an ordered setP is isomorphic to the prime spectrum of a distributive
lattice with zero and unit if and only ifP is profinite.4 Speed’s proof uses
the fact that every observational algebra is an inductive limit of the inductive
system of its finite subalgebras. Consequently, by (8.15), every observational
theoryΓ is equivalent to an inductive limit of an inductive system consisting
of conservativeextensions of finite theories.

Recall from Example (8.34) that non-equivalent theories may have order-
isomorphic generic universes. Therefore, though each projective system of fi-
nite ordered sets determines an inductive system of theories uniquely up to
equivalence, it can happen that two projective systems of finite ordered sets
with isomorphic projective limits correspond to two inductive quasi-systems
of theories whose inductive quasi-limits arenot equivalent.

(9.18) Remark(Bilimits) If an observational theoryΓ is an inductive quasi-
limit of a sequence〈〈Γi〉i, 〈εij〉i6j〉 of ultraconservativeextensions of finite
theories, thenU(Γ) is a countably based bifinite domain (and every such do-
main arises that way). Moreover,Γ is a projective quasi-limit of a sequence
〈〈Γi〉i, 〈νij〉i6j〉, where theνij ’s are essentially surjective; cf. Section 8.4.3.
In particular,Γ is a projective quasi-limit of a sequence of rule extensionsof
finite theories.

9.4 Building the Universe Step-by-Step

The results of Section 9.3 allow a straightforward algorithmic formulation
which gives us a simple method for constructing the generic universe of a
finite (or countably infinite) observational theory step-by-step by successive
extensions. Extensions, on the other hand, can be broken down as follows.

9.4.1 Extensions Decomposed

An extension of theories from〈Σ,Γ〉 to 〈Σ′,Γ′〉 can be decomposed into an
extension of primitives from〈Σ,Γ〉 to 〈Σ′,Γ〉 followed by a rule extension
from 〈Σ′,Γ〉 to 〈Σ′,Γ′〉. Recall from (9.3) that

C(〈Σ′,Γ〉) = {X ∪ Y |X ∈C(〈Σ,Γ〉) ∧ Y ⊆ Σ \ Σ′}

≃ C(〈Σ,Γ〉) × ℘(Σ \ Σ′).

4See also Speed 1972b and Johnstone 1982, Chap. VI, Sect. 3.
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Moreover,C(〈Σ′,Γ′〉) consists of all members ofC(〈Σ′,Γ〉) that are consis-
tenly closed with respect toΓ′ \ Γ. So we can constructC(〈Σ′,Γ′〉) from
C(〈Σ,Γ〉) by taking first the product ofC(〈Σ,Γ〉) and℘(Σ \ Σ′) and then
deleting those elements that are not consistently closed with respect toΓ′ \ Γ.

(9.19) ExampleLet Γ′ be the theory{a ∧ b � Λ, a � c} overΣ′ = {a, b, c}.
Viewed as an extension of the theory{a ∧ b � Λ} over{a, b}, the construction
of Γ′ by product and deletion is as depicted by the upper row of Figure 69.
In caseΓ′ is viewed as an extension of the theory{a � c} over {a, c}, the
construction runs as shown in the lower row of the figure. (Theshaded elements
are subject to deletion because they are not consistently closed with respect to
Γ′ \ Γ.)

?

{a} {b}

×

?

{c}

≃ ⊇

?

{a} {b} {c}

{a, c} {b, c}

?

{b}{c}

{b, c}{a, c}

?

{c}

{a, c}

×

?

{b} ≃ ⊇

?

{c}

{a, c}

{b}

{b, c}

{a, b, c} =
?

{b}{c}

{b, c}{a, c}

FIGURE 69 Universe of extension as sub-universe of product

9.4.2 A Simple Construction Algorithm

SupposeΓ is an observational theory over a finite or countably infinitesetΣ of
primitives. (Without loss of generality, we can assume thatΓ is countable and
thatΓ|F is finite for every finite subsetF of Σ.) In the finite case, there is a
trivial way to constructC(Γ) along its very definition: just take all consistently
Γ-closed subsets ofΣ. This method is of course highly impracticable since it
means to check each member of the power set ofΣ against every statement of
Γ; in addition, it is of no use for approximating the infinite case.

We can do better by using the fact that〈Σ,Γ〉 is the inductive (quasi-
)limit of a sequence of (finite) theories and extensions. SupposeΣ is finite.
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Let Σ0,Σ1, . . . ,Σn be a strictly increasing sequence of sets, withΣ0 = ∅ and
Σn = Σ, and letΓi be Γ|Σi

. ThenC(Γ) can be constructed fromC(Γ0) by
applying the two-step method of Section 9.4.1 iteratively to the extension from
Γi−1 to Γi, for everyi. Notice that the canonical universe ofΓ0 = Γ|∅ is ei-
ther∅ or {∅} – concretely,C(Γ0) is empty iff Γ|∅ entailsV � Λ, in which
caseC(Γ) is empty too. As we saw in Section 9.4.1,C(Γi) can be constructed
from C(Γi−1) by taking all sets of the formX ∪ Y , with X ∈C(Γi−1) and
Y ⊆ Σi\Σi−1, such thatX∪Y is consistently closed with respect toΓi\Γi−1.

Figure 70 presents an algorithmic formulation of the iteration scheme de-
veloped so far. (The variablesF andΣ′ play the role ofΣi \ Σi−1 andΣi,
respectively.) Notice that withF = Σ we get the single step construction con-
sidered in the first place. So in order to circumvent the combinatorial problems
mentioned above, it is reasonable to prefer singletons forF (which leads to
up to |Σ| iterations of thewhile-loop). However, one cannot be sure that an
iterative construction is superior to the single step approach. For if every mem-
ber ofΣ occurs in all statements ofΓ, the given algorithm first determines the
powerset ofΣ, irrespective of the choices ofF , before it selects all subsets of
Σ belonging toC(Γ).

Calculating the canonical universe of thei-th extension requires to check
|C(Γi−1)| ·2ki sets against|Γi \Γi−1| statements, withki = |Σi \Σi−1|. So in
order for the algorithm to be useful in practice,C(Γi) should be of consider-
ably low cardinality (i.e. more in the order of|Σi| than of2|Σi|) andki should
be near to one. This means not only that the final resultC(Γ) is of tractable
size but also that the partition ofΓ \Γ0 into the setsΓi \Γi−1 (1 6 i 6 n) has
the effect of keeping|C(Γi)| small during the construction process.

Notice that a nonredundant theory is not necessarily the best choice. For
though less rules reduce the number of tests a single candidate set of primitives
has to undergo (in the subroutinecc? of Figure 70), the total number of sets to
be tested during an extension step can increase because additional (redundant)
statements would have prunedC(Γi) at an earlier stage of the construction.

SupposeΓ has reduced normal form. Then the statements ofΓ can be rep-
resented by pairs of finite subsets ofΣ, i.e. bysequentsin the sense of Section
6.3.3. Recall that a statementϕ � ψ of Γ is represented by a sequent〈P,Q〉 if
ϕ is the conjunction of the members ofP andψ is the disjunction of the mem-
bers ofQ (with V andΛ arising respectively by conjunction and disjunction
of nothing). MoreoverP ∩ Q= ∅ since the normal form ofΓ is reduced. In
terms of the sequent representation ofΓ, theif -statement of the subroutinecc?
becomes an elementary condition on sets:

if P ⊆ X and X ∩Q= ∅ then return (false);

We close this section with some remarks on implementationalissues.Bit-
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function C (Σ: set; Γ: theory): system of sets;
begin

if not cc? (∅, Γ|∅) then
C := ∅

else begin
C := {∅};
Σ′ := ∅;
while Σ 6= ∅ and C 6= ∅ do begin

F := any nonempty subset ofΣ;
Σ′ := Σ′ ∪ F ;
Γ′ := Γ|Σ′ ;
C′ := ∅;
foreach X ∈ C, Y ⊆ F do begin

X ′ := X ∪ Y ;
if cc? (X ′, Γ′) then C′ := C′ ∪ {X ′}

end;
Σ := Σ \ F ;
Γ := Γ \ Γ′;
C := C′

end
end

end;

function cc? (X : set; Γ: theory): boolean;
{ true ifX is consistentlyΓ-closed, false otherwise}
begin

foreach (ϕ � ψ) ∈ Γ do
if X � ϕ and X 2 ψ then return (false);

return (true)
end;

FIGURE 70 A simple algorithm for constructing the canonical universe
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vectorsof length|Σ| provide a simple and effective way to encode subsets of
Σ. (Notice that bit-vectors of length|Σ| can be regarded as direct instantiations
of 2-valued interpretations ofΣ.) In addition, the algorithm of Figure 70 calls
for a method to represent subset systems overΣ. For that purpose, ordered lists
of bit-vectors are appropriate.

The specialization ordering onC(Γ) corresponds to the bitwise ordering
on the set of bit-vector encodings (which are essentially the 2-valued mod-
els of Γ). In the following, we refer to bit-vector encodings of members of
C(Γ) briefly ascodes. Consider the task of finding the setM of minimal up-
per bounds of a setS of codes, which includes the special case of finding the
supremum ofS, if existent. IfΓ is a simple inheritance theory with exclusions,
the supremum of each bounded setS exists and can be determined by apply-
ing the bitwise logicalor-operation toS; for C(Γ) is closed with respect to
bounded union (see Chapter 2). In caseΓ is a Horn theory, the supremum of
a bounded setS of codes still exists, butor(S) may not be a code in turn; the
supremum ofS is then the least code aboveor(S). For observational theories
in general, where suprema need not exist, one has to determine the set of all
minimal codes aboveor(S) instead.

The determination of minimal upper bounds can be sped up by anexplicit
representation of the specialization order, e.g. in form ofa directed acyclic
graph.5 Such a representation of the ordering structure can be maintained al-
ready during the process of constructing the canonical universe. It is not dif-
ficult to modify the above algorithm accordingly. Assume that |Σi \ Σi−1| is
a singleton, say{pi}, for all i. ThenC(Γi) together with its ordering struc-
ture can be constructed from that ofC(Γi−1) by taking the direct product
C(Γi−1) × {∅, {pi−1}} of ordered sets and deleting all elements that are
not consistently closed with respect toΓi \ Γi−1; see also Section 9.4.1. (The
two operations on directed acyclic graphs involved here aretaking products of
graphs and deleting nodes.)

9.4.3 Applications

In case the canonical universeC(Γ) of a theoryΓ is of tractable size, it can be
usefully employed for various inference tasks. This includes, for example, the
task of finding the minimal (consistent)Γ-closures of a given set of primitives,
and hence the task of finding the minimal satisfiers of a conjunctive predicate.
Another type of problem easily solvable with the help ofC(Γ) is to determine
whether a given statementϕ � ψ is entailed byΓ or not; forΓ entailsϕ � ψ
just in case no memberX of C(Γ) satisfiesϕ but notψ.

The construction algorithm of Figure 70 can be easily adapted to allow an
on-line introduction of new primitives and statements. A similar approach is

5More on encoding techniques for partial orders can be found e.g. in Aı̈t-Kaci et al. 1989,
Habib and Nourine 1994, Fall 1996, Caseau et al. 1999.
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that of Oles (2000), who derives the representation of an observational the-
ory (which he calls a knowledge base) by its generic universe(which he does
not seem to recognize as such) via a somewhat tedious detour through Lin-
denbaum algebras. For expository purposes, Oles uses a “simple knowledge
representation language” consisting of the three constructs

emptyKB, newconcept I, and subconcept C1C2,

whereI is an identifier “given denotations by the knowledge base” and the
Ci’s are inductively built from identifiers plus⊤ and⊥ by finite conjunction
and disjunction. Obviously, the identifiers are our primitive predicates whereas
‘subconcept C1C2’ means ‘C1 � C2’. Thenewconcept construct is for
explicitly introducing new primitives, andemptyKB is for initialization.
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Linguistic Applications

So far, classification was based on primitive monadic predicates. In modern
linguistics, classification is often feature-based. Predicates then typically have
inner structure in that they consist of a feature, say,GENDER, and a value of
that feature, say,feminine. AscribingGENDER:feminine to a linguistic entity
means to state that the gender of that entity is feminine. In this chapter, we
study several paradigmatic examples of feature-based classification in a semi-
formal manner; a thorough explication of the logical form offeature-based
descriptions will follow in Chapter 11.

Section 10.1 starts with a brief review of binary features inphonology and
semantics. Another class of features is shown to be closely related to choice
systems. Moreover, we introduce a standard method to imposeconstraints on
feature-value pairs by so-called feature declarations. Finally, it is emphasized
that the genuine contribution of feature-based descriptions lies in their capacity
to express structural information.

In Section 10.2, we discuss a concrete application of feature-based descrip-
tions to the semantic classification of objects. The exampleis taken from the
current implementation of the MultiNet language understanding system, but
the discussion should be general enough to apply to other cases as well. It is
pointed out that a hand-crafted set of admissible feature-value combinations
usually has defects, and that these defects can be brought tolight by checking
the feature-value statements that are valid with respect tothe predefined set of
combinations.

10.1 Classification by Features and Sorts

10.1.1 Feature Bundles and Binarism

The basic idea of Chapter 1 was to classify linguistic entities by ascribing cer-
tain properties to them. As explained at length in earlier chapters, it is reason-
able from the viewpoint of a given classificational theory toidentifythe entities
that can be characterized by the theory with the sets of properties that are con-
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sistent and closed with respect to the theory. Ageneric entityof the theory, as
it was called, “is” thus the set of all its properties. By speaking of properties
asattributesor features, which is surely not uncommon in everyday usage, we
can therefore regard generic entities as “feature bundles”.

In modern linguistics, the characterization of linguisticentities as bundles
of distinctive featureshas been employed most prominently in phonology.1

The phoneme /p/, for instance, can be seen as the result of combining the pho-
netic featuresvoiceless, plosive, bilabial, etc. The features are distinctive in
that changing one of them gives rise to a different phoneme; e.g. replacing
voicelessby voiced leads to /b/. Phonetic features are usually assumed to oc-
cur in opposition pairs, like voicedvs.voiceless, plosivevs.non-plosive, and
so on. To take account of this systematic dichotomy, it is common to introduce
binary featuresVOICE, PLOSIVE, etc, with possible values+ and−. Then
voiced and voicelessbecomeVOICE:+ and VOICE:−, respectively. Notice
the twist in terminology: nowVOICE is said to be a feature, whereasVOICE:−
is afeature-value pair(see also Section 11.2.1 below). The phoneme /p/ is then
given by the set{VOICE:−, PLOSIVE:+, . . .} of feature-value pairs, for which
the followingmatrix notationis in use:




VOICE −
PLOSIVE +

..
.





Feature-based classification, which is closely related to componential anal-
ysis (cf. Section 1.2), has been widely employed in semantics as well.2 Typical
semantic opposition pairs areanimatevs. inanimateandmalevs. female. As
Lyons (1977, Sect. 9.9) points out, the use of binary features confronts us with
the problem of marking one of the equipollent oppositesmale andfemaleas
negative by choosing eitherMALE or FEMALE as a binary feature.3

Another question raised by Lyons (ibid) is concerned with the distinction
between concepts likehorse, for which the featureMALE (or FEMALE) is ap-
propriate but unspecified, and concepts likehouse, to which the feature does
not apply at all. The obvious solution is to restrict the featureMALE to animate
objects and to allow binary features to have a third value, say boolean, that
generalizes+ and−. Notice that if there is no need to distinguish unspecified
from inappropriate features, the use of binary features canbe straightforwardly
simulated by term negation.4

1Cf. Jakobson and Halle 1956, Chomsky and Halle 1968.
2E.g. Katz and Fodor 1963.
3For a more fundamental critique of linguistic classification based on binary features see e.g.

Taylor 1989.
4See also Lyons 1995, Sect. 4.2.
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10.1.2 Features versus Choice Systems

One way to circumvent the problem of opposite but equipollent features like
male and female is to treat them not as binary features but as dichotomous
valuesof a single featureSEX.5 ThenSEX:femaleandSEX:malecan take the
place ofMALE :− andMALE :+ (or FEMALE :+ andFEMALE:−). In order to
express that the featureSEX is appropriate but unspecified, we can introduce
a feature valuesex which subsumesmale and female. This approach is not
restricted to opposition pairs but can be applied to arbitrary property paradigms
as well. For instance, the propertiesred, blue, green, etc can be taken as the
values of the featureCOLOR.

Ascribing COLOR:red to an object basically says that the object is red
and that red is a color (see Section 11.2.2 below). It is thus tempting to treat
red, blue, etc as members of a choice system and not as values of a fea-
ture. Let us speak of achoice featureif the values of a feature constitute a
choice system, i.e. a system of mutually incompatible properties (or predi-
cates). The choice featureCOLOR, for example, corresponds to the choice sys-
tem{red, blue, green, . . .}.

It is of course also possible to turn choice systems into choice features.
Consider theAND /OR-tree presented in Figure 5 of Section 1.2, that shows
the subclassification of German nominal word forms with respect to case,
gender, and number. With choice featuresCASE, GENDER, and NUMBER, a
nominal word form is then said to satisfy, for instance,CASE:nominative,
GENDER:feminine, andNUMBER:singular instead of just satisfyingnomina-
tive, feminine, andsingular.

10.1.3 Feature Declarations and Other Feature-Value Constraints

More often than not, a feature (or attribute) is not appropriate to all entities of
a given domain of discourse but only to a certain subclass of them. The feature
CASE, for instance, is appropriate to nominal expressions but not to adverbs. In
order to express such appropriateness conditions by observational statements
we need to be a bit more explicit on the logical form of feature-value pairs.

Without going into details – see Chapter 11 for a full account– let us adopt
the position that features or, better, feature symbols, arefunctional dyadic pred-
icates and that their “values” are monadic predicates, henceforth referred to as
sortsor, better, sort symbols (or predicates). IfF is a feature symbol ands is a
sort symbol then the expressionF:s is taken as a monadic predicate that is sat-
isfied by those entities “whoseF is of sorts”. The above appropriateness con-
straint forCASE, which says that a (linguistic) entity is a nominal expression
whenever it admits a case value, can then be expressed by the observational
statementCASE:V � nominal.

5Cf. Lyons 1977, p. 325.
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A related type of constraint is that all entities of a certainsort have cer-
tain features whose values are restricted in a certain way. For example, each
linguistic entity of sortnominal bears the featureCASE, whose value is re-
stricted to a sortcasewith subsortsnominative, accusative, etc. The system-
atic listing of all features appropriate to a sort, togetherwith their respec-
tive value restrictions, is also called thefeature declarationof that sort; see
Pollard and Sag 1994 or Sag and Wasow 1999 for extensive linguistic exam-
ples. A feature declaration of the form

〈s,




F1 t1

..
.

Fn tn



〉

signifies that for1 6 i 6 n, the featureFi is appropriate for entities of sorts,
and the value such an entity has with respect toFi is of sortti.6 Notice that this
usage of ‘value’ differs from the foregoing one, where the sort (symbol) occur-
ring in a feature-value pair was taken as the value of the respective feature.

Suppose the sorts which are subject to feature declarationsare arranged
in a taxonomic hierarchy. It is then presumed that a sortinherits all features
of its supersorts, that is, a feature that is defined for a sortis also defined for
all subsorts of that sort. Suppose a feature-value pairF:t occurs in the feature
declaration of a sorts. If F is inherited from a supersort ofs, we can assume
thatt is more specific than the value restriction ofF at that supersort, because
otherwiseF:t would be redundant in the declaration ofs. If F is not inherited,
it is said to beintroducedats. In this case, it is implicitly assumed that bearing
the featureF implies to be of sorts.

We can express the meaning of feature declarations in terms of observa-
tional statements as follows. IfF is introduced ats, thenF:V � s. The con-
dition that every object has all features declared for its sort corresponds to the
statementss � F:t, for all feature-value pairsF:t in the feature declaration
of s. In particular,s ≡ F:t in caseF is introduced ats.7 The assumption that
sorts inherit the feature-value restrictions of their supersorts is a logical conse-
quence: ifs′ is a subsort ofs, i.e.s′ � s, thens′ � F:t whenevers � F:t.8

Feature declarations alone are of course insufficient to specify a full gram-
matical theory, or even a lexical theory. This calls for moregeneral observa-
tional statements over feature-value pairs, like e.g. thefeature cooccurrence
restrictionsused in Generalized Phrase Structure Grammer.9

6See also Pollard and Sag 1994, pp. 395ff.
7Sincet � V implies F:t � F:V; see Section 11.3
8For more on appropriateness and feature introduction see Carpenter 1992, Chap. 6 and

Penn 2000.
9Gazdar et al. 1985, Sells 1985, Chap. 3.
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10.1.4 From Features to Structures

As mentioned at the close of Section 10.1.1, the effect of binary features can
essentially be simulated by term negation. Choice featureslike GENDER can
be discarded too, forfemininedoes the job ofGENDER:feminine. And there
is no danger of confusing the values of two different choice features as long
as the underlying choice systems are pairwise disjoint. So the feature-based
descriptions given so far can dispense with features altogether (see also Section
11.2 below).

The situation is different when it comes to structural information. Consider
for example the description of the valency frame of a verb in the lexicon. Since
the subject of the verb and its objects are specified with respect to the same type
of syntactic and semantic information, like part of speech and semantic sort, it
is inevitable to explicitly mark the role of the complement to be described. A
simple solution is to introduce featuresSUBJ, OBJ1, OBJ2, etc.

Alternatively, one can characterize the list of complements explicitly as a
list structure. The standard way to do so is to define a sortlist with subsorts
nonempty list(ne-list) andempty list(e-list), where the sortne-list introduces
featuresFIRST and REST with values restricted toV and list , respectively.10

A list of three elements of sorta, b, andc can then be characterized by the
following feature-value pairs:

ne-list,
FIRST:a,
REST:ne-list,
REST:(FIRST:b),
REST:(REST:ne-list),
REST:(REST:(FIRST:c)),
REST:(REST:(REST:e-list)).

Clearly features are indispensable in this case. The novel aspect here is that
values of features can be feature-value pairs in turn. A convenient notational
device for sets or conjunctions of such complex feature-value descriptions is
provided by nested attribute-value matrices. The matrix shown in Figure 71,
for example, represents the preceding set of feature-valuepairs.

Readers interested in feature-based descriptions of syntactic phenomena
are referred to Pollard and Sag 1994, Borsley 1996, and Sag and Wasow 1999,
all of which employ variants of Head Driven Phrase StructureGrammar. It has
to be added that these approaches make use of an additional type of attribute-
value predicate, which allows to state that feature values are identical. We
briefly touch this topic in Section 12.4.1 below.

10Cf. e.g. Carpenter 1992.
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FIGURE 71 Attribute-value matrix representing a list of three elements

10.2 Case Study: Sorts and Features in MultiNet

10.2.1 The MultiNet Paradigm

TheMultiNet (short forMultilayered Extended Semantic Network) paradigm is
an elaborate framework for knowledge representation, which allows to repre-
sent the semantics of natural language expressions in a fine grained and cogni-
tively adequate way. To this end MultiNet provides representational means to
distinguish, for example, intensional from extensional aspects of meaning, ac-
tual from hypothetical entities, and immanent from situative knowledge. There
is also a variety of representational means for quantification and definiteness
phenomena. For a detailed description of the MultiNet paradigm the reader is
invited to consult Helbig 2001.11

The core component of MultiNet is a semantic network formalism. A se-
mantic network is basically a labeled directed graph whose nodes represent
concepts and whose edges represent semantic relations. If an edge is labeled by
a member of a predefined set of relation symbols, the pair of nodes connected
by the edge satisfies thesemantic relationnamed by the label. Nodes are la-
beled by symbols that indicate theontological sortof the represented concepts;
furthermore, they are specified with respect to several so-called layer features
that encode e.g. genericity and definiteness information.12

Besides providing aformalismfor semantic representation, the MultiNet
paradigm is an integral part of a natural language processing system, hence-
forth referred to as theMultiNet system. The MultiNet system includes a syn-
tactico-semantic analyzer that automatically transformsnatural language ex-
pressions into semantic representations.13 The transformation of an expression
into its semantic representation rests to a large extent on lexical information
about the words occurring in that expression. In addition tomorphological and
syntactic information, the lexicon of the MultiNet system contains detailed se-
mantic information.14

11See also Helbig and Schulz 1997, Helbig and Gnörlich 2002.
12See Helbig 2001, Chap. 10, Hartrumpf and Helbig 2002.
13See Helbig and Hartrumpf 1997, Hartrumpf 2002, Chap. 3.
14See Schulz 1999, Helbig 2001, Chap. 12.
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entity

object situation situational
descriptor

quality graduator quantity formal
entity

FIGURE 72 Top level of the MultiNet sort hierarchy

In particular, a lexical entry specifies the semantic relations the denoted
entity bears to its participants (if there are any) as well asthe ontological sort
of these entities. For example, the verb ‘kill’ denotes an entity of sort action
that bears the relation AGT to its agent and the relation AFF to the entity di-
rectly affected by the action. In addition, the entity denoted by the lexeme,
as well as its participants, are specified with respect to a predefined set of bi-
nary semantic features. The entity affected by a killing action, for instance,
is assumed to satisfyANIMATE :+. The primary purpose of this classification
by semantic features is to efficiently provide the syntactico-semantic analyzer
with semantic selectional restrictions; for representingthese restrictions within
the semantic network formalism proper would call for significantly more costly
inference processes. In what follows we take a closer look atthe interdepen-
dence between ontological sorts and semantic features.

10.2.2 Ontological Sorts and Semantic Features

The MultiNet framework presumes a tree-shaped hierarchy of45 ontological
sorts. Figure 72 shows all immediate subsorts of the most general sortentity;
for a full account of the MultiNet sort hierarchy see Helbig 2001, Sect. 17.1. In
addition, there are16 binary features that allow a more fine grained semantic
differentiation (seeop cit, Sect. 12.2), of which13 are listed in Table 3, with
positive and negative examples.

In the following, we focus on the three ontological sortsconcrete object
(co), discrete object(d), andsubstance(s) (see Figure 73) and their semantic
differentiation by the features listed in Table 3. If we assume the value of each
of these features as being eitherbooleanor one of its subsorts+ and−, we
get3 · 313 = 4,782,969 possible entity types. Among these are2 · 213 =16,384
maximally specific entity types, that is, types whose ontological sort is either
d or s and whose semantic features have value+ or−.

The number of possible entity types reduces by several orders of magni-
tude if the semantic interdependence between feature-value pairs is taken into
account. For example, humans and animals are animate beingsand potential
agents; rendered into logical form:

HUMAN :+ ∨ ANIMAL :+ � ANIMATE :+ ∧ POTAG:+,
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Feature + −
ANIMAL bird human
ANIMATE tree, animal stone
ARTIF (artifact) car, house animal
AXIAL bottle, tree ball, snowflake
GEOGR (geographical object)street, mountain animal
HUMAN student animal, stone
INFO (information) newspaper animal, stone
INSTIT (institution) company student
INSTRU (instrument) knife, hammer mountain
LEGPER (legal person) student, company animal, stone
MOVABLE table, apple mountain
POTAG (potential agent) horse, motor stone
SPATIAL building idea, number

TABLE 3 Subset of semantic features used in MultiNet

object

concrete
object(co)

abstract
object

discrete
object(d)

substance(s) attribute . . .

. . .

FIGURE 73 Ontological subsorts ofobject

which is logically equivalent to the conjunction of four simple inheritance
statements, namelyHUMAN :+ � ANIMATE :+, HUMAN :+ � POTAG:+, etc.

10.2.3 Encoding of Feature-Value Combinations by Semantic Sorts

Within the MultiNet system, the differentiation of ontological sorts by seman-
tic features is realized by introducing sort symbols for allpossible feature-
value combinations.15 We refer to these additional sorts assemantic sorts. The
semantic sorts are technically kept apart from the ontological sorts by defining
a featureSORT for the former, whose value belongs to the latter. There is, for
instance, a semantic sorthuman-objectwith SORT:d, HUMAN :+ (unsurpris-
ingly), ANIMAL :−, ANIMATE :+, ARTIF :−, etc; see the attribute-value matrix
on the right of Figure 74.

Some of the semantic sorts bear semantic features that are unspecified
in the sense of having the valueboolean. The semantic sortanimate-object,

15Cf. Schulz 1999, Helbig 2001, Hartrumpf 2002, Hartrumpf et al. 2003.
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FIGURE 74 Stepwise restriction of feature values

for example, is unspecified with respect to the featuresANIMAL , HUMAN ,
LEGPER, andMOVABLE . The purpose of such non-maximal sorts is to capture
“natural” generalizations. (A possible criterion for introducing a non-maximal
sort could be that there are lexical concepts of this sort.) Figure 74 shows a spe-
cialization chain of semantic sorts, starting with the sortobject, all of whose
semantic features have valueboolean(abbreviated byb); Figure 75 depicts the
hierarchy of all subsorts ofcon-object(short forconcrete object) as used in
the MultiNet system (see Helbig 2001, p. 386) – with featuresonly displayed
if their value is more restricted than that of the immediate supersort.

The current lexical component of the MultiNet system explicitly encodes
the semantic sort hierarchy, accompanied by feature declarations as indicated
in Figure 75. Since all semantic features listed in Table 3 are defined for the
semantic sortobject, the feature declarations ofcon-objectand its subsorts do
not introduce any features but solely consist of value restrictions. Feature dec-
larations alone, however, do not suffice to single out all andonly the feature-
value combinations that correspond to the semantic sorts. This is so because
the logic behind feature declarations does not prevent an entity of a given
sort to bear features whose values are more specific than stated in the dec-
laration of that sort. For example, an entity of sortanimate-objectcan satisfy
MOVABLE :+ without being of sorthuman-objector animal-object. Moreover,
entities satisfyingcon-object, ANIMATE :−, andHUMAN :+ are excluded nei-
ther, contrary to what one might expect. Notice that if the goal is to single out
only the maximally specific semantic sorts, it is enough to assume exhaustive-
ness of the sort hierarchy, which means that each sort implies the disjunction
of its immediate subsorts.

According to Schulz (1999, Sect. 3.2.2), the hierarchy of semantic sorts
used in the MultiNet system has been determined “by hand” on the basis of
lexicographic practice, with an eye on semantic dependencies between feature
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FIGURE 75 Semantic subsorts ofcon-objectused in the MultiNet system
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values. So, neither has a set of feature-value statements been employed sys-
tematically to constrain the possible feature-value combinations nor has any
attempt been made to reveal the feature-value statements valid for the chosen
system of semantic sorts. In other words, the interdependence between sets of
feature-value statements (theories) and systems of sets offeature-value pairs
(canonical universes) has been neglected for the most part.

It is hence not very surprising that the provisional set of feature-value state-
ments given in Helbig 2001, Sect. 12.2 is everything but complete with respect
to the system of semantic sorts. There is even no guarantee ofvalidity, wit-
ness the feature-value statementsINSTR:+ � MOVABLE :+ and INFO:+ �
SPATIAL:− (ibid, p. 276). The first statement is incompatible with the feature-
value matrix of the sortnonmov-nonanimate-con-potag, the second one with
that ofcon-info, both of which occur in Figure 75 and are thus semantic sorts
of the MultiNet system (op cit, p. 386).16

Moreover, several of the statements valid with respect to the system of
Figure 75 turn out to be rather questionable. For example, the statement

ARTIF :− ∧ ANIMATE :− ∧ GEOGR:− ∧ SORT:d � AXIAL :+ ∧ INSTRU:+

holds for each of the semantic sorts. Assuming the given semantic subclas-
sification of concrete objects as complete thus implies thatall natural, non-
animate, non-geographic discrete objects are typically used as instruments and
have an axis. Obviously this is wrong: take snowflakes, for instance.

A manually crafted hierarchy of semantic sorts therefore may implicitly
contain assumptions about feature-value dependencies that are not intended
by the designer of the hierarchy. This is highly problematicbecause, once
adopted, the hierarchy gains normative impact when appliedin classification
tasks, say, of assigning semantic sorts to lexemes, where the user is forced to
choose from the given set of sorts. Mnemonic designators forsemantic sorts,
like nat-discrete, make it even more difficult to detect defects in the hierarchy,
since they hide the actual distribution of feature values.

10.2.4 Feature-Value Combinations via Feature-Value Statements

The discussion of the previous section has shown that a definition of a system
of semantic sorts, i.e. of feature-value combinations, should be systematically
related to a set of feature-value statements. This is not to say that lexicographic
examples are of no use in determining the semantic sorts. On the contrary, a
reasonably representative set of example lexemes, classified with respect to all
semantic features, can serve as a first approximation of possible feature-value

16We tacitly assume each statement to hold without exception.The situation is of course differ-
ent if defaults are allowed.
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combinations. (Such a set of classified examples is basically a classification in
the sense of Section 5.3.4.)

Since the example set cannot be expected to be completea priori, it is vi-
tal to check whether the feature-value statements that holdfor the example set
are semantically valid. Such a statement is acknowledged asbeing invalid by
giving acounter example, which is then added to the example set. The effect
is, first, that there is a new semantic sort and, second, that the invalid state-
ment cannot be inferred anymore.17 For instance, we have observed above that
‘snowflake’ is a counter example to the statementARTIF :− ∧ ANIMATE :− ∧
GEOGR:− ∧ SORT:d � AXIAL :+ ∧ INSTRU:+, which holds for all semantic
sorts of Figure 75. Consequently, one has to add a subsort ofprot-discretewith
ARTIF :−, AXIAL :−, INSTRU:−, andMOVABLE :+.

Notice that in order for this approach to be feasible in practice, we need a
strategy to present the statements to be checked in a nonredundant way. This
task is closely related to the problem of finding a nonredundant basis of ob-
servational statements for a given canonical universe; cf.(5.30). The interested
reader is referred to Ganter 1999.

Leaving aside for the moment the problem of constructing a hierarchy of
semantic sorts by introducing non-maximal sorts, let us assume that all exam-
ple lexemes give rise to maximally specific feature-value matrices, i.e. each
semantic feature has value+ or − and the featureSORT has valued or s. In
other words, we require the statements

SORT:co � SORT:d ∨ SORT:s and F :b � F :+ ∨ F :−

to be valid, for all semantic featuresF . Since we only consider concrete ob-
jects, for which all semantic features of Table 3 are defined,the statements
V � SORT:co andSORT:co � F :b can be taken as valid too.

In addition to these exhaustiveness assumptions, the hierarchy of the on-
tological sorts (see Figure 73) and the fact that+ and− are incompatible
subsorts ofbooleangive rise to the statements

SORT:d ∨ SORT:s � SORT:co, SORT:d ∧ SORT:s � Λ,

F :+ ∨ F :− � F :b, and F :+ ∧ F :− � Λ,

for all semantic featuresF . (As for the logical deduction of these statements
from d ∨ s � co, etc see Section 11.3.)

The canonical universe of the feature-value theory defined so far is the
set of2 · 213 = 16,384 maximally specific semantic sorts that are possible on

17This iterative procedure is simliar to the method ofattribute explorationused in Formal Con-
cept Analysis; see Ganter 1999, Ganter and Wille 1999.
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(1) ANIMATE :+ � ARTIF:− ∧ INSTRU:− ∧ POTAG:+
(2) ANIMAL :+ � ANIMATE :+ ∧ MOVABLE :+
(3) HUMAN :+ � ANIMAL :− ∧ ANIMATE :+ ∧ MOVABLE :+ ∧ LEGPER:+
(4) GEOGR:+ � AXIAL :− ∧ INSTRU:−
(5) INFO:+ � INSTRU:− ∧ POTAG:−
(6) SORT:co � SPATIAL:+ ∧ INSTIT:−
(7) SORT:s � MOVABLE :+ ∧ AXIAL :−

(8) SORT:co ∧ INFO:+ ∧ AXIAL :− � Λ
(9) SORT:co ∧ INFO:+ ∧ MOVABLE :− � Λ

(10) SORT:co ∧ POTAG:+ ∧ AXIAL :− � Λ
(11) SORT:co ∧ HUMAN :− ∧ LEGPER:+ � Λ
(12) SORT:co ∧ ANIMATE :− ∧ INSTRU:− ∧ POTAG:+ � Λ
(13) ANIMATE :− ∧ ARTIF:− ∧ POTAG:+ � Λ
(14) ANIMAL :− ∧ ANIMATE :+ ∧ HUMAN :− ∧ MOVABLE :+ � Λ
(15) AXIAL :− ∧ GEOGR:− ∧ MOVABLE :− � Λ
(16) ARTIF:+ ∧ INSTRU:+ ∧ MOVABLE :− ∧ POTAG:− � Λ
(17) ANIMATE :− ∧ INFO:− ∧ INSTRU:− ∧ MOVABLE :+ � Λ
(18) SORT:d ∧ ARTIF:− ∧ ANIMATE :− ∧ AXIAL :− ∧ GEOGR:− � Λ
(19) SORT:d ∧ ARTIF:− ∧ ANIMATE :− ∧ GEOGR:− ∧ INSTRU:− � Λ

TABLE 4 Valid statements for the semantic sorts of Figure 75

combinatorial grounds. Our aim is to reduce this set to the15 maximal sorts
of Figure 73 by adding appropriate feature-value statements. Table 4 shows
a nonredundant set of statements with the desired property.18 The first block
of statements is equivalent to a set of simple inheritance statements consist-
ing of ANIMATE :+ � ARTIF :− etc. The second block consists of exclu-
sion statements. Notice that the above exhaustiveness assumptions allow us
to state exclusion statements in several equivalent ways. For example, state-
ment (13) is equivalent toANIMATE :− ∧ POTAG:+ � ARTIF :+ as well as to
POTAG:+ � ARTIF :+ ∨ ANIMATE :+.

Some of these statements are rather questionable. As already noted, snow-
flakes provide a counter example for (18) and (19); moreover they invalidate
(17) too. Another problematic example is (16): in contrast to what is presumed
there, it seems reasonable to regard a dam or dike as a non-movable, artifi-
cial instrument that is not a potential agent – at least in view of the fact that
the semantic sortnonmov-nat-discretelegitimates non-movable, natural instru-
ments. We can conclude that the systematic relation of feature-value statements
to admissible feature-value combinations helps to reveal the shortcomings of a
hand-crafted system of semantic sorts and at the same time provides a method

18This statement set has been determined semi-automaticallyby checking that it generates the
desired canonical universe, which has been calculated by the algorithm presented in Section 9.4.2.
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to improve that system.
Let us turn to the problem of constructing ahierarchyof admissible feature-

value combinations. To this end, we need to drop the exhaustiveness assump-
tions SORT:co � SORT:d ∨ SORT:s andF :b � F :+ ∨ F :−. Since the
remaining set of statements is equivalent to a simple inheritance theory with
exclusions, the resulting ordered set of entity types is a (finite) distributive
Scott domain (cf. Chapter 4). Now notice, first, that the maximally specific
elements of this hierarchy remain the same as before, and, second, that the hi-
erarchy consists of far more feature-value combinations than just the subsorts
of con-objectdefined in Section 10.2.3.

In view of Section 5.3.1, it is nevertheless possible to single out precisely
the tree-shaped hierarchy of Figure 75 by imposing an appropriate specifi-
cation ordering on the semantic features. A typical statement to be added is
MOVABLE :+ ∨ MOVABLE :− � ANIMATE :+ ∨ ANIMATE :−, which ensures
that everything specified with respect toMOVABLE is specified with respect to
ANIMATE . The question arises on what grounds the tree structure of Figure 75
is to be preferred over other ones. As mentioned before, a possible criterion for
stipulating a non-maximal semantic sort is the existence oflexical concepts of
that sort. It is however more than questionable whether the system of Figure 75
consists of all and only the feature-value combinations meeting this condition.
Another option is to treat the tree of semantic sorts as adecision tree. But then
the criteria for building decision trees should be taken into account – as, for
instance, maximal information gain per attribute specification.19

If we dispense with trees altogether, a natural way to construct a hierarchy
of feature-value combinations is to take the canonical universe of a complete
Horn theory determined by the given set of maximally specificsemantic sorts,
cf. Section 5.3.4. (Alternatively, one can take the canonical universe of a com-
plete simple inheritance theory with exclusions; but notice that the theory listed
in Table 4 is not complete because without exhaustiveness itfails to entail, for
instance, the valid statementANIMAL :+ � HUMAN :−.) Since the canonical
universe of a Horn theory is bounded-complete, every consistent feature-value
combination has a least satisfier in the hierarchy. This situation can be argued
to be optimal from the viewpoint of information processing because new in-
formation can be deterministically processed at once.

19See e.g. Mitchell 1997, Chap. 3.



11

Attributive Descriptions

In the foregoing chapter, feature-value pairs have been treated as monadic
predicates in a somewhatad hocfashion. Here, the logical form of feature-
based descriptions will be explicated systematically.

Section 11.1 can be seen as an exercise in logical analysis. The logical
structure of attributive descriptions, which we regard first and foremost as nat-
ural language expressions of a certain type, is revealed by rendering these ex-
pressions into regimented and logical form. In Section 11.2, we apply this anal-
ysis to binary features and choice features, which turns outto be not without
problems. Section 11.3 is concerned with equivalences between attribute-value
predicates that arise as consequences of the logical form ofthese expressions.

11.1 Regimentation and Formalization

The rationale of this section is to devise a formal language of attributive de-
scriptions on the basis of their natural language origins. The underlying as-
sumption is that formalization of a certain pre-formal way of referring to a
domain of discourse should start with the very discourse itself. Our approach
thus stands in contrast to those that first stipulate a formallanguage which is
then equipped with a model-theoretic semantics (or a translation into predi-
cate logic). It also differs from the position that (mathematical) models of the
entities in question are the primary source for designing a formal language.

11.1.1 Attribute-Value Predicates

Attributive descriptions as considered here are monadic predicates of the form
‘someone whose father is a lawyer’. Ascribing them to the members of a uni-
verse of discourse, say, a set of students of which one is Mary, yields predica-
tions like ‘Mary is someone whose father is a lawyer’, which is just a slightly
complicated way of saying that Mary’s father is a lawyer. It is common in the
context of feature-based classification to speak of the father relation as anat-
tribute or featurewhereas the father of Mary is said to be thevalueof Mary

191
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with respect to this feature; feature values in turn can be ofa certainsort, here
of the sort lawyer. So under this usage, an attribute is always ascribed not to a
single entity but to a pair of entities.

Our goal is to reveal the logical structure of attributive descriptions by step-
wise regimentation and formalization. The first step is to paraphrase ‘someone
whose father is a lawyer’ by the somewhat clumsy expression ‘someone such
that the father of her or him is a lawyer’. Its gain shows up when (coreferring)
pronouns are replaced by (identical)variables:

anx such that the father ofx is a lawyer.

The expression ‘anx such that’ works as an operator ofpredicate abstraction:
putting it in front of an open sentence like ‘the father ofx is a lawyer’ produces
a monadic predicate. Following Quine (1982, Sect. 21), the construction ‘anx
such that . . .x. . . ’ will be rendered symbolically ‘{x | . . .x. . .}’. Our example
predicate then becomes ‘{x | the father ofx is a lawyer}’.

This leaves us with the matrix sentence ‘the father ofx is a lawyer’, which
is a predication consisting of the predicate ‘lawyer’ and the singular description
‘the father ofx’. Let us briefly indicate how to cope with the latter by eliminat-
ing it along Russellian lines.1 Rephrasing ‘the father ofx’ by ‘the y such that
y is father ofx’ and writing ‘ι’ for the definite article gives ‘ι{y | y is father
of x}’, whose more common notation is ‘ιy(y is father ofx)’. So, with ‘F ’
standing for the dyadic predicate ‘{yx | y is father ofx}’ and ‘A’ for ‘ {x | x
is a lawyer}’, the matrix ‘the father ofx is a lawyer’ becomes ‘A(ιyFyx)’.
Now we eliminate the singular description à la Russell: take ‘A(ιyFyx)’ to
mean ‘∃z(z= ιyFyx∧Az)’ and suppose thatz= ιyFyx just in caseFzx and
∀yw(Fyx ∧ Fwx→ y=w), in words:z is father ofx and it is the only one.2

All in all, consecutive regimentation and formalization has lead us to the
following scheme for attributive descriptions, where ‘F ’ stands for a (dyadic)
attribute predicate and ‘A’ for a (monadic) sort predicate:

{x | ∃y(Fyx ∧Ay) ∧ ∀yz(Fyx ∧ Fzx→ y= z)}.

If the dyadic predicate ‘F ’ is presupposed asfunctional, that is, if

(11.1) ∀xyz(Fxz ∧ Fyz → x= y),

then the scheme of attributive description can be abbreviated by ‘F :A’, where
1See e.g. Quine 1960,§38, Quine 1982, Sect. 44, or Forbes 1994, Chap. 7,§2.
2It should be emphasized that we do not claim Russell’s analysis to apply to all singular de-

scriptions in natural language. The claim is rather that it is appropriate for the restricted (scientific)
discourse of attributive descriptions.
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(11.2) F :A ≡ {x | ∃y(Fyx ∧Ay)}.

We call ‘F :A’ the inverse imageor thePeirce productof ‘A’ by ‘F ’. So ‘ :’
can be seen as a predicate operator that combines a dyadic predicate ‘F ’ and a
monadic predicate ‘A’ to a monadic one. In the following we refer to predicates
of the form ‘F :A’ as attribute-value predicates, where ‘F ’ is presupposed as
functional. The corresponding schematic formulation in natural language is
‘someone (or something) whoseF is anA’.

(11.3) RemarkThe curly brace notation for predicate abstraction conforms
to the standard notation of set theory when predicates double as names of their
extensions. Correspondingly, the setF :A, which is {x | ∃y(Fyx ∧Ay)}, is
the extension of the monadic predicate ‘F :A’. So the predicate operator ‘:’
doubles as a name for a two-place operation that takes a binary relationF and
setA to the setF :A, the Peirce product ofA byF .

(11.4) RemarkThe identification of functional relations with one-many rela-
tions probably bewilders many of the readers, since the converse is common
nowadays. (A relationF is said to beone-manyif no two things bearF to the
same thing, i.e. ifF satisfies (11.1).) The one-many definition can be found,
for example, in the work of Peano, Gödel, Tarski, and Quine.We prefer this
“old-fashioned” convention to the “modern” one because it is more natural and
technically superior. It is worth to cite Quine (1969, p. 24)on these matters:

My way (Peano’s, Gödel’s) is natural in that if we are going to identify functions with
relations at all, it is natural to identify the square (or father) function with the square (or
father) relation; and certainly the square relation is the relation of square to root, as the
father relation is the relation of father to child. [. . . ]
The reverse way might be said to be more natural on one count: afunction transforms
the argument into the value, thus leads from the argumentto the value, and thus is
naturally identified with the relation of the argumentto the value. But the reasoning
seems lame to me.

Another pressing argument in favor of the one-many convention runs as fol-
lows.3 The compositeF ◦ G of two binary relationsF andG is standardly
defined to be{xy | ∃z(Fxz ∧Gzy)}. This definition should surely not depend
on whetherF andG are functional or not. Moreover, concerning functional
application,(F ◦G)(x) should be the same asF (G(x)). These two conditions
together inevitably imply the one-many definition of functionality.4

3See also Quineibid.
4Perhaps the many-one convention has its roots in graphical (or tabular) presentations of

argument-value pairs. If arguments correspond to points onthe x-axis and values to points on the
y-axis, then the standard vector representation of points of the plane leads to pairs with argument
and value respectively as first and second component.
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Furthermore notice that the one-many convention necessarily leads to defining
the Peirce product or inverse image as in (11.2), which is converse to the def-
inition typically given in the literature.5 This is so because ifF is functional
then clearly the image ofB byF must be{y | ∃x(Fyx ∧Bx)}; consequently,
the inverse image ofA byF is {x | ∃y(Fyx ∧Ay)}.

11.1.2 Attribute Composition

The attribute predicates occurring in attributive descriptions can be composed
of others. An example is the predicate ‘someone whose father’s car is a con-
vertible’. It can be paraphrased by:

anx such that the father ofx is someone whose car is a convertible,

which is obviously an attributive description whose sort predicate ‘someone
whose car is a convertible’ is an attributive description inturn. With ‘F ’ for
‘{yx | y is father ofx}’, ‘G’ for ‘ {yx | y is car ofx}’, and ‘A’ for ‘ {x | x is
a convertible}’, the attribute-value predicate can be condensed to ‘F :(G:A)’,
with ‘F ’ and ‘G’ assumed as functional.

The translation of ‘F :(G:A)’ into quantificational form by (11.2) allows
us to derive a different but equivalent attribute-value predicate; for

{x | ∃y(Fyx ∧ ∃z(Gzy ∧Az))} ≡ {x | ∃z(∃y(Fyx ∧Gzy) ∧Az)}.

Consequently, if ‘|’ is the predicate operator ofreverse (relational) composi-
tion,6 that is,

F |G ≡ {xy | ∃z(Fzy ∧Gxz)},

then ‘F :(G:A)’ is equivalent to the attribute-value predicate ‘(F |G):A’. It
thus makes sense to speak of acomposedattribute predicate ‘F |G’.

The scheme ‘(F |G):A’ can also be derived by paraphrasing the original
expression ‘someone whose father’s car is a convertible’ asfollows:

anx such that the car of the father ofx is a convertible.

Here the complex singular description ‘the car of the fatherof x’ needs fur-
ther analysis. It is not difficult to see that Russell’s elimination method applied
twice leads to ‘(F |G):A’, where ‘F ’ and ‘G’ and hence ‘F |G’ are presup-
posed to be functional.

5Cf. e.g. Brink et al. 1994 or de Rijke 1995.
6As it happens, our use of the bar (accidentally) is opposite to the one initiated by Russell, who

used it for relational composition (also known asrelative product).
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11.1.3 Internal and External Negation

It was already perceived by Russell (1905) that his method ofeliminating def-
inite descriptions gives rise to two different readings when applied to negated
contexts. Consider the following classical example:

(11.5) anx such that the king ofx is not bald,

in symbols:{x |¬B(ιyKyx)}. The matrix sentence¬B(ιyKyx) has two pos-
sible readings depending on whether the negation sign takesnarrow scope as
in ‘(¬B)(ιyKyx)’ or wide scope as in ‘¬(B(ιyKyx))’. This is the distinction
betweenterm or internal negationandpredicate denialor external negation.
Application of Russel’s elimination method (cf. Section 11.1.1) leads respec-
tively to

∃z(z= ιyKyx ∧ ¬Bz) and ¬∃z(z= ιyKyx ∧ Bz),

and further to

∃y(Kyx ∧ ¬By) ∧ ∀yz(Kyx∧Kzx→ y= z) and

¬∃y(Kyx ∧By) ∨ ¬∀yz(Kyx∧Kzx→ y= z).

SupposeK is functional. Then the second clauses of the previous two expres-
sions are redundant and, hence, the two readings of the attribute-value predi-
cate (11.5) come down to ‘K :¬B’ and ‘¬(K :B)’. Furthermore,

(11.6) K :¬B ≡ K :V ∧ ¬(K :B).

Proof. ¬∃y(Kyx ∧ By) iff ∀y(Kyx→¬By). Moreover, sinceK is func-
tional,∃y(Kyx ∧ ¬By) iff ∃yKyx ∧ ∀y(Kyx→¬By).

The relation between internal and external negation as expressed by (11.6)
nicely illustrates the existential presupposition implicit in internal negation.

11.1.4 Proper Names

When attributive descriptions are employed in practice, say, in records of em-
ployees, attribute values are denoted byproper namesmore often than not. The
attribute ‘birthplace’ provides a typical example. If predicates like ‘someone
whose birthplace is London’ are to put into the Procrustes bed of attribute-
value predicates, then proper names, here ‘London’, have tobe reanalyzed as
sort predicates in one way or another. A standard method is toconsider names
as definite descriptions and to eliminate the latter in the usual way.
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Let us work this out for the given example, whose regimented form is ‘an
x such that the birthplace ofx is London’. Notice that the ‘is’ in ‘the birthplace
of x is London’ is not the copula of predication but that of identity. So, instead
of (11.2), we get{x | ∃y(Fyx ∧ y= London)}, with ‘F ’ for ‘ {yx | y is birth-
place ofx}’. The trick is now to consider ‘London’ as a monadic predicate
and to replace ‘y= London’ by ‘y = ιLondon’.7 Elimination of the definite
description leads toNy ∧ ∀z(Nz→ y= z), where ‘N ’ stands for ‘London’.
Hence, if we presuppose that ‘N ’ denotes at most one entity, i.e.

(11.7) ∀xy(Nx ∧Ny→x= y),

the example predicate can be expressed in the standard form ‘F :N ’. As an
immediate consequence of (11.7), it follows that

F :A ∧ F :N ∧ G:N � G:A

is a valid statement for arbitrary dyadicF andG and monadicA.

11.2 Two Problematic Cases

The analysis of attributive descriptions developed so far rests on the assump-
tion that attributes are binary functional relations. Thisis surely true for at-
tribute terms like ‘father’. But our first examples in Chapter 10, namely binary
features and choice features, turn out to be rather problematic in this respect.

11.2.1 Binary Features

Let us consider binary features first. Taking for exampleHUMAN :+ as an
attribute-value predicate in the sense of Section 11.1.1 means to assume that
HUMAN and+ are respectively dyadic and monadic predicates. Then, by defi-
nition, an entityx of the universe of discourse satisfiesHUMAN :+ just in case
there is a (unique) entityy such that〈y, x〉 satisfiesHUMAN andy satisfies+.
The reader will presumably find this rather awkward: not onlyare there+’s
but they also bear a functional relation namedHUMAN to human beings. No
less awkward is the straighforward reformulation ofHUMAN :+ into natural
language along the lines of Section 11.1.1: the expression ‘something whose
human being is a+’ is hardly intelligible.

It is nevertheless possible to treat terms of this type as attribute-value predi-
cates. The following construction presumes that sentencesdenotetruth values,
sayt or f , and makes use offunctional abstraction. Let HUMAN denote the
functionλx(x is a human being), which takesx to t if x is a human being and

7See Quine 1960,§§37–39 for a more detailed exposition.
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to f otherwise.8 Assume now thatt is the only entity satisfying the predicate+
(whereasf is the only entity satisfying−). Thenx satisfiesHUMAN :+ iff there
is ay such thaty= (x is a human being) andy satisfies+, i.e. is identical to
t. In short,x satisfiesHUMAN :+ iff x is a human being.

Though viable in principle, the presented solution has two disadvantages,
of which one is conceptual and the other is technical in nature. First, one may
criticize the reification of truth values since “it is obviously desirable to analyze
discourse in such a way as not to impute special ontological presuppositions
to portions of discourse which are innocent of them.”9 But the decision to in-
troduce predicates+ and− implies that models contain “truth value entities”.
Second,+ and− are implicitly assumed to denote singleton sets. In other
words, they are subject to the presupposition (11.7).

There is a simple way to abandon sort predicates for truth values altogether.
Simply use two sort predicateshumanandnon-humanin place ofHUMAN :+
andHUMAN :−. In addition, one has to ensure axiomatically thathumanand
non-humanare incompatible. Though incompatibility is needed in the case
of + and− too, one might object that stating this explicitly forhumanand
non-humanlacks generality; for it has also to be done for every other such pair.
Alternatively, we could make negation syntactically transparent and thereby
accessible to inference schemes. Within the realm of observational logic, this
strategy has to be qualified insofar as negation is unproblematic in statements,
whereas predicate negation in positive assertions has to be“incorporated” into
the predicate (see Sections 5.4.1 and 12.1.4).

11.2.2 Choice Features

The ambivalence between choice features and choice systemshas already been
pointed out in Section 10.1.2. There we observed that e.g.CASE is best seen
as a choice system, i.e. as a set consisting of the monadic predicatesnom, acc,
etc. Suppose we wantCASE:acc nevertheless to work as an attribute-value
predicate. Intuitively, a (linguistic) entityx should satisfyCASE:acc if x is
accusative, where accusative is a case. On the other hand, bydefinition (11.2),
x satisfiesCASE:accif there is ay such that〈y, x〉 satisfiesCASEandy satisfies
acc. To bring the latter analysis in line with the former, letnom be the set
{x | x is nominative} of all nominative (linguistic) entities,acc the set of all
accusative entities, etc; in addition, letaccbe the predicate ‘{y | y= acc}’ and
let CASEbe ‘{yx |x∈y∈Case}’, whereCase is {nom, acc, . . .}. ThenCASE

is functional – at least if no entity has more than one case, i.e. if the members
of Case are pairwise disjoint; andx satisfiesCASE:acc iff x∈acc∈Case, as
desired.

8Theλ-notation for functional abstraction is Curry’s; the idea to take sentences as names for
truth values goes back to Frege; cf. e.g. Quine 1976, Sect. II.

9Quine 1953, pp. 115f
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So, in order to reconcile the specification of choice features with attribu-
tive descriptions, we introducedsets of entitiesas entities into our universe of
discourse.10 This decision is neither good nor bad from the viewpoint of for-
mal theory. But at least, it should be made consciously when formalizing the
discourse in question. For ontic commitments are coupled topredicates and
thus to extensions, be it in the domain of discourse or in a formal model of the
latter. Moreover notice that we again made use of sort predicates that denote
singletons.

Let us briefly indicate how the given formalization of choicefeature spec-
ifications is directly derivable from their natural language counterparts. Con-
sider the attribute-value predicate ‘something whose color is red’. (For sim-
plicity, assume that everything in the universe of discourse is either red or not.)
Applying the ‘such that’ paraphrase leads to ‘anx such that the color ofx is
red’. Observe that the ‘is’ in ‘the color ofx is red’ means not predication but
identity; for the color ofx is not something red but is identical to red. Hence we
get{x | ∃y(Fyx ∧ y= red)} instead of (11.2), where ‘F ’ stands for ‘{yx |y is
a color ofx}’. With colors interpreted extensionally,red is the set of red things
and ‘F ’ can be replaced by ‘{yx |x∈y andy is a color}’. This is precisely the
type of analysis used above for ‘something whose case is accusative’. The pre-
supposition of functionality here means that for every two colorsy andz, if
x∈y ∩ z theny= z; in short, everything has at most one color.

(11.8) RemarkThe difficulty of handling choice features within the realm of
attributive descriptions has also been noticed by Marcus Kracht (1995, p. 448):

“[. . . ] even though it is optically pleasing to regardCASE as intrinsically relational,
the initial attraction results from a superficial linguistic analogy of〈CASE〉acc with
the case of this item is accusative, thus suggesting that there is an underlying relation.
Yet, the expressionmy car is reddoes not indicate that the expressioncar is relational,
neither doesthis item’s case is accusativelead to the conclusion thatcasedenotes a
relation. There are only cars and in particular red ones, andthere are cases, in particular
accusative.”

Though Kracht’s conclusion is right for the most part, his argument is not. The
attribute-value predicate in question is ‘someone whose car is red’, or, more
formally, ‘an x such that the car ofx is red’. This expression fits perfectly
into the standard formalization scheme for attribute-value predicates: take the
Peirce product of monadic predicate ‘red’ by the dyadic predicate ‘{yx | y is
a car ofx}’ and assume functionality, i.e. assume people to own at mostone
car. So, though Kracht is right in saying that ‘car’ is not relational, this is not

10Alternatively, one can employ semantic ascent: Instead of using the setsnom , acc, etc, one
can use theirnames, i.e. the predicates they are the extensions of. ThenCase is a set of predicates
andCASE is ‘{yx | x satisfiesy∈Case}’.
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at issue here. The relational component of ‘is a car of’ is that of ownership.
Kracht’s example is thus not well suited for pointing out theproblems of using
choice features in attribute-value predicates.

11.3 The Logic of Attributive Descriptions
In this section we study more closely equivalences between attribute-value
predicates and, in particular, how the Peirce product interacts withΛ, dis-
junction and conjunction. Equivalence of attribute-valuepredicates here means
equivalence of their translations into quantificational form, under the condition
that attributes are functional.

Let us start with equivalences that do not presuppose functionality. The
following statements are logically valid:

(11.9) F :Λ ≡ Λ.

Proof. ∀x(∃y(Fyx ∧ ¬(y= y))↔¬(x= x)) iff ∀x(¬∃y(Fyx ∧ ¬(y= y)))
iff ∀xy(¬Fxy ∨ y= y), which is a tautology.

(11.10) F :(A ∨B) ≡ F :A ∨ F :B.

Proof. ∀x(∃y(Fyx ∧ (Ay ∨By)) ↔ ∃y(Fyx ∧Ay) ∨ ∃y(Fyx ∧By)).

(11.11) Proposition Theprefixing rule(P) is a sound inference scheme.

A ≡ B
F :A ≡ F :B

(P)

Proof. If ∀y(Ay↔By) then ∀x(∃y(Fyx ∧Ay)↔∃y(Fyx ∧By)).

For the next statement to be valid, it is essential thatF is functional; its
straightforward proof is left to the reader.

(11.12) F :(A ∧B) ≡ F :A ∧ F :B.

In addition, all axioms and inference rules of observational logic remain
valid for attribute-value predicates (cf. Section 6.3). Needless to say that the
valid statements (11.9) to (11.12) have not been picked out arbitrarily. In fact,
together with the calculusOC≡ of observational logic they constitute a strong-
ly complete calculus for attribute-value statements (see Section 12.2.4). Notice
that the soundness of that calculus has just been shown.

We close this section by stating two straightforward logical equivalences
that involve attribute composition:

F |(G|H) ≡ (F |G)|H , F :(G:A) ≡ (F |G):A.
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Attribute-Value Theories

Attribute-value statements and theories over a given set ofattribute and sort
predicates are formally introduced in Section 12.1. Since we take attribute-
value statements to stand for statements of first-order predicate logic, the latter
provide the former with the standard definition of interpretation and model.
So-calledfeature systemsof an attribute-value theory are defined as first-order
models of that theory, with attributes interpreted by functional relations.

In Section 12.2, we generalize the algebraic approach of Chapter 6 from
observational theories to attribute-value theories. The appropriate algebraic
concept is that of afeature algebra, which is an observational algebra together
with operations that preserve0, ∧, and∨. The fact that each attribute-value
theory has a universal model in a feature algebra is employedto prove the
completeness of the attribute-value calculus sketched in Section 11.3. More-
over, the universal model gives rise to a canonical feature system of the given
theory, which is the analogue of the canonical model of an observational the-
ory.

Section 12.3 describes the canonical feature system in moredetail. Its uni-
verse can be identified with the set ofterm feature treesof the theory in ques-
tion. In order to characterize the specialization orderingon the canonical uni-
verse, attribute-value theories are expressed as observational theories, which
allows us to apply the results of Part I and II. The final Section 12.4 addresses
possible extensions and topics for future research.

12.1 Attribute-Value Theories and Feature Systems

12.1.1 Term Algebra

LetL be a set of (primitive) attribute predicates andS be a set of sort predicates
(terms, symbols, etc), whereS does not containV or Λ. The pair〈L, S〉 is also
called anattribute-valueor feature signature.

The setT[L, S] of attribute-value predicates over〈L, S〉 is inductively de-
fined as follows:V, Λ and all members ofS belong toT[L, S], as well as

201



202 12 Attribute-Value Theories

ϕ ∧ ψ, ϕ ∨ ψ, and l :ϕ

wheneverϕ, ψ∈T[L, S] andl∈L. We call an attribute-value predicateprimi-
tive if it belongs toS or is of the forml :ϕ, whereϕ is primitive orΛ or V. Let
Σ[L, S] be the set of primitive attribute-value predicates.1

There are different ways to giveT[L, S] an algebraic structure. For ex-
ample, one can take: as an operation, which leads to a two-sorted algebra.
Here we prefer the view that eachl∈L determines a one-place operationol on
T[L, S] that takesϕ to l :ϕ. In addition,T[L, S] is equipped with the two-place
operations∧ and∨ and the zero-place operationsΛ andV (see Section 5.1.2).
A standard argument from universal algebra ensures the existence ofunique
homomorphic extensions:

(12.1) Proposition If f is a function fromS to an algebraA of the same type
asT[L, S], then there is a unique algebra homomorphismf̂ from T[L, S]

toA such thatf̂(s) = f(s) for all s∈S.

The lack of an explicit operator for attribute composition can be compen-
sated as follows. Definep:ϕ inductively such that

ǫ:ϕ = ϕ and pl :ϕ = p:(l :ϕ),

for all p∈L∗, l∈L, andϕ∈T[L, S].2 It then follows thatpq :ϕ = p:(q :ϕ) for
all p, q∈L∗.

(12.2) Remark(Path Terms)It is of course also possible to give a definition
of attribute-value predicates that explicitly takes attribute composition into ac-
count. Define the setP[L] of composed attributesor (attribute) paths overL
by requiring thatL ⊆ P[L] and thatp|l belongs toP[L] wheneverp∈P[L] and
l∈L. The setT[L, S] of attribute-value predicates over〈L, S〉 is then the least
superset ofS∪{V,Λ} such thatϕ∧ψ,ϕ∨ψ, andp:ϕ belong toT[L, S] when-
everϕ, ψ∈T[L, S] andp∈P[L]. Notice thatp|l :ϕ andp:(l :ϕ) are different
terms under this construction. Viewed algebraically,T[L, S] carries the struc-
ture of an algebra with operations∧, ∨, Λ, andV. In addition, the operators:
and | give rise to operations fromP[L]× L to P[L] and fromP[L]× T[L, S]
to T[L, S], respectively.

1We do not countV andΛ as primitive in order to be compatible with the terminology of
Chapter 5.

2L∗ is the free monoid (the set of finite strings) overL with unit (empty string)ǫ.
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12.1.2 Theories and Systems

Let 〈L, S〉 be an attribute-value signature. Since attribute predicates are dyadic
and sort predicates are monadic, aninterpretationof L andS in the usual
sense of predicate logic consists of auniverseU and aninterpretation function
M that takes each element ofL to a binary relation onU and each element
of S to a subset ofU . Because attributes are assumed to be functional, we
are interested in models of the (first-order) theoryF (or FL) consisting of the
statements

(12.3) ∀xyz(lxz ∧ lyz→x= y),

for everyl∈L.3 Following Rounds (1997) we call such modelsfeature systems
over〈L, S〉.4

Let 〈M,U〉 be a feature system over〈L, S〉. By employing the standard
first-order interpretation of logical connectives and quantifiers, the interpreta-
tion functionM can be extended to all attribute-value terms over〈L, S〉. So
M takes the Peirce productl :ϕ, which stands for{x | ∃y(lyx ∧ ϕy)}, to the
Peirce product of sets

(12.4) M(l):M(ϕ) = {x | ∃y(〈y, x〉∈M(l) ∧ y∈M(ϕ))}.

The interpretation ofΛ, V, ϕ ∧ ψ andϕ ∨ ψ is that of Chapter 5:M(Λ) = ∅,
M(V) =U ,M(ϕ ∧ ψ) =M(ϕ) ∩M(ψ), andM(ϕ ∨ ψ) =M(ϕ) ∪M(ψ).

In addition, it is suitable to extend the interpretationM to all p∈L∗ such
thatM(ǫ) = {xy | x= y} and

M(pl) = M(p)|M(l) = {xy | ∃z(〈z, y〉∈M(p) ∧ 〈x, z〉∈M(l))}.

By straightforward induction, it follows thatM(p:ϕ) =M(p):M(ϕ), for all
p∈L∗ andϕ∈T[L, S]. That is,x∈M(p:ϕ) iff there is a (necessarily unique)
y such that〈y, x〉∈M(p) andy∈M(ϕ). For the sake of notational parsimony
we also write ‘p ·x’ instead of ‘they such that〈y, x〉∈M(p)’ (thereby reviv-
ing to some extent the definite description eliminated in Section 11.1.1). This
convention allows us, for instance, to write:

(12.5) M(p:ϕ) = {x | p ·x∈M(ϕ)}.

3The theoryF is a natural starting point for approaches to feature logic within the realm of
first-order logic; see e.g. Smolka 1992, Aı̈t-Kaci et al. 1994.

4Smolka (1992) speaks offeature algebrasinstead, which differs from our usage of this term
in Section 12.2 below.
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Furthermore notice thatpq ·x = q · (p ·x), for p, q∈L∗.
Every feature system〈M,U〉 over〈L, S〉 determines asatisfaction relation

� fromU toT[L, S] with x � ϕ iff x∈M(ϕ). As in the observational case (see
Section 5.1.4), one can define aspecialization relation⊑ onU such that

x ⊑ y iff ∀ϕ∈T[L, S] (x � ϕ → y � ϕ).

Recall thatM is said to satisfyidentity of indiscerniblesin case⊑ is antisym-
metric.

An attribute-value statementover〈L, S〉 is a statement of the formϕ � ψ,
whereϕ andψ are attribute-value predicates over〈L, S〉. An attribute-value
theoryΓ over〈L, S〉 is a set of such statements. By afeature system ofΓ we
mean a (first-order) model ofF ∪ Γ.

(12.6) ExampleSupposeL= {F, G} andS= {a, b, c}. LetΓ be the attribute-
value theory over〈L, S〉 consisting of the statements

a ∧ b � Λ, c � b, a � F:b, F:V � a.

Figure 76 shows several examples of feature systems ofΓ depicted in form of
directed graphs. The nodes of a graph represent the members of the universe
U ; if a node is labeled with a subsetX of S, the respective element ofU
satisfies every member ofX ; if an arc is labeled with an attribute symboll, then
y= l ·x, wherex andy are the members ofU represented by the source and the
target node of the arc, respectively. Observe that feature systems ofΓ need not
be finite (d) nor acyclic (e) nor rooted (f) nor connected (g).Moreover notice
that the feature systems (b), (d), and (f) do not satisfy identity of indiscernibles.
Figure 77 shows three interpretations of〈L, S〉 that arenot feature systems of
Γ. Example (a) is not a feature system at all sinceF is interpreted by a non-
functional relation, whereas (b) and (c) are feature systems but not feature
systems ofΓ.

A feature system over〈L, S〉 with universeU is a feature treeif there
is uniquer∈U , called theroot, such that for everyx∈U there is a unique
p∈L∗ with x=p · r. In Figure 76, for instance, the feature systems (a), (b), and
(d) are feature trees. We shall see below that the feature trees of an attribute-
value theoryΓ provide a complete set of feature systems ofΓ in the sense that
an attribute-value statement is deducible fromΓ moduloFL just in case the
statement is true with respect to all feature trees ofΓ.5

5 An attribute-value statement is said to bededucible fromΓ moduloF if it is deducible from
F ∪ Γ. Two attribute-value predicatesϕ andψ are said to beequivalent moduloF if F entails
ϕ ≡ ψ.



12.1 Attribute-Value Theories and Feature Systems 205

{a} {b, c}
F

a)

{a}

{b}

{b}

F

G

b)

{a} {b}

F

G

c)

{b} {b} {b}

G G G

d)

{a}
{b, c}F

G

e)

{a}

{a}

{b}

F

F

f)

{b, c}

{a} {b}
F

g)

FIGURE 76 Examples of feature systems ofΓ

(12.7) Example(Term feature trees)LetU be a nonempty, prefix-closed sub-
set ofL∗; that is,ǫ∈U and ifpl∈U thenp∈U , for all l∈L andp∈L∗. Sup-
poseM(l) = {〈pl, p〉 | pl∈U} andM(s) ⊆ U , for all l∈L ands∈S. Clearly
M is a feature tree over〈L, S〉 with universeU and rootǫ. We refer to feature
trees of this form asterm feature treesover〈L, S〉.6

A homomorphismf of feature systemsover 〈L, S〉 from M to M ′ is a
homomorphism of interpretations; that is, for alls∈S, l∈L, and members
x, y of the universeU of M ,

if x � s then f(x) � s, and

if y = l ·x then f(y) = l · f(x).7

6Put differently, a term feature tree over〈L, S〉 is a partial function fromL∗ to ℘(S) with a
nonempty, prefix-closed domain of definition.

7That is, ifx∈M(s) thenf(x)∈M ′(s), and if〈y, x〉∈M(l) then〈f(y), f(x)〉∈M ′(l).
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FIGURE 77 Interpretations of〈L, S〉 that are not feature systems ofΓ

By term induction, it follows that, for everyϕ∈T[L, S],

(12.8) f(M(ϕ)) ⊆ M ′(ϕ).

Suppose〈M,U〉 is a feature tree over〈L, S〉 with root r. Then the set
U ′ = {p | p · r∈U} is nonempty and prefix-closed. Moreover,p= q whenever
p · r= q · r. So the function fromU ′ toU that takesp to p · r is one-to-one and
onto. WithM ′(l)= {〈pl, p〉 |pl∈U ′} andM ′(s)= {p |p · r � s}, for l∈L and
s∈S, we get thus a term feature tree〈M ′, U ′〉 that is isomorphic to〈M,U〉;
in short:

(12.9) Proposition Every feature tree over〈L, S〉 is isomorphic to a term
feature tree over〈L, S〉.

For example, the term feature trees isomorphic to the feature trees (b) and
(d) of Figure 76 have universe{ǫ, F, G} andG∗, respectively.

12.1.3 Normal Forms

We say that an attribute-value predicate over〈L, S〉 hasobservational (nor-
mal) form if it is an observational predicate over the setΣ[L, S] of primitive
attribute-value predicates, i.e., if it is built of primitive attribute-value predi-
cates plusV andΛ by finite conjunction and disjunction. Inductive application
of (11.10) and (11.12) shows:

(12.10) Proposition Every attribute-value predicate over〈L, S〉 is logically
equivalent moduloFL to an observational predicate over the setΣ[L, S] of
primitive attribute-value predicates.

Consequently, by (5.4), every attribute-value predicate is equivalent to one in
disjunctive (or conjunctive) normal form.



12.1 Attribute-Value Theories and Feature Systems 207

Instead of restructuring attribute-value terms to the effect that no∧ or ∨
is inside the scope of:, one can also proceed the other way around and ex-
tract common prefixes as far as possible. To keep things simple, let us consider
only attribute-value predicates without disjunction. Oneeasily checks that ev-
ery disjunction-free attribute-value predicate is equivalent to one of the form
ϕ1∧. . .∧ϕn, where eachϕi either belongs toS∪{V,Λ} or is of the formli :ψi

such that theli’s are all different, and theψi’s are conjunctive predicates of the
described form in turn. The resulting normal form is closelyrelated to the ma-
trix notation of Section 10.1, which also rests on the extraction of common
prefixes. Vice versa, reading the matrix “line by line” returns the correspond-
ing conjunction of primitive attribute-value predicates (with the exception that
these terms may still contain conjunctions of sort predicates).

(12.11) ExampleConsider the termF:(G:a)∧ F:(G:b)∧ G:(F:b∧ H :c). It is
equivalent (modulo functionality) to the conjunction of primitive terms

F:(G:a) ∧ F:(G:b) ∧ G:(F:b) ∧ G:(H :c),

whereas extracting common attributes givesF:(G:(a ∧ b)) ∧ G:(F:b ∧ H :c).
Compare these terms with the following matrix:




F | G a ∧ b

G

[
F b
H c

]




12.1.4 Negation

We saw in Section 5.4.1 that negation as a predicate operatordoes not affect
the logical expressivity of observational statements. Here we shall see that the
same holds for attribute-value statements. Suppose the predicate operators¬
and → are added to the term constructors for attribute-value predicates. Let
us refer to the resulting monadic predicates briefly asBoolean predicatesover
〈L, S〉 (thereby adapting the terminology of Section 5.4.1). Auniversal state-
mentover〈L, S〉 is a statement of the form∀α, whereα is a Boolean predicate
over〈L, S〉. We claim that every such statement is logically equivalentmodulo
FL to a finite conjunction of attribute-value statements over〈L, S〉.

Every Boolean predicate can be transformed into a conjunctive normal
form that consists of primitive attribute-value predicates or their negation. To
see this, notice that internal negation can be eliminated byapplying (11.6),
here repeated as

(12.12) F :¬A ≡ F :V ∧ ¬(F :A),
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which holds for functionalF . The remaining transformation into a finite con-
junction of attribute-value statements is completely analogous to that in the
proof of (5.50). To summarize:

(12.13) Proposition Every universal statement over〈L, S〉 is equivalent mod-
ulo FL to a finite conjunction of attribute-value statements over〈L, S〉.

(12.14) ExampleConsider the statementϕ � PERSON:¬third, whereϕ is an
arbitrary attribute-value predicate over a given feature signature. Sinceϕ �
¬ψ can be replaced byϕ ∧ ψ � Λ, it follows by (12.12) and elimination of
conjunction that the statement under consideration is equivalent (moduloF) to
the conjunction of the attribute-value statements

(12.15) ϕ � PERSON:V and ϕ ∧ PERSON:third � Λ.

Now suppose we are working in an attribute-value theoryΓ containing the
statements

PERSON:V � PERSON:person, person ≡ first ∨ second∨ third,

first ∧ second≡ first ∧ third ≡ second∧ third ≡ Λ,

which provides a typical example of a choice system in the guise of feature
logic. Then the predicatesPERSON:¬third andPERSON:(first ∨ second) are
first-order equivalent moduloF ∪ Γ, as one easily verifies.

The use of negation in the setting of (12.14) is sometimes referred to as
“abbreviatory” (Carpenter 1992, p. 111). This is in accordance with the view
presented here, as long as negation in statements is the issue. If, in contrast,
negated attribute-value predicates are to be used in positive assertions, then
some form of term negation in the sense of Section 5.4.2 has tobe employed.

12.2 Models in Feature Algebras

Feature algebras are to attribute-value theories what observational algebras
are to observational theories. The canonical feature algebra of an attribute-
value theory, to be defined in Section 12.2.3, gives us a complete calculus for
attribute-value statements via its construction and a generic feature system via
its prime spectrum representation. The following two sections provide the nec-
essary background.
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12.2.1 Feature Algebras

LetA be an observational algebra, i.e. a distributive lattice with zero and unit.
We call a one-place operationo onA a 0-homomorphismonA, if o preserves
0, ∧, and∨, that is, if

o(0) = 0, o(a ∧ b) = o(a) ∧ o(b), o(a ∨ b) = o(a) ∨ o(b).

A 0-homomorphism thus differs from a homomorphism of observational alge-
bras in that it does not necessarily preserve the unit.

(12.16) Example(Peirce operation)Let R be a functional relation on a set
U . Then the operation on℘(U) that takesV ⊆ U to the Peirce product

R:V = {x | ∃y(〈y, x〉∈R ∧ y∈V )}

of V byR is a0-homomorphism on the powerset algebra〈℘(U),∩,∪,∅, U〉.
This is so because the formulas (11.9), (11.10), and (11.12)are valid. A0-
homomorphism given in this way on an observational algebra of sets is hence-
forth referred to as aninverse imageor Peirce operation.

By a feature algebraA overL we mean an observational algebra together
with a family 〈ol〉l∈L of 0-homomorphisms onA.8 Instead ofol(a) we also
write l :a, thereby indicating that a feature algebra overL can be seen as an
observational algebraA together with a function: fromL×A toA such that,
for all l∈L anda, b∈A, l :0=0, l :(a∧b)= l :a∧ l :b, andl :(a∨b)= l :a∨ l :b.
Furthermore, the function: can be inductively extended to one fromL∗ × A
toA such that, for allp∈L∗, l∈L, anda∈A,

ǫ:a = a and pl :a = p:(l :a).

One easily verifies by induction that, for allp∈L∗,

p:0 = 0, p:(a ∧ b) = p:a ∧ p:b, p:(a ∨ b) = p:a ∨ p:b.

8The corresponding notion in modal logic is that of amulti-modal algebra; cf. e.g. Kracht 1999
or Blackburn et al. 2001. In standard modal logic, negation is included whereas functionality is
usually not presumed. Consequently, Boolean algebras takethe place of observational algebras
and the (existential modal) operations need not preserve conjunction. (The modal logic enforcing
functionality is the multi-modal version ofK.Alt1; see e.g. Kracht 1995.)
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In case a feature algebra is an observational algebra of setsover a setU and
its 0-homomorphisms are Peirce operations, we speak of acomplex feature al-
gebraoverU . A complex feature algebra overU is calledfull, if its underlying
observational algebra is the powerset algebra℘(U) overU .9

(12.17) Example(Extension algebra) Complex feature algebras naturally
arise from feature systems. SupposeΓ is an attribute-value theory over〈L, S〉
and〈M,U〉 is a feature system ofΓ. The set of extensions

ΩM = {M(ϕ) | ϕ∈T[L, S]}

carries the structure of an observational algebra of sets overU ; cf. (6.1). For
eachl∈L, let ol be the Peirce operation given by the functional relationM(l)
onU , i.e.ol(V ) =M(l):V ; cf. (12.16). SinceM(l):M(ϕ) =M(l :ϕ), ol can
be restricted to an operation onΩM . So the observational algebraΩM together
with the operations〈ol〉l∈L is a complex feature algebra overL, andM is a
homomorphism fromT[L, S] to ΩM .

(12.18) Example(Feature tree algebra)LetU be a nonempty, prefix-closed
subset ofL∗; cf. (12.7). ThenRl = {〈pl, p〉 | pl∈U} is a functional relation on
U , for everyl∈L. Let T be the full complex feature algebra with universeU
and Peirce operations determined by the relationsRl (that is,V ⊆ U is taken
to Rl :V = {p | pl∈V }). Feature algebras of this form will be referred to as
feature tree algebrasoverL.

Homomorphisms of feature algebras are defined in accordancewith the
general principles of universal algebra as functions that preserve all operations.
That is, ifA andB are feature algebras overL, a homomorphism of feature
algebras overL fromA toB is a functionh of carrier sets that preserves0, 1,
∧, ∨, andol for everyl∈L; in particular,h ◦ ol = ol ◦ h.

LetA be a feature algebra overL andε the inclusion of a subsetS ofA into
A. ThenA is generatedbyS (as a feature algebra overL) if the homomorphic
extension̂ε from T[L, S] toA is onto. The feature algebraA (overL) is freely
generatedbyS, if every function fromS to a feature algebraB overL factors
uniquely byε and a homomorphism fromA toB.

Consider finally the case thatA0 is an observational algebra which is a
subalgebra ofA (as an observational algebra); that is, the inclusion function
ε from A0 into A is a homomorphism of observational algebras. ThenA is
said to befreely generated(as a feature algebra overL) by (the observational

9This terminology is in accordance with that of modal logic; cf. e.g. Blackburn et al. 2001.
According to Goldblatt 1989, 2001, it goes back to an old usage of ‘complex’ by Frobenius in the
1880’s.
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algebra)A0 if every homomorphism (of observational algebras) fromA0 to a
feature algebraB overL factors uniquely byε and a homomorphism of feature
algebras fromA toB.

12.2.2 The Prime Spectrum

We have seen in Section 6.2.1 that every observational algebraA is isomorphic
to an observational algebra of sets. Concretely, the function that takesa∈A
to the setP(a) of prime filters ofA with membera is an embedding ofA
into the powerset algebra℘(P(A)) over the setP(A) of prime filters ofA.
This result will now be generalized to feature algebras: every feature algebra
is embeddable into a full complex feature algebra.

It suffices to show that every0-homomorphism onA can be realized as a
Peirce operation on{P(a) | a∈A}. More precisely, ifo is a0-homomorphism
onA, we ask for a functional relationR onP(A) such thatP(o(a))=R:P(a).
One can choose

(12.19) R = {〈Q,P 〉∈P(A) × P(A) |Q= o−1(P )}.10

Proof. SupposeP ∈P(A). We need to show thatP ∈P(o(a)), i.e. o(a)∈P ,
iff there is a prime filterQ such thatQ= o−1(P ) anda∈Q. It suffices to show
thato−1(P ) is a prime filter ifo(a)∈P .11 Supposeo(a)∈P . Theno−1(P ) is
nonempty. In addition,0 /∈o−1(P ) sinceo(0) = 0 /∈P . Moreover,a∈o−1(P )
andb∈o−1(P ) iff o(a)∈P ando(b)∈P iff o(a ∧ b)∈P iff a ∧ b∈o−1(P ).
Similarly,a ∨ b∈o−1(P ) iff a∈o−1(P ) or b∈o−1(P ).

We have thus proved the following representation theorem:

(12.20) Theorem Every feature algebra is isomorphic to a complex feature
algebra.

(12.21) RemarkRepresentation theorems of this type go back to Jónsson and
Tarski (1951), who considered Boolean algebras with operations that preserve

10Recall that a functional relation is a one-many relation – cf. (11.4). Furthermore notice a rather
unsatisfying redundancy of notation:o−1(P ) is just the same aso:P . The better way would be to
stick solely to the colon operator for inverse images. But then we should consequently introduce
an image operator, for which since the days of Russell doublequote marks are in use:o“P is o(P ).
And even better, one could also make function application explicit by an operator, e.g. by Russell’s
single quote mark; soo‘x is o(x). The technical advantages of such a notational precision should
be clear to the reader. Alas, readability, which hinges on conventions too, was the reason not to do
so.

11The only difference between the rest of the proof and that of (8.23) is that in the case of0-
homomorphisms one cannot use preservation of1 to show that the inverse image of a prime filter
is nonempty.
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0 and∨, the so-calledhemimorphismsof Halmos (1955).12 An extension to
distributive lattices with zero and unit is given by Hansoul(1983). Hemimor-
phisms naturally arise as Peirce operations, where the underlying relation is
not required to be functional. Conversely, it can be shown that every hemi-
morphismo on an observational algebraA can be represented by the Peirce
operation that is given by the relation

R = {〈Q,P 〉∈P(A) × P(A) | o(Q) ⊆ P}.13

Notice, however, that this definition differs from (12.19) even if o preserves∧.
In particular,R is not necessarily functional in this case.

From Chapter 6 onwards we frequently made use of the fact thatthere is a
one-to-one correspondence between the prime filters of an observational alge-
bra and the homomorphisms from that algebra to the algebra2 of two elements
– cf. (6.11). This result can be generalized to feature algebras as follows. Sup-
poseP is a prime filter of a feature algebraA overL. Then, for alla∈A, if
p:a∈P thenp:1∈P (sincea 6 1 and thusp:a 6 p:1). Consequently,

UP = {p∈L∗ | p:1∈P}

is nonempty, sinceǫ∈UP , and prefix-closed, that is,p∈UP wheneverpl∈UP .
Moreover, the set

HP (a) = {p∈L∗ | p:a∈P}

is a subset ofUP for everya∈A. Let TP be the feature tree algebra given
by UP according to (12.18). Recall that the0-homomorphisms onTP are the
Peirce operations determined by the relationsRl ={〈pl, p〉 |pl∈UP }, for l∈L.

(12.22) Lemma HP is a homomorphism of feature algebras fromA to TP .

Proof. By definition,HP (1) = UP . SinceP is prime,p:0 = 0 /∈P and thus
HP (0) = ∅. Moreover,p:(a ∧ b) = p:a ∧ p:b ∈P iff p:a∈P andp:b∈P ;
henceHP (a∧ b)=HP (a)∩HP (b). Correspondingly,HP (a∨ b)=HP (a)∪
HP (b), becausep:(a ∨ b) = p:a ∨ p:b ∈P iff p:a∈P or p:b∈P . Finally,
HP (l :a) = {p | pl :a∈P}= {p | pl∈HP (a)}=Rl :(HP (a)).

Conversely, supposeH is a homomorphism of feature algebras fromA to
some feature tree algebra overL. Then

12See e.g. Blackburn et al. 2001 for the standard application of the Jónsson-Tarski theorem in
modal logic.

13See e.g. Dunn and Hardegree 2001, Sect. 8.12 for a proof.
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(12.23) P = {a∈A | ǫ∈H(a)}

is clearly a prime filter ofA. To see that this construction is inverse to the
foregoing one, observe that

H(p:a) = {q | qp∈H(a)}.

Hencep∈H(a) iff ǫ∈H(p:a) iff p:a∈P . We can conclude:

(12.24) Theorem Let A be a feature algebra overL. There is a one-to-one
correspondence between the prime spectrum ofA and the set of homomor-
phisms fromA to feature tree algebras overL.

Notice that ifL is empty thenL∗ is {ǫ} and hence{∅, {ǫ}} is the only
feature tree algebra overL. So (6.11) is a special case of (12.24).

12.2.3 The Canonical (Algebraic) Model

Algebraic models of observational theories have been introduced in Section
6.1. Here we adapt this concept to attribute-value theories. SupposeΓ is an
attribute-value theory over〈L, S〉 andA is a feature algebra overL. An inter-
pretation ofS with values inA is a functionm fromS toA. The interpretation
m is anA-valued model ofΓ iff its homomorphic extension̂m to T[L, S] sat-
isfiesm̂(ϕ) 6 m̂(ψ) for every statementϕ � ψ of Γ. Notice that ifm is an
A-valued model ofΓ andh is a homomorphism of feature algebras (overL)
fromA toB thenh ◦m is a model ofΓ with values inB.

(12.25) Example(Feature systems as algebraic models)LetΓ be an attribute-
value theory over〈L, S〉. Every feature system ofΓ can be regarded as a model
of Γ in a complex feature algebra, and vice versa. To see this, recall from
(12.17) that the extension algebraΩM of a feature system〈M,U〉 of Γ is a
complex feature algebra overL, where the Peirce operations onΩM are de-
termined by the functional relationsM(l) on U . Let m be the interpretation
of S in ΩM that takess∈S toM(s). Then, by (12.1),̂m(ϕ) =M(ϕ), for all
ϕ∈T[L, S]. SinceM is a feature system ofΓ, it follows thatm is a model ofΓ
with values inΩM . This correspondence between feature systems and models
in complex feature algebras works the other way around as well. For suppose
m is a model ofΓ in a complex feature algebraA overLwith universeU . Then
there are functional relationsRl onU , for everyl∈L, such thatol(V )=Rl :V
for all V ∈A. LetM be the feature system over〈L, S〉 with M(s)=m(s) and
M(l) =Rl. It follows thatM(ϕ) = m̂(ϕ) for all ϕ∈T[L, S]. Consequently,
M is a feature system ofΓ, sincem is a model ofΓ.
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An algebraic model〈m,A〉 of Γ is calleduniversalif, for every algebraic
model〈m′, A′〉 of Γ, m′ factors uniquely throughm by a homomorphismh
fromA toA′. Universal models ofΓ, if existent, are unique up to isomorphism.
In order to construct such a universal model in a canonical way we can follow
the guidelines of universal algebra – in analogy to Section 6.1.1.

The canonical feature algebraL(Γ) associated withΓ is the quotient of
T[L, S] modulo the least congruence relation∼=Γ determined byΓ and all
defining equations of a feature algebra overL. In particular,

l :Λ ∼=Γ Λ, l :(ϕ ∧ ψ) ∼=Γ l :ϕ ∧ l :ψ, l :(ϕ ∨ ψ) ∼=Γ l :ϕ ∨ l :ψ,

and if ϕ ∼=Γ ψ then l :ϕ ∼=Γ l :ψ. The induced0-homomorphisms onL(Γ)
take[ϕ] to [l :ϕ], for everyl∈L. By definition of∼=Γ, the interpretationmΓ of
S in L(Γ) with mΓ(s) = [s]∼=Γ

is a model ofΓ in L(Γ), henceforth called the
canonical (algebraic) modelof Γ. The same argument as in the proof of (6.2)
leads to:

(12.26) Proposition The canonical algebraic model of an attribute-value the-
ory is universal.

There is thus a one-to-one correspondence between the setMod(Γ, A) of
models ofΓ in a feature algebraA and the setHom(L(Γ), A) of homomor-
phisms fromL(Γ) toA, where a homomorphismh fromL(Γ) toA corresponds
to the modelh ◦ mΓ of Γ in A; in short,

(12.27) Hom(L(Γ), A) ≃ Mod(Γ, A).

The canonical algebraic model ofΓ gives rise to a feature system ofΓ as
follows. According to (12.20),L(Γ) is isomorphic to a complex feature algebra
over the prime spectrumP(L(Γ)) of L(Γ). By (12.27), it follows that there is
a model ofΓ with values in this complex feature algebra, which in turn, by
(12.25), uniquely determines a feature systemMΓ of Γ with universeP(L(Γ)),
henceforth called thecanonical feature systemof Γ. SinceMΓ(ϕ) is the set
P([ϕ]) of all prime filters ofL(Γ) with member[ϕ], andP([ϕ]) =P([ψ]) iff
[ϕ] = [ψ], we have that

(12.28) MΓ(ϕ) = MΓ(ψ) iff ϕ ∼=Γ ψ,

for all attribute-value predicatesϕ andψ over 〈L, S〉. In Section 12.2.4 be-
low we will use (12.28) to show that the “logic” underlying the construction
of ∼=Γ is complete with respect to first-order entailment moduloF. A closer
examination of the canonical feature system will follow in Section 12.3.
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We conclude this section by generalizing the presentation of algebras by
theories from the observational case (see Section 6.1.3) tofeature algebras and
theories. A feature algebraA overL is said to bepresentedby an attribute-
value theoryΓ over〈L, S〉 if A ≃ L(Γ).

(12.29) Proposition Every feature algebra overL generated byS is pre-
sented by an attribute-value theory over〈L, S〉.

Proof. SupposeA is a feature algebra overL generated byS, andε is the
inclusion ofS into A. Let ∼= be the congruence kernel of the homomorphic
extension̂ε of ε. ThenA ≃ T[L, S]/∼= becausêε is onto by assumption. Now
let Γ be the set of all attribute-value statementsϕ≡ψ over 〈L, S〉 such that
ϕ ∼= ψ. ThenΓ presentsA.

12.2.4 Feature Logic

SupposeΓ is an attribute-value theory andϕ ≡ ψ is an attribute-value state-
ment over〈L, S〉. Since the canonical feature systemMΓ of Γ is a first-order
model ofF∪Γ, it follows thatMΓ(ϕ)=MΓ(ψ) wheneverF∪Γ entailsϕ ≡ ψ.
On the other hand,F∪Γ entailsϕ ≡ ψ wheneverϕ ∼=Γ ψ, because the schemes
(11.9) to (11.12) that underly the construction of the congruence closure∼=Γ

are first-order deducible moduloF. So, by (12.28),

(12.30) F ∪ Γ ⊢ ϕ ≡ ψ iff ϕ ∼=Γ ψ.

This fact immediately provides us with a sound and complete inference
calculus for attribute-value statements. We simply have tomimic the algebraic
construction of the congruence relation∼=Γ by axioms and rules. To this end,
it suffices to supplement the calculusOC≡ of Section 6.3.1 with the following
axiom and inference schemes:

F :Λ ≡ Λ

F :(A ∧B) ≡ F :A ∧ F :B

F :(A ∨B) ≡ F :A ∨ F :B

A ≡ B
F :A ≡ F :B

(P≡)

Let FC≡ be the resulting extension ofOC≡. Then, by definition,ϕ ∼=Γ ψ iff
Γ entailsϕ ≡ ψ by FC≡. Hence, by (12.30):
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(12.31) Theorem The calculusFC≡ is sound and strongly complete with re-
spect to first-order entailment moduloF, that is,

F ∪ Γ ⊢ ϕ ≡ ψ iff Γ ⊢FC≡
ϕ ≡ ψ.

To get a sound and strongly complete calculus for conditional statements, it
is enough to add the following schemes to the calculusOC� of Section 6.3.2:

F :Λ � Λ

F :A ∧ F :B � F :(A ∧B)

F :(A ∨B) � F :A ∨ F :B

A � B
F :A � F :B

(P�)

ForΛ � F :Λ is an instance of (Q),F :(A ∧B) � F :A ∧ F :B is deducible
fromA∧B � A andA∧B � B via prefixing (P�) and introduction of∧ (I∧),
and so on. Since biconditional theories can be transformed into conditional
ones and vice versa (see (5.1)), we writeFC when it does not matter whether
to useFC≡ or FC�.

12.3 The Generic Feature System
Let Γ be an attribute-value theory over〈L, S〉. Combining (12.28) and (12.30)
shows that the canonical feature systemMΓ of Γ satisfiesequivalence of coex-
tensivesin the sense that

MΓ(ϕ) = MΓ(ψ) iff F ∪ Γ ⊢ ϕ ≡ ψ.

Moreover,MΓ satisfiesidentity of indiscerniblessinceMΓ(ϕ) is the set of all
prime filters ofL(Γ) with member[ϕ]. Employing the terminology introduced
for observational theories, we call a feature system ofΓ genericin case it is
isomorphic toMΓ; the universe of such a feature system will be called “the”
generic universeof Γ, its members thegeneric entitiesdetermined byΓ.

Let us explicate the interpretation of attribute predicates underMΓ. By
construction ofMΓ, the functional relationMΓ(l) on the prime spectrum of
L(Γ) is defined along (12.19), that is,

(12.32) Q = l ·P iff Q = o−1
l (P ) = {[ϕ] | [l :ϕ]∈P},

for all prime filtersP andQ of L(Γ). (Recall that, by definition,Q= l ·P iff
〈Q,P 〉∈ MΓ(l).)
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12.3.1 Representation by Term Feature Trees

The one-to-one correspondence between prime filters ofL(Γ) and homomor-
phisms fromL(Γ) to feature tree algebras gives rise to a representation of ge-
neric entities by term feature trees in the following way. According to (12.24),
every prime filterP of L(Γ) uniquely corresponds to a homomorphismHP

from L(Γ) to a feature tree algebraTP overL with carrier set

UP = {p∈L∗ | [p:V]∈P}.

Application of (12.27) gives us an algebraic model ofΓ with values inTP ,
which, by (12.25), uniquely determines a term feature treeMP of Γ with uni-
verseUP such that

MP (l) = {〈pl, p〉 | pl∈UP } and MP (ϕ) = {p∈UP | [p:ϕ]∈P}.

Conversely, ifM is a term feature tree ofΓ thenP = {[ϕ] | ǫ∈M(ϕ)} is a
prime filter ofL(Γ) such thatM =MP ; cf. (12.23).

So we can take the term feature trees ofΓ to represent the generic entities
of Γ, where a term feature treeM of Γ satisfies an attribute-value predicateϕ
iff ǫ∈M(ϕ). For every two term feature treesM andM ′ of Γ, it follows by
(12.32) thatM ′ = l ·M iff M ′(ϕ) =M(l :ϕ) for all ϕ∈T[L, S]. In particular,
the universeM ′(V) of M ′ isM(l :V) = {p | lp∈M(V)} in this case.

As for specialization, which is set inclusion onP(L(Γ)), we have

M ⊑M ′ iff ∀ϕ(M(ϕ) ⊆M ′(ϕ)),

which is equivalent to:∀ϕ(ǫ∈M(ϕ)→ ǫ∈M ′(ϕ)). Put differently,M is spe-
cialized byM ′ iff the universe ofM is a subset of the universe ofM ′ and the
inclusion function is a homomorphism of feature trees fromM toM ′. To sum
up:

(12.33) Proposition The generic feature system ofΓ is isomorphic to the
feature system of term feature trees ofΓ.

Given a generic feature system〈M̃, Ũ〉 of Γ, one can recover the term
feature tree〈Mx, Ux〉 of Γ corresponding tox∈ Ũ as follows. Sincep∈Mx(ϕ)
iff ǫ∈Mx(p:ϕ) iff x∈M̃(p:ϕ) iff p ·x∈M̃(ϕ), we have:

Mx(ϕ) = {p | p ·x � ϕ} and Ux = {p | p ·x � V}.

So we getMx by “unraveling”M̃ at x. Notice that the functionf from Ux

to Ũ that takesp to p ·x is a homomorphism of feature systems withp � ϕ
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iff f(p) � ϕ. In general,f is not an embedding; for in contrast to the generic
feature system ofΓ, the feature trees ofΓ do not necessarily satisfy identity of
indiscernibles.

(12.34) ExampleSupposeL= {NEXT} andS = {cont, stop}. Let Γ be the
attribute-value theory over〈L, S〉 consisting of the statements

cont∧ stop � Λ and NEXT :V � cont.

It is not difficult to list the term feature trees ofΓ. LetUk be{NEXTi | i 6 k},
with 0 6 k < ω, andUω be{NEXTi | i < ω}. For eachk < ω there are three
term feature trees ofΓ with universeUk. They differ in thatNEXTk satisfies
cont or stop or neithercont nor stop, respectively; in all three casesNEXTi

satisfiescont for i < k. In addition, there is one term feature tree with universe
Uω such thatNEXTi satisfiescont for all i < ω. Figure 78 shows the generic
feature system ofΓ represented by the term feature trees ofΓ, as well as the
specialization relation between these trees. Figure 79, incontrast, abstracts
away from a specific representation of the generic entities.The sole infinite
term feature tree ofΓ, for example, can be recovered from this abstract repre-
sentation by unraveling the generic feature system at its loop node. Figure 80
shows all term feature trees ofΓ that are maximal with respect to specializa-
tion. They constitute the generic universe of the attribute-value theory over
〈L, S〉 that consists of the statements

cont∧ stop ≡ Λ, cont∨ stop ≡ V, NEXT :V ≡ cont,

which is essentially a rule completion ofΓ in the sense of Section 8.4.2.

12.3.2 Feature Logic as Observational Theory

According to (12.10), every attribute-value theory over〈L, S〉 is equivalent
(moduloF) to one in observational form, i.e. to an observational theory over
the setΣ[L, S] of primitive attribute-value predicates. Clearly we cannot ex-
pect the calculusOC of observational logic to be complete for attribute-value
statements in observational form, becauseOC is insensitive to the inner logical
structure of attribute-value predicates.

Prefixing, for instance, is not covered byOC. More precisely, since the
prefixing rule (P) does not respect observational forms, theprefixing scheme
at issue here is

ϕ � ψ
(l :ϕ)o � (l :ψ)o

(πl)
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FIGURE 78 The feature system of term feature trees ofΓ
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FIGURE 80 Generic feature system of rule completion ofΓ

whereϕ andψ are observational predicates overΣ[L, S] and(l :ϕ)o and(l :ψ)o

are observational forms ofl :ϕ andl :ψ, respectively, which we define as fol-
lows. Forp∈L∗ let (p:ϕ)o bep:ϕ in caseϕ belongs toΣ[L, S]∪ {Λ,V}, and
extend this definition inductively to all observational predicates overΣ[L, S]
such that(p:(ϕ ∧ ψ))o =(p:ϕ)o∧(p:ψ)o and(p:(ϕ ∨ ψ))o =(p:ϕ)o∨(p:ψ)o.
Then(p:ϕ)o is logically equivalent top:ϕ and has observational form. More-
over, (ǫ:ϕ)o = ϕ and (p:(q :ϕ)o)o = (pq :ϕ)o. Of course, (πl) is provable in
FC�, as one easily checks.

Given an observational theoryΓ overΣ[L, S], letΓ(π) be its prefix closure
in observational form, i.e. the closure ofΓ with respect to(πl), for all l∈L.
Then, in general,Γ(π) still does notOC-entail all observational attribute-value
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statements entailed byFC; witness the following two statement schemes:

(12.35) p:Λ � Λ and pq :s � p:V,

with p, q∈L∗ and s∈S. The first scheme is a consequence of the axiom
schemeF :Λ � Λ of FC whereas the second can be deduced by prefixing
from the scheme (U) ofOC (see Figure 51).

Let T be the observational theory overΣ[L, S] given by the two statement
schemes of (12.35). We claim that for every observational statementϕ � ψ
overΣ[L, S],

(12.36) T ∪ Γ(π) ⊢OC ϕ � ψ iff Γ ⊢FC ϕ � ψ.

One way to verify (12.36) is to show that every proof ofϕ � ψ fromΓ by FC�

can be transformed into one fromT∪ Γ(π) by OC�. The following argument,
in contrast, makes use of the canonical model ofT ∪ Γ(π) as an observational
theory (see Section 5.2). We show that every memberX of the canonical model
C(T ∪ Γ(π)) of T ∪ Γ(π) gives rise to a term feature treeMX of Γ such that
X � ϕ iff ǫ∈MX(ϕ), for all observational predicatesϕ overΣ[L, S]. In case
Γ entailsϕ � ψ by FC it then follows thatMX(ϕ) ⊆ MX(ψ), for all X ,
hence[ϕ℄ ⊆ [ψ℄, and thusT ∪ Γ(π) ⊢OC ϕ � ψ. (Here[ϕ℄ is the extension
of ϕ in C(T ∪ Γ(π)), i.e. the set of allX ∈C(T ∪ Γ(π)) with X � ϕ.)

In order to associate with every memberX of C(T ∪ Γ(π)) a term feature
treeMX , observe that the set

UX = {p∈L∗ |X � p:V}

is nonempty, becauseX � V, and prefix-closed, sincepq :V � p:V belongs to
T, for all q∈L∗. LetMX be the term feature tree over〈L, S〉 with universe
UX and

MX(l) = {〈pl, p〉 | pl∈UX}, MX(s) = {p∈L∗ |X � p:s},

for l∈L ands∈S. Notice thatMX(s) ⊆ UX becausep:s � p:V is in T.
Moreover, for every observational predicateϕ overΣ[L, S],

(12.37) MX(ϕ) = {p∈L∗ |X � (p:ϕ)o}.

Proof. We havep∈MX(q :s) iff pq∈MX(s) iff X � pq :s, which proves the
primitive case. By definition,p∈MX(V) = UX iff X � p:V. Again by def-
inition, MX(Λ) = ∅; moreover,X 2 p:Λ, for all p∈L∗, becausep:Λ � Λ
belongs toT. Now term induction:p∈MX(ϕ ∧ ψ) iff p∈MX(ϕ) ∩MX(ψ)
iff X � (p:ϕ)o ∧ (p:ϕ)o = (p:(ϕ ∧ ψ))o. Analogously for disjunction.
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(12.38) Lemma If X ∈C(T ∪ Γ(π)) thenMX is a term feature tree ofΓ.

Proof. Suppose(ϕ � ψ)∈Γ. If X � (p:ϕ)o thenX � (p:ψ)o, becauseX
is consistently closed with respect toΓ(π). HenceMX(ϕ) ⊆ MX(ψ), by
(12.37).

As mentioned before, this is enough to prove (12.36). To repeat the argu-
ment, ifΓ FC-entails an observational statementϕ � ψ overΣ[L, S] then, by
(12.38),MX(ϕ) ⊆ MX(ψ), for all X ∈C(T ∪ Γ(π)), hence[ϕ℄ ⊆ [ψ℄, by
(12.37), and thusT ∪ Γ(π) ⊢OC ϕ � ψ, as shown in Section 6.3.

Consequently, the canonical feature algebraL(Γ) of Γ is isomorphic (as an
observational algebra) to the Lindenbaum algebra ofT ∪ Γ(π) (in the sense of
Section 6.2.2), where[ϕ]∈L(Γ) is taken to[ϕ′] with ϕ′ an observational form
ofϕ. So the Lindenbaum algebra ofT∪Γ(π) can be equipped with the structure
of a feature algebra overL where the0-homomorphisms take[ϕ] to [(l :ϕ)o],
for eachl∈L. In particular, the Lindenbaum algebra ofT is (isomorphic to)
the feature algebra overL that is freely generated byS.

Furthermore, it follows thatL(Γ) and the Lindenbaum algebra ofT∪Γ(π)

have order-isomorphic prime spectra; hence:

(12.39) Proposition Let Γ be an attribute-value theory over〈L, S〉 in obser-
vational form. Then the generic universe ofΓ is order-isomorphic to the
generic universe of the observational theoryT ∪ Γ(π) overΣ[L, S].

By (12.33), we have thus a one-to-one correspondence between C(T ∪
Γ(π)) and the set of term feature trees ofΓ, whereX ∈C(T ∪ Γ(π)) is taken
to MX . Its inverse takes every term feature treeM of Γ to the set of all
ϕ∈Σ[L, S] such thatM � ϕ, i.e. ǫ∈M(ϕ). As for the interpretation ofl∈L
by a functional relation onC(T∪Γ(π)), we haveY = l ·X iff Y ={ϕ |l :ϕ∈X}.

Since the observational theoryT is a simple inheritance theory with unary
exclusions, it follows by the results of Chapter 4 that the ordered generic uni-
verse ofT is a complete completely distributive algebraic lattice:

(12.40) Proposition The set of term feature trees over〈L, S〉 ordered by spe-
cialization is a complete completely distributive algebraic lattice, whose
compact elements are the finite trees.

Proof. Every compact elementX of C(T) is the least satisfier of a conjunctive
attribute-value predicatep1 :s1 ∧ . . . ∧ pn :sn over〈L, S〉, and vice versa. The
definition (12.35) ofT implies that the universeUX of the corresponding term
feature tree is the set of all prefixes of thepi’s, which is finite.
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If L andS are both countable, ‘algebraic’ can be replaced by ‘ω-algebraic’.
More generally, letΓ be an attribute-value theory over〈L, S〉 in observa-

tional form, i.e. an observational theory overΣ[L, S]. If Γ satisfies any of the
properties listed in Table 1 except the last two ones, then sodoesΓ(π) and
thereforeT ∪ Γ(π). For instance, ifΓ is a simple inheritance theory with ex-
clusions thenC(T ∪ Γ(π)) and hence the ordered generic universe ofΓ is a
completely distributive Scott domain. An example is provided by (12.34).

12.4 Prospects
In this last section, we address possible extensions to the foregoing presenta-
tion of attribute-value theories and list some topics for future research.

A first topic of research is to properly define morphisms between attribute-
value theories overdifferent feature signatures and to study their effect on
the respective generic feature systems. The category of attribute-value theories
thus defined would then allow to apply the standard categorical constructions
like forming coproducts and inductive limits. In particular, attribute-value the-
ories could be systematically composed of or decomposed into simpler ones.

12.4.1 Attribute-Value Identity and Feature Structures

As mentioned at the close of Section 10.1.4, the classification of syntactic phe-
nomena by feature-based grammatical theories typically employs descriptive
means for expressing that attributes have identical values. It is thus a natu-
ral task to integrate this type of description into the framework developed so
far, which then leads to the standard version of feature logic as presented for
example in Kasper and Rounds 1990 and Carpenter 1992.

It is not difficult to extend the method of regimentation and formalization
of Chapter 11 to this case. Consider the predicate ‘someone whose father is
her employer’, which is true of everybody whose father (value) is identical
to her employer (value). Regimentation and formalization leads to predicates
of the form ‘{x | ∃y(Fyx ∧Gyx)}’, usually abbreviated by ‘F

.
= G’, with

F andG presupposed as functional. In similar vein, one can introduce de-
scriptive means for expressing arbitrary relations between attribute values (see
Osswald 1999b). As in Section 11.3, the logical form of theseattribute-value
predicates allows to deduce logical equivalences between them.

Completeness proofs for feature logic with identity have been given by
Moss (1992) and Moshier (1993). An outline how to proof the strong com-
pleteness of feature logic with identity and relations by reducing it to ob-
servational logic can be found in Osswald 1999b. The genericentities of an
attribute-value theory with identity, when viewed as an observational theory,
can be represented by therooted feature systemsof that theory, which are also
known asfeature structures. A satisfying algebraic approach to feature logic
with identity, however, is still missing.
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12.4.2 General Observational Logic

Finally, it is worth mentioning that there is also a first-order version of obser-
vational logic that allows primitive predicates of arbitrary adicity (see Vick-
ers 1993 or Mac Lane and Moerdijk 1992, Chap. X). Observational predicates
over these primitives are then built by finite conjunction, disjunction, and ex-
istential quantification of primitive predicates plusV, Λ, and=.14 Observa-
tional statements are universally quantified conditionals, with observational
predicates of the same adicity as antecedent and consequent. Clearly, attribute-
value theories with identity and relations are subsumed by this more general
approach.

14Vickers allows disjunctions to be infinite.
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Lattices and Order

Ordered Sets

An ordered set(alsopartially ordered setor partial order) consists of a setP
and a reflexive, transitive, and anti-symmetric relation⊑ onP . Thedualof an
ordered set〈P,⊑〉 is the ordered set〈P,⊒〉, where⊒ is the converse of the
relation⊑. An ordered set is achainif x ⊑ y or y ⊑ x, for all x, y∈P ; it is an
antichainin casex= y wheneverx ⊑ y.

SupposeP andQ are ordered sets. A functionf from P to Q is called
order-preservingif f(x) ⊑ f(y) wheneverx ⊑ y, for all x, y∈P . If in addi-
tion x ⊑ y wheneverf(x) ⊑ f(y), thenf is called anorder embedding. An
order isomorphismis a bijective order embedding.

A subsetS of an ordered setP is calleddownwards closed(or down-set
or decreasing setor order ideal) if ↓S ⊆ S, where↓S= {x | ∃y∈S(x ⊑ y)}.
Instead of ‘↓{x}’ we also write ‘↓x’. An upwards closedsubsetS is one with
↑S ⊆ S, where↑ is defined dually to↓. A subsetS of P is upwards directed
if it is nonempty and every two members ofS have a common upper bound in
S; it is downwards directedif it is upwards directed with respect to the dual
order.

The least and the greatest elements ofP , if existent, are respectively called
bottomand top (notation:⊥ and⊤). A subsetS of P is bounded aboveor
belowif there is respectively an upper or lower bound ofS in P . A least upper
boundof a subsetS of P , if existent, is unique and is called asupremumof S;
notation:

⊔
S. Greatest lower boundsare referred to asinfima (

d

S). Notice
that

⊔
∅ =⊥ and

d

∅ =⊤. The supremum of two elementsx andy of S is
also called thejoin of x andy, in symbols:x ⊔ y; the infimum ofx andy is
referred to as theirmeet, writtenx ⊓ y.

An ordered setP is said to bedirected complete(or adcpo) if each of its
(upwards) directed subsets has a supremum inP . An order-preserving function
of dcpos that preserves suprema of directed sets is calledScott-continuous.
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Lattices

Latticesare nonempty ordered sets where every two elements have a join and
a meet. By taking⊔ and⊓ as binary operations, lattices can be considered as
algebras of type〈2, 2〉. The ordering⊑ is related to the operations⊔ and⊓
according to:

x = x ⊓ y iff x ⊑ y iff x ⊔ y = y.

If L is a lattice then, for allx, y, z∈L, the operations⊔ and⊓ satisfy the laws:

(x ⊔ y) ⊔ z = x ⊔ (y ⊔ z) (x ⊓ y) ⊓ z = x ⊓ (y ⊓ z)

x ⊔ y = y ⊔ x x ⊓ y = y ⊓ x

x ⊔ x = x x ⊓ x = x

x ⊔ (x ⊓ y) = x x ⊓ (x ⊔ y) = x

which are respectively known asassociativity, commutativity, idempotency,
andabsorption. Conversely, if two binary operations⊔ and⊓ on a setL satisfy
these laws, then the ordering⊑ onL defined byx ⊑ y iff x⊔y=y (orx=x⊓y)
turnsL into a lattice. So lattices can be characterized order-theoretically or
algebraically.

Top and bottom of a latticeL viewed as an algebra are calledunit and
zero, respectively; in symbols,1 and0. Unit and zero are characterized by the
equationsx⊓ 1 =x andx⊔ 0 = x, or equivalently,x⊔ 1 = 1 andx⊓ 0 =0, for
all x∈L. Given a latticeL with unit and zero, an elementb∈L is said to be a
complementof an elementa∈L if a ⊓ b= 0 anda ⊔ b= 1.

A latticeL is calleddistributiveif the following distributivity law holds for
all x, y, z∈L:

x ⊓ (y ⊔ z) = (x ⊓ y) ⊔ (x ⊓ z).

In a distributive lattice every element has at most one complement. ABoolean
lattice is a distributive lattice with unit and zero whose every element has a
complement.

A lattice iscompleteif it has suprema and infima for all subsets. A complete
latticeL is said to becompletely distributiveif, for every nonempty setS of
nonempty subsets ofL,

d

{
⊔
X |X ∈S} =

⊔
{
d

f(S) | f is a selector ofS}.15

15A selectoror choice functionof a systemS of sets is a function fromS to
S

S such that
f(X)∈X for every nonempty memberX of S.
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Notice thatS = {{x}, {y, z}} gives the the finite distributivity law introduced
above.

Filters and Ideals

A filter of a latticeL is a nonempty subsetF of L such that ifa, b∈F then
a⊓ b∈F , and ifa∈F anda ⊑ b∈L thenb∈F . A filter F is prime if F 6= L,
anda⊔b∈F implies thata∈F or b∈F . It is easy to see that ifL has zero and
unit,F ⊆ L is a prime filter ofL just in case0 /∈F , 1∈F ,

a ⊓ b∈F iff a∈F and b∈F , a ⊔ b∈F iff a∈F or b∈F .

The set↑a= {b∈L |a ⊑ b} is a filter ofL, for everya∈L. Filters of this form
are calledprincipal. The filter↑a is prime iff a 6= 0 anda is join-irreducible,
that is, ifa= b ⊔ c, with b, c∈L, thena= b or a= c.

An idealof L is a nonempty subsetI ofL such that ifa, b∈ I thena⊔b∈I,
and if a∈ I anda ⊒ b∈L thenb∈I. An idealI of L is prime if I 6= L and
a ⊓ b∈I implies thata∈ I or b∈I. ClearlyI is a prime ideal ofL iff L \ I is
a prime filter.

Prime Ideal Theorem LetL be a distributive lattice. IfI is an ideal ofL and
F is a filter ofL with I ∩F = ∅ then there exists a prime idealJ of L such
thatI ⊆ J andJ ∩ F = ∅.16

Since complements of prime ideals are prime filters, the Prime Ideal Theo-
rem ensures the existence of prime filters too. For example, given two elements
a, b of a distributive latticeL with a 6⊑ b, the Prime Ideal Theorem applied to
the ideal↓b and the filter↑a yields a prime filterF of L such thata∈F and
b /∈F .

Some Concepts from Category Theory
Categories

A categoryC consists of a class ofobjectsand, for each pair〈A,B〉 of objects,
a setHomC(A,B) of morphismsfromA (thesource) toB (thetarget), where
the morphism sets are pairwise disjoint. In addition, for every two morphisms
f fromA toB andg fromB toC there is a morphismg ◦ f fromA toC, the
compositeof g andf , subject to the condition that◦ is associative. Moreover,
for every objectB there is an identity morphismıB fromB to itself such that
ıB ◦ f = f andg ◦ ıB = g.

An isomorphismis a morphism that has a two-sided inverse with respect to
composition. A morphismf fromA toB is amonomorphismif, for every two

16See e.g. Davey and Priestley 1990, Chap. 9 for a proof.
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morphismsg andh fromD toA, g=h wheneverf ◦ g= f ◦h. The morphism
f is anepimorphismif, for every two morphismsg andh fromB to C, g= h
wheneverg ◦ f = h ◦ f .

A subcategoryC of a categoryD is a category that consists of some of
the objects and morphisms ofD, where the identity morphism of each object
is the identity morphism of the object inD, and source and target of each
morphism are those of the morphism inD. The subcategoryC is calledfull, if
theC-morphisms between two objects ofC coincide with theD-morphisms
between these two objects.

SupposeC is a category and∼ is a congruence relationon theC-mor-
phisms with respect to◦, that is,∼ is reflexive, transitive, and symmetric, and
if f ∼ g andh ∼ k thenh ◦ f ∼ k ◦ g, for all morphismsf, g fromA toB and
h, k fromB toC. Thequotient categoryC/∼ of C by∼ has the same objects
asC, whereas its morphisms are the equivalence classes of∼.

Thedualor oppositeof a category is the category that consists of the same
objects and morphisms but with source and target interchanged. So a morphism
fromA toB in the categoryC is a morphism fromB toA in the dual category
of C.

Functors

A covariant functorF from a categoryC to a categoryD is a function that
takes eachC-objectA to aD-objectF (A) and eachC-morphismf fromA to
B to aD-morphismF (f) fromF (A) to F (B) such that

F (f ◦ g) = F (f) ◦ F (g) and F (ıA) = ıF (A).

A contravariant functorfrom C to D is a covariant functor fromC to the dual
category ofD.

For each categoryC there is anidentity functorIC that takes each object
and each morphism to itself. Thecompositeof two functorsF andG (as func-
tions on objects and morphisms) fromC to D and fromD to E, respectively,
is the functorG ◦ F from C to E.

A functorF from C to D is full if for every twoC-objectsA andB and
everyD-morphismg fromF (A) toF (B) there is aC-morphismf fromA to
B such thatg=F (f). The functorF is faithful when for every twoC-objects
A andB and every twoC-morphismsf andg fromA toB with F (f)=F (g)
it follows thatf = g.

If C is a subcategory ofD then the associated inclusion function is a faith-
ful functor fromC to D, called theinclusion functor. If C/∼ is the quotient
category ofC by a congruence∼, then thequotient functorfrom C to C/∼
that takes each object to itself and each morphism to its equivalence class mod-
ulo∼ is a full functor by construction.
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Every objectA of a categoryC determines acovariant Hom-functorfrom
C to Set, which takes everyC-objectB to the setHomC(A,B) and everyC-
morphismf fromB toC to the function fromHomC(A,B) to HomC(A,C)
that takesg to f ◦ g. Thecontravariant Hom-functor, in contrast, takesB to
HomC(B,A) andf to the function fromHomC(C,A) to HomC(B,A) that
takesg to g ◦ f

A forgetful functoris a functor whose only effect is to “forget” part of the
mathematical structure of the objects. For example, the forgetful functor from
the category of groups toSet takes each group to its underlying set and each
group homomorphism to itself (as a function).

LetF andG be functors fromC to D. A natural transformationτ fromF
toG assigns to eachC-objectA a D-morphismτA from F (A) toG(A) such
that, for everyC-morphismf fromA toB,

τB ◦ F (f) = G(f) ◦ τA.

If each of the morphismsτA is an isomorphism thenτ is said to be anatural
isomorphismfromF toG.

Equivalences and Adjoints

A functorF from C to D is called anequivalence of categories, if there is a
functorG from D to C such thatG ◦ F andF ◦ G are naturally isomorphic
to IC andID, respectively. IfC is equivalent to the dual ofD, one speaks of a
dual equivalence.

Fact A functor F from a categoryC to a categoryD is an equivalence of
categories iffF is full and faithful and every object ofD is isomorphic to
F (A) for some objectA of C.17

Given two functorsF from C to D andG from D to C, the functorF
is said to beleft adjoint to G (andG is said to beright adjoint to F ) if there
is a natural transformationε from F ◦ G to ID such that the function from
HomC(A,G(B)) to HomD(F (A), B) that takesf to εB ◦ F (f) is a bijec-
tion, for all C-objectsA andD-objectsB. This condition is equivalent to the
existence of a natural transformationη from IC to G ◦ F such that the func-
tion fromHomD(F (A), B) to HomC(A,G(B)) that takesg toG(g) ◦ ηA is a
bijection.

17See e.g. Mac Lane 1971, Sect. IV.4.
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